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INTRODUCTION

To divide, bacterial cells must constrict their cytoplasmic 
membrane against the large opposing force of internal tur-
gor pressure, but how this is done is not well understood. 
Rod-shaped bacteria surround their cytoplasmic membrane 
with a semi-rigid cell wall composed of long glycan strands 
running around the cell’s circumference, crosslinked by 
short peptides into a mesh-like network that provides the 
cell’s shape template (1–3). Gram-positive bacteria expand 
their thick wall into a septum across the cell during division, 
suggesting that the inward growth of cell wall pushing on the 
membrane from outside might be the main force generator. 
In Gram-negative bacteria by contrast, we showed recently 
that a thin cell wall is maintained throughout division (4). 
Simulating division of this Gram-negative system, we found 
that cell wall growth alone cannot cause constriction, even 
with a make-before-break mechanism in which complete 
hoops of new cell wall are built underneath the existing wall 

before old peptide bonds are cleaved. Rather, a constric-
tive force is required to initially relax the pressure on the 
existing wall, allowing incorporation of new cell wall hoops 
with smaller radius (4). How the cell might generate such a 
constrictive force is still unclear.

In many eukaryotic cells, a ring formed by actin filaments 
and myosin motor proteins is responsible for generating 
a constrictive force to divide cells (5), but motor proteins 
are absent from bacterial cells. Instead, the tubulin homo-
log FtsZ (6) has been proposed to generate a constrictive 
force at the midcell during division (7, 8), but how this might 
work remains debated. FtsZ forms filaments that align to 
the circumference of the cell (9, 10). The distance between 
the filaments and the membrane is 16 nm (9, 10), but what 
maintains this distance remains unclear. FtsZ filaments are 
connected to the membrane via FtsA and/or ZipA proteins 
that bind the C-terminus of FtsZ via a flexible linker (11–
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13). Besides its proposed role as a force generator, FtsZ is 
also thought to serve as a scaffold for the cell wall synthe-
sis machinery (7, 8). Recently, FtsZ filaments were shown 
to treadmill around the cell circumference, and it has been 
suggested that such movement may help distribute new cell 
wall uniformly around the cell (14, 15).

There are two predominant conceptual models in the field 
regarding how FtsZ might generate a constrictive force: fil-
ament sliding and filament bending. Observation of bundles 
of FtsZ filaments in vitro (16–25) led to the hypothesis that 
FtsZ filaments overlap via lateral bonds to form a complete 
ring which then tightens to constrict the membrane. This 
was supported by Monte Carlo simulations that showed that 
lateral attractive interactions between filaments in a closed 
ring can lead to sliding-induced filament condensation and 
ring constriction (26). Later, an electron cryotomography 
(cryo-ET) study showed that complete rings of overlapping 
FtsZ filaments exist in dividing Caulobacter crescentus and 
Escherichia coli cells (10), providing experimental support 
for this filament sliding model. Recently, however, cryo-ET 
studies from our lab showed that in several species, initial 
constriction can occur when only a single FtsZ filament is 
visible, suggesting that FtsZ can generate a constrictive 
force without forming a complete ring (27). Alternatively, as 
FtsZ forms both straight and bent filaments in vitro (28–34), 
it has been proposed that filaments with a large bending 
stiffness can exert adequate force to constrict the mem-
brane. Several lines of evidence showed that reconstituted 
FtsZ can deform liposomes in a process that depends on 
GTP hydrolysis (35–38). Consistent with this hypothesis, 
cryo-ET imaging in our lab showed that in dividing C. cres-
centus cells, FtsZ forms both straight and bent filaments. 
This result suggested an iterative pinching model in which 
FtsZ polymerizes into straight filaments which then hydro-
lyze GTP to bend, pinching the membrane, before depolym-
erizing to start another cycle (9). 

To explore how FtsZ filaments might generate a constrictive 
force in the absence of a motor protein, here we developed 
software, ZCONSTRICT, to simulate the two predominant 
models, namely filament sliding and filament bending. For 
each, we identified conditions required for the model to 
work. For filament sliding, we found that: (1) a long-range 
attractive force between filaments is required to increase 
lateral contact; (2) since increasing lateral contact also in-
creases avidity, mechanisms such as filament depolymer-
ization or treadmilling are required to break avidity; and (3) 
overlapping filaments have to form a complete ring for slid-
ing to generate ring tension. Exploring the filament bending 
model we found that: (1) a mechanism that causes bend-
ing such as GTP hydrolysis is required; (2) bending must 
be confined within the division plane, for instance by rigid 
linkers that prevent filament rolling; and (3) incomplete rings 
of filaments must be connected to the cell wall in order for 
the bending force to overcome the effect of turgor pressure. 
These results are summarized in Movie S1 
(https://youtu.be/rw88IzRAxEM).

Figure 1: The coarse-grained model. 
The membrane (yellow) was modeled as a single layer of beads, originally forming a 
cylinder. Each FtsZ filament (cyan) was modeled as a chain of beads in the filament 
sliding model (A) or as a chain of cubes in the filament bending model (B). The fila-
ment was connected to the membrane via a set of linkers (orange), each composed 
of two springs (shown as rods) joined at a bead that represents an FtsA or a ZipA 
protein. The cell wall (pink) was modeled as a grid of beads, originally forming a cyl-
inder surrounding the membrane. Note that the same colors are used for all following 
figures unless stated otherwise.

RESULTS

We built a coarse-grained model of the system (Fig. 1) in 
which the membrane was modeled as a sheet of beads, 
originally forming a cylinder with a radius of 250 nm, con-
sistent with the size of many Gram-negative bacterial cells. 
FtsZ filaments were initiated in a ring-like arrangement, 
with a ring radius of 234 nm, separating the filaments 16 
nm away from the membrane, a distance that was observed 
experimentally (9, 10). The average length of the filaments 
was chosen to be 176 nm (40 monomers). For the filament 
sliding model, each FtsZ filament was modeled as a chain 
of beads connected by springs, with one bead representing 
one FtsZ monomer, and the filament was originally aligned 
to the membrane circumference. For the filament bending 
model, each filament was modeled as a chain of cubes, with 
each cube representing one FtsZ monomer. To model con-
nections between the filament and the membrane, linkers 
were composed of two identical springs joined by a bead 
representing a linking protein, such as FtsA or ZipA. To re-
flect the flexibility of these linkers, the two springs were al-
lowed to freely rotate around the joining bead without an 
energy cost. The cell wall was modeled as a grid of beads, 
originally having a radius of 265 nm, which reduced as the 
membrane constricted (see Methods for details).
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we judged this unlikely to occur in real cells, perhaps due to 
intervening proteins. Not knowing the in vivo mechanism, 
since filaments were originally arranged in separate rings, 
we simply calculated the Lennard-Jones potential only be-
tween filaments in the same ring. As a result, bundling was 
prevented. However, filament sliding only occurred for a few 
beads then quickly stopped (Fig. S1). To investigate the 
cause, we calculated the free energy of two laterally-inter-
acting filaments as a function of their overlap (Fig. S2). We 
found that the system’s energy minimum decreased much 
faster than the energy maximum as the number of lateral 
bonds increased, resulting in an increasing energy barrier. 
At a high number of lateral bonds, the energy barrier was 
sufficiently high to prevent thermal fluctuations from break-
ing avidity and allowing further sliding.
Filament depolymerization. In order to maintain a low 
number of lateral bonds, and therefore a low energy barrier, 
we implemented filament depolymerization during filament 
sliding (Fig. S2). Considering that ring integrity would be lost 
if depolymerization were faster than sliding, we calculated 
the upper limit of the filament sliding rate. Due to the pres-
ence of a large turgor pressure, the membrane constriction 
rate and therefore the filament sliding rate are limited by 

Filament sliding model

Long-range interaction between filaments. We reasoned 
that for filament sliding to generate a constrictive force on 
the membrane, at least two conditions must be present. 
First, to induce sliding of filaments in lateral contact, a long-
range attractive force has to exist between the filaments 
in order to increase the number of lateral bonds. Second, 
overlapping filaments have to form a complete ring in order 
for filament sliding to generate ring tension. (Note that we 
later verified this condition by observing that a broken ring 
failed to constrict the membrane.) We then constructed fil-
aments that overlapped to form complete rings, separating 
adjacent rings by a distance of 20 nm (Fig. 2A). We then 
implemented a long-range Lennard-Jones potential be-
tween the beads on different filaments (see Methods/Fila-
ment sliding model for details). Simulations of this system 
showed that the rings failed to constrict the membrane but 
rather collapsed into a multi-layered bundle, with the high 
avidity between the filaments preventing sliding (Fig. 2B–D). 

Ring separation. Since cryo-ET studies of dividing cells 
showed no evidence for multi-layered bundling (9, 10, 27), 

Figure 2: Simulation results of the filament sliding model.
Italic font indicates simulation times. (A) Axial view of the initial system in which the FtsZ filaments overlapped to form complete rings. (B) Implementing a Lennard-Jones poten-
tial interaction between the filaments resulted in formation of a bundle of rings. (C) and (D) show axial and side views, respectively, of the ring bundle in (B). (E) Implementing 
depolymerization with a rate above the critical rate quickly resulted in loss of ring integrity. (F) With a depolymerization rate slower than rc, deep constriction occurred and rings 
broke much more slowly. (G) Removing depolymerization and implementing treadmilling also resulted in a deep constriction. (H) Side view of (G).
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the rate of inward cell wall growth. In our simulations, the 
average inward growth rate of the cell wall was calculated to 
be vradial  = 14 nm/s, equivalent to a circumference reduction 
rate of vcir = 2πvradial  = 88 nm/s. As the average length of 
the filaments was set to be 176 nm (40 monomers), a com-
plete ring of radius 234 nm would be composed of at least 
9 filaments. The maximum filament sliding rate was there-
fore vcir/9  ~ 10 nm/s. This value was equivalent to a critical 
depolymerization rate of rc  = 2.3 beads/s considering that 
the distance between adjacent beads was lz = 4.4 nm. As 
expected, in simulations with a depolymerization rate of 5 
beads/s, which was faster than the critical rate rc, rings were 
quickly broken, limiting constriction (Fig. 2E). Simulations 
with a depolymerization rate of 1 bead/s resulted in a deep 
constriction and much slower loss of ring integrity (Fig. 2F).

Filament treadmilling. Since FtsZ filaments treadmill 
around the cell circumference (14, 15), we speculated that 
treadmilling might provide an alternative mechanism to 

maintain a low degree of lateral contact to sustain sliding. 
We therefore removed depolymerization and implemented 
filament treadmilling. Note that the treadmilling direction 
was randomly chosen for each filament in accordance with 
the experimental observation of FtsZ treadmilling in both 
directions in cells (14, 15). As expected, simulations with 
a treadmilling rate of 1 bead/s resulted in constriction (Fig. 
2G, H). However, we also observed the formation of bun-
dles of filaments (Fig. S3). Detailed analysis revealed three 
scenarios for how filaments treadmill with respect to one an-
other (Fig. S4). First, if two filaments in lateral contact tread-
mill away from each other, their lateral contact is reduced, 
leading to further filament sliding, similar to the effect of de-
polymerization. Second, if two filaments in lateral contact 
treadmill in the same direction, the degree of lateral contact 
does not change. Third, if two filaments in lateral contact 
treadmill toward each other, their lateral contact increases, 
further increasing avidity and gradually forming a bundle as 
another filament comes in.

Figure 3: Simulation results of the filament bending model. 
Italic font indicates simulation times. (A) The initiated system with FtsZ filaments in the GTP-state running circumferentially. (B) After the filaments were switched to the GDP-
state, they did not constrict the membrane but instead rolled to bend on the plane of the membrane. (C) Implementing treadmilling did not prevent rolling, but filaments tread-
milled in circles on the plane of the membrane. (D) Aligning membrane beads (yellow) connected to the same filament to the circumferential direction did not prevent filament 
rolling but only stretched the filament circles into a more elliptical shape. Note that, except for beads connected to filaments, the whole membrane (visualized as a surface) is 
shown with low opacity. (E) The presence of rigid linkers that prevented rolling allowed filaments to exert force on the membrane. Treadmilling resulted in uniform membrane 
constriction. (F) Side view of (E).
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Filament bending model

For simplicity, in this model we assumed that FtsZ filaments 
bend without twisting (Fig. S5). To prevent twisting, we rep-
resented each FtsZ monomer as a cube with vertices con-
nected by springs (Fig. S6). To enable the filament to bend, 
the two springs on the C-terminal side were replaced with 
springs of a longer relaxed length while the two on the N-ter-
minal side were replaced with springs of a shorter relaxed 
length (see Methods/Filament bending model for details). 
Note that in most figures of this model, the cubes are shown 
as beads for simplicity.

GTP-hydrolysis-induced bending. FtsZ filaments are 
thought to be straight when in the GTP-bound state and 
switch to a bent conformation upon GTP hydrolysis (8). It is 
likely that both GTP- and GDP-bound states co-exist in real 
cells, but for simplicity in our simulations, all filaments were 
initiated in the GTP-state and switched to the GDP-state 
once the simulation started. To test whether bent filaments 
can deform the membrane as observed in vitro (35–37), we 
started with a membrane of diameter 500 nm (Fig. 3A). We 
implemented a preferred curvature of the filaments 10 times 
that of the membrane such that bent filaments could form 
rings 50 nm in diameter, approximately twice the size of 
FtsZ mini-rings, the smallest rings that have been observed 
in vitro (28). Our simulations did not lead to membrane de-
formation, however. Instead, filaments rolled as they bent, 
eventually forming arcs on the plane of the membrane (Fig. 
3B). This topology is more energetically favorable and is 
consistent with the prediction by Erickson et al. (8). Our re-
sults therefore suggest that for filament bending to deform 
the membrane, the cell must have a mechanism to keep the 
bending in the division plane.

To test whether filament rolling was still energetically fa-
vorable with dynamic filaments, we implemented filament 
treadmilling with a rate of up to 14 beads/s. The resulting 
simulations showed that treadmilling did not prevent rolling, 
but rather caused filaments to form dynamic circles (Fig. 
3C), similar to experimental observations of reconstituted 
FtsZ filaments on a flat membrane (39).

Circumferentially constrained linkers. Searching for 
mechanisms to prevent filament rolling, we speculated that 
connecting filaments to the cell wall might reduce rolling 
since glycan strands could provide a circumferential tem-
plate in real cells. To test this hypothesis, we constrained 
membrane beads connected to the same filament to the 
circumferential direction (see Methods/Circumferentially 
constrained linkers for details). Simulations showed that 
this circumferential constraint still failed to prevent filament 
rolling, however (Fig. 3D; Fig. S7A). Because both the fila-
ments and linkers were flexible, partial rolling could still oc-
cur, causing the filaments to treadmill in elliptical tracks. In 
addition, we observed that filaments were pulled close to the 
membrane (Fig. S7B, C), in contrast to the large distance of 

~16 nm between filaments and the membrane observed in 
cryo-ET studies of real cells (Fig. S7D) (9, 10).

Rigid linkers. We reasoned that flexible linkers alone can-
not prevent filament rolling and maintain the large distance 
between the filaments and the membrane. Since many 
proteins are thought to bind FtsZ in vivo, for example FtsA, 
ZipA, and ZapABCDE (11–13, 40–45), we hypothesized 
that these proteins can form a rigid complex connecting the 
filament to the membrane. To maintain the filament-mem-
brane distance, we first modified the linker (originally mod-
eled as two springs joined at a central bead) to be a single 
spring (Fig. S8) (see Methods/Rigid linkers for details). 
We then constrained this linker to the radial direction of the 
membrane. We assumed this linker could prevent filament 
rolling and therefore constrained the bending within the di-
vision plane.  Simulations of this system showed that the 
filaments could now pull the membrane down and, due to 
filament treadmilling, membrane constriction occurred uni-
formly (Fig. 3E, F).

We initially assumed that FtsZ filaments would bend to a 
high curvature, consistent with the observation of 24 nm 
mini-rings (28). However, in several studies, FtsZ filaments 
were observed to form large rings in vitro with diameters 
ranging from 150 – 1000 nm (30–34, 46–48). We therefore 

Figure 4: In-sync bending vs reverse bending. 
(Top) Schematic of filament bending that is in-sync (A) or reverse (B) to membrane 
bending. In the reverse bending, the C-terminus is on the inner curvature of the fila-
ment. Arrows indicate directions of forces exerted on the membrane by the filament. 
(Middle) Simulation results after 100 sec of systems in which the membrane initially 
had a diameter of 500 nm and the preferred curvature of the filament was 1/250 nm-1 

(twice that of the initial membrane). The in-sync bending did not result in constriction, 
but the reverse bending did. (Bottom) Side views.
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DISCUSSION

How bacterial cells generate a constrictive force for division 
without motor proteins remains a puzzle. To explore possi-
ble mechanisms, here we designed software ZCONSTRICT 
and performed simulations to test two popular conceptual 
models. 
In the filament sliding model, overlapping FtsZ filaments form 
lateral bonds. As filaments interact to increase the number of 
lateral bonds, the ring tightens, constricting the membrane. 
For this model to work, we found that it requires the follow-
ing conditions. First, a long-range attractive force between 
the filaments is needed to first form and then increase the 
number of lateral bonds between the filaments. While we 
implemented a Lennard-Jones potential in our simulations, 
we are not aware of any mechanism that generates such an 
interaction in real cells. Second, since long-range attraction 
quickly collapses parallel filaments into a bundle with high 
avidity between the filaments, a mechanism that separates 
filaments into multiple rings is needed to allow filament slid-
ing. For simulation purposes, we assumed the action of a 
protein(s) that separates rings, but we are not aware that 
such a protein has been identified in cells. Third, as sliding 
increases lateral contact and avidity, a mechanism such as 
depolymerization or treadmilling is needed to maintain a low 
number of lateral bonds to sustain sliding. Previous work 
by Lan et al. using Monte Carlo simulations predicted that 
sliding can occur since the lateral energy of the system de-
creases as the lateral contact increases (26). The authors 
only evaluated the energy of states where beads on one 
filament are in perfect register with those on the partner fil-
ament and their evaluation is consistent with ours for these 
“in register” states. However, similar to the evaluation by Er-
ickson (50), our calculations showed that the energy barrier 
between adjacent “in register” states (in other words, the 
cost to break the bonds and transition through an intermedi-
ate state where the beads are not in register) increases with 

ran simulations in which the preferred curvature of the fila-
ments was only twice that of the membrane. Specifically, the 
membrane was originally 500 nm in diameter and the fila-
ments could form rings 250 nm in diameter. As we expected, 
these simulations did not result in membrane constriction 
(Fig. 4A), confirming that a highly bent filament is required 
for the bending-driven constriction mechanism to work.

Reverse bending. Using physical reasoning, Erickson et 
al. (8) pointed out that even mini-rings of 24 nm diameter 
(28) could only constrict the membrane to an ~50-nm di-
ameter, taking into account the FtsZ-membrane distance of 
~16 nm and assuming FtsZ can fully bend to its preferred 
curvature. However, except for cases where the filaments 
were allowed to roll on the membrane, in our simulations we 
never observed filaments that fully bent to their preferred 
curvature. Intuitively, the constrictive force depends on the 
difference in curvature between the membrane and the fil-
ament. Therefore, as the membrane becomes smaller, the 
constrictive force is reduced. When the resistance from the 
membrane bending stiffness and turgor pressure balances 
the constrictive force, constriction would stop. 

The above reasoning assumes that the C-terminus of FtsZ, 
which is connected to the membrane via linker proteins, 
is on the outer curvature of the bent filament. However, Li 
et al. found evidence that the C-terminus is instead on the 
inner curvature of the bent filament (49). The authors as-
sumed that both the filament and the membrane bend in the 
same direction and therefore speculated that the C-terminal 
linker would wrap around the filament to connect with the 
membrane (Fig. S9). We found this arrangement unintuitive, 
and instead reasoned that if the C-terminus is on the inner 
curvature, the filament would bend in the opposite direction 
of the membrane (Fig. 4B). In this case, even slightly bent 
filaments might be able to constrict the membrane. To test 
this hypothesis, we repeated simulations in which the mem-
brane was originally 500 nm in diameter and the filaments 
could form rings 250 nm in diameter, with the modification 
that the filaments were now modeled to bend in the oppo-
site direction of the membrane and the C-terminus was now 
on the inner curvature. As we expected, reverse bending of 
filaments with even a low curvature resulted in membrane 
constriction (Fig. 4B). 

Single-filament constriction. A recent cryo-ET study from 
our lab showed that in several species, constriction initiat-
ed with a single FtsZ filament visible (27). Since a single 
filament can only exert force locally on the membrane, we 
speculated that the filament must connect to the cell wall. If 
so, as the filament bent, its end-to-end distance would be 
reduced, locally relaxing the pressurized cell wall (Fig. S10). 
This relaxation of the cell wall creates the condition that our 
previous simulations suggest would allow new cell wall of a 
smaller diameter to be incorporated (4). We therefore ran 
simulations of the reverse bending model in which there 
was only a single FtsZ filament with a preferred curvature 
of 1/32 nm-1 and observed membrane constriction (Fig. 5).

Figure 5: Single-filament constriction. 
(Left) An axial view of the initiated single-filament system. (Middle) A side view of the 
initial system. (Right) A side view of the system after 100 sec of the simulation time 
shows that the single FtsZ filament could constrict the membrane through reverse 
bending and treadmilling.
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the number of lateral bonds, eventually preventing sliding. 
Finally, sliding can generate ring tension only if filaments 
overlap to form a complete ring. Cryo-ET imaging studies 
from our lab and others observed complete rings in mid 
and late stages of constriction (10, 27). However, in early 
stages in several species, we observed constriction with-
out a complete ring (9, 27), suggesting that at least initially 
a mechanism other than filament sliding is responsible for 
membrane constriction. 

In the filament bending model, FtsZ filaments hydrolyze 
GTP to switch from a straight to a bent conformation. Due 
to the curvature mismatch between the filament and the 
membrane, bent filaments exert a constrictive force on the 
membrane. For this model to work, we found that it requires 
the following conditions. First, a mechanism that constrains 
the bending to the division plane is needed to prevent the 
filaments from rolling to bend in the plane of the membrane 
(since bending without exerting force on the membrane is 
more energetically favorable). This was predicted by Erick-
son et el. (8). While we assumed that a rigid linker formed by 
several FtsZ-binding proteins prevents filament rolling, we 
are not aware of any evidence for such a linker in vivo. Sec-
ond, a large difference in curvature between the membrane 
and the filaments is needed for filament bending to over-
come resistance from membrane stiffness and turgor pres-
sure. If filaments bend in the same direction as the mem-
brane, we found that a small preferred curvature of FtsZ 
was not adequate to initiate membrane constriction. Even if 
the preferred curvature were sufficiently large to start con-
stricting the membrane, constriction would stop once the 
membrane curvature approached the preferred curvature of 
FtsZ. In contrast, our simulations showed that constriction 
can start and sustain with a small FtsZ curvature if filaments 
bend in the direction opposite that of the membrane. This 
could help explain the observation that the C-terminus of 
FtsZ, which is attached via linkers to the membrane, is on 
the inner curvature of the bent filament (49). A more recent 
study, however, showed evidence that the C-terminus is on 
the outer curvature of the bent filament (51), so evidence for 
both in-sync bending and opposite bending exists (49, 51). 

The filament bending model could account for observations 
of initial constriction with a single filament (27). Note that 
FtsZ filaments are highly dynamic, so it is possible that other 
filaments depolymerized just before the cryo-ET snapshots 
were captured, but the observation strongly suggests that 
complete rings are not required. In our simulations here we 
speculated that for incomplete rings to be able to constrict 
the membrane, the filaments must be connected to the cell 
wall so that their bending can overcome the effect of tur-
gor pressure and locally relax glycan strands, a condition 
that our previous simulation work predicted to be required 
for making hoops of new cell wall that are smaller than ex-
isting hoops (4). While this FtsZ-cell wall connection as-
sumption provides a possible mechanistic explanation for 
the single-filament constriction observed experimentally, we 

are not aware of clear evidence for such a connection in 
real cells. In later stages of constriction, more filaments and 
complete rings are present (10, 27), so it is also possible 
that a combination of mechanisms contributes to robust con-
striction in vivo.

While it is widely thought that GTP hydrolysis drives filament 
bending, the size mismatch between FtsA and FtsZ has 
also been speculated to cause filament bending (52). In this 
model, FtsA forms a filament parallel to the FtsZ filament. 
The difference in the FtsA monomer length (4.8 nm) and the 
FtsZ monomer length (4.4 nm) and the one-to-one connec-
tion between the two causes bending. We estimate that a 
tight connection between the two filaments would force the 
FtsZ filament to form a circle ~50 nm in radius. Since the 
distance between the membrane and FtsZ is ~16 nm (9, 10), 
this circle could potentially constrict the membrane to a ra-
dius of ~66 nm. Note that we are not aware of any evidence 
supporting or refuting the possibility of copolymerization of 
FtsA and FtsZ in real cells.

Likewise, FtsZ might generate a constrictive force by a com-
pletely different mechanism. For example, FtsZ has been 
recently shown to treadmill around the cell circumference 
(14, 15). While treadmilling was speculated to be a mecha-
nism to uniformly distribute new cell wall material around the 
division site, such dynamics have the potential to generate 
movement of other proteins and consequently a mechanism 
to generate a constrictive force. Finally, we cannot rule out 
other force generation mechanisms that do not involve FtsZ, 
for instance excess membrane synthesis, which has recent-
ly been proposed (53).

As with any simulation of a conceptual model, our work has 
limitations. First, we were only able to model a limited num-
ber of cellular components: the membrane, cell wall, FtsZ 
filaments, and linker proteins. Second, we assumed the cell 
wall does not actively push on the membrane, but simply 
passively grows in after the membrane. While our previous 
work provides support for this assumption (4), it has not yet 
been validated experimentally. Third, due to the large scope 
of our simulations, we could only explore a small parameter 
space for each conceptual model. While we always subject-
ed our findings to physical reasoning, we cannot rule out the 
possibility that the findings were specific to the parameter 
set we tested. Even with these limitations, we hope that our 
work serves as another example of the power of quantitative 
3D modeling to test conceptual models and provide insights 
into basic principles that remain experimentally inaccessi-
ble.
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length of the filament, the two cross-sectional faces were connected by two springs of 
relaxed length lz and spring constant kz. One spring connected edge 1-4 to edge 5-8 
and the other connected edge 2-3 to edge 6-7 (Fig. S6B).

To model filament bending, the beads on the C-terminal face were connected by two 
springs of relaxed length lC and spring constant kb, one spring connecting bead 1 to 
bead 5 and the other connecting 2 to 6 (Fig. S6B). Likewise, on the N-terminal face, 
one spring of relaxed length lN and spring constant kb connected 3 to 7 and another 
(identical) spring connected 4 to 8. When the filament was in a straight conformation 
(supposedly GTP-bound), both lC and lN were set to be l0, which was the distance be-
tween the two centers of the two cross-sectional faces (Fig. S6B). Note that l0 was not 
constrained to be constant but varied with the stretching/compression of the filament. 
When the filament was in a bent conformation (having already hydrolyzed GTP) with a 
preferred angle θβ between adjacent monomers, lψ was set to be l0 + Δl0 and lN was set 
to be l0 - Δl0 where  (Fig. S6C). In the case that reverse bending was 
assumed, lC was set to be l0 – Δl0 and lN was set to be l0 + Δl0. In our simulations, we 
varied θb between 1° and 20°. Considering the distance between adjacent subunits lz 
= 4.4 nm, bent filaments that form circles with diameters of 250 and 50 nm correspond 
to θb = 2° and 10°, respectively. The spring constant kb was calculated by setting the 
energy stored in four springs as their length was deformed an amount Δl0 to be the 
bending energy of the filament with bending stiffness kθ (the same constant as in the 
filament sliding model) as follows:

 (2)

Note that θb was converted to radians when the bending energy was calculated.

To prevent filament twisting, the two diagonals of each face were constrained to the 
same length such that if their lengths differed an amount Δl, a force Fdiag = kzΔl was 
applied on the four beads to restore the lengths to the same value (Fig. S6D).

Filament-membrane connection
Each filament was connected to the membrane via linkers (Fig. 1). Each linker was 
composed of two identical springs of a spring constant of klk = 20 pN/nm and a relaxed 
length of llk = 8 nm, making the distance from the filament to the membrane 16 nm as 
reported experimentally (9, 10). One spring was connected to an FtsZ monomer and 
the other to a membrane bead and they were joined by a bead representing FtsA or 
ZipA. In the case of the filament bending model, because each FtsZ monomer was 
represented as a cube, the associated linker was linked to the cube’s center.

Circumferentially constrained linkers
To constrain the linkers connected to the same filament to the circumferential direc-
tion, if two membrane beads that were connected to two adjacent linkers were sep-
arated at a distance d along the axis perpendicular to the circumferential direction 
(Fig. S12), a restoring force, Fc = –kcd, where kc = 20 pN/nm was a force constant, was 
applied to align them back to the circumferential direction.

Rigid linkers
To make the linker rigid, the original linker model as two springs of a relaxed length of 
8nm and a spring constant klk = 20 pN/nm joined at a central bead was replaced with 
a single spring of 16 nm long and the same spring constant klk. To constrain the linker 
to the radial direction of the membrane, if the two ends were separated at a distance 
d along the axis that was perpendicular to the preferred (radial) direction (Fig. S12), a 
restoring force, Fr = –krd, where kr = 3 pN/nm was a force constant, was applied on the 
ends to align them back to the radial direction. To constrain filament rolling, the springs 
connecting the C- and N-terminal faces of the FtsZ-monomer cubes, specifically those 
that connect bead 1-4, 2-3, 5-8, and 6-7 (Fig. S6), were constrained parallel to the 
division plane (the plane perpendicular to the cell long axis). If a constrained spring 
deviated from the division plane, a restoring force of magnitude Fdp = kdpd, where kdp = 
20 pN/nm was a force constant and d was the projection of the spring length on the 
cell long axis, was applied on each of the two end beads of the spring to align it to the 
division plane (Fig. S13).

Cell wall
Previously, we modeled the cell wall of Gram-negative bacteria as hoops of glycan 
strands connected by peptide crosslinks in which each strand was modeled as a chain 
of beads and each hoop was composed of several strands (3, 4). In the current work, 
we did not focus on the dynamics of the cell wall. We therefore simplified our cell wall 
model to reduce the computational cost. Specifically, the cell wall was modeled as a 
grid of beads composed of 11 hoops of radius rg = 265 nm, separated at a distance of 
16 nm and originally forming a cylinder 160 nm wide (Fig. 1). There were 104 beads 
per hoop separated at a distance of 16 nm from each other and 15 nm from the mem-
brane. The beads on the grid were connected to each other by two different types of 
springs. The glycan springs with spring constant kg = 100 pN/nm and dynamic relaxed 
length lg ran along the circumference. The peptide springs of spring constant kp = 10 
pN/nm and relaxed length lp = 16 nm ran along the cell’s long axis. Initially, lg was 
chosen such that turgor pressure stretched the glycan spring to a length of lext = 16 nm. 
As turgor pressure was chosen to be  Ptg = 1 atm, the original lg was calculated to be 

METHODS

In this section, we describe the design of the software ZCONSTRICT and implemen-
tation of assumptions of our simulations.

Membrane
Similar to our previous work (5), we modeled the membrane as a sheet of beads 
originally forming a cylinder (Fig. 1). In all of our simulations, the original membrane 
cylinder was 160 nm wide and 250 nm in radius. The bead size was set at dmb = 8 
nm such that if the distance d between two beads was smaller than dmb, a force Fpush = 
kpair(dmb – d)2 was applied on each bead to push them apart, where kpair = 1 pN/nm2 was 
the pair-wise force constant. To preserve membrane integrity, a pair-wise attraction 
was implemented between neighboring beads such that if the distance d between two 
beads was larger than dpair = 16 nm, a force Fpull = kpair(d – dpair)

2 was applied on each 
bead to pull them together. To implement membrane fluidity, the pair list was recal-
culated every 104 time steps. As different pairs were formed based on the updated 
positions of the beads, the beads were allowed to move along the membrane. In our 
previous membrane model (5), a pair was removed from the pair list if it was crossed 
(looking outward from the center) by a shorter pair. In the current model, to avoid a 
large change in force on the system as the pair list was recalculated, one degree of 
crossing was allowed, meaning that a pair was removed from the pair list only if it was 
crossed by more than one shorter pair.

To implement membrane bending stiffness, if four beads were part of five pairs (Fig. 
S11), they were constrained to the same plane. If the two diagonals were separated 
at a distance d, a force Fmb = kmbd was exerted on the beads to pull the two diagonals 
together, where kmb = 8 pN/nm was a force constant. Similar to our previous mem-
brane model (5), to prevent boundary artifacts, we implemented a periodic boundary 
condition such that images of the beads on one longitudinal edge were translated to 
interact with the beads on the other edge. The translational distance was the same 
as the membrane width.

Filament sliding model
In this model, the FtsZ filament was modeled as a chain of beads, each bead rep-
resenting one FtsZ monomer. The adjacent beads were connected by springs of a 
relaxed length of lz = 4.4 nm (28) and a spring constant chosen to be kz = 0.5 nN/nm, 
which was sufficiently large to prevent significant stretching or compression of the 
filament. If the filament bent an angle θ at a bead, an energy Eθ = kθ (θ – θ0)2/2 was 
added to the system, where θ0 = 0° was the relaxed angle. We derived the bending 
stiffness constant as kθ = kBTLp/ lz = 3.8×10-18 J, where kB is the Boltzmann constant, 
T = 295 K is the room temperature, and Lp = 4 mm is the filament persistence length 
(54). Note that much smaller values of FtsZ persistence length ~100 nm have also 
been reported (18, 33).

We implemented a Lennard-Jones potential as a long-range interaction between 
beads on different filaments (note that interaction of beads on the same filament was 
excluded). Specifically, a force between two beads at a distance d was calculated as:

 (1)

where the distance at which the potential is zero was set to be ρ = 6.5 nm, ~ the dis-
tance between paired filaments observed via cryo-ET of dividing cells (10). Varying 
the depth of the potential ε in the range from 10-19 to 10-18 J with a step size of 10-19 J, 
we found that the lower bound was too weak to result in filament sliding while values 
larger than 5×10-19 J resulted in filaments twisting around each other. We therefore 
chose ε = 5×10-19 J, the largest value that induced filament sliding without causing 
filament twisting.

To implement filament depolymerization and treadmilling, the FtsZ filament was 
modeled to be polar with one end tracked to be “plus” and the other “minus.” Depo-
lymerization was modeled by removing a bead at the minus end with a rate varying 
from 1–10 beads/s. Treadmilling was modeled by adding a bead to the plus end and 
removing a bead from the minus end at the same rate, which was varied from 1–14 
beads/s.

Filament bending model
We assumed that the filament bends in the same plane without twisting. To imple-
ment this assumption, we modeled the filament as a chain of cubes, with each cube 
representing one FtsZ monomer (Fig. S6). For convenience, the beads on each cube 
were denoted 1, 2, 3, 4, 5, 6, 7, 8. Note that the beads on the interface of two adjacent 
cubes were shared, meaning beads 5, 6, 7, 8 of one cube were the same as beads 1, 
2, 3, 4 of the other. The C-terminal face contained beads 1, 2, 6, 5 and the N-terminal 
face contained 4, 3, 7, 8. To maintain the width of the filament, the beads on the two 
cross-sectional faces (perpendicular to the long axis; one containing 1, 2, 3, 4 and the 
other 5, 6, 7, 8) were connected by springs of relaxed length lz = 4.4 nm and spring 
constant kz = 0.5 nN/nm (Fig. S6A). Note that calculation of the spring force on the 
interface of two adjacent cubes was done only once for each spring. To maintain the 
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 (3)

Turgor pressure
To calculate the force from turgor pressure on the cell wall beads, we first calculated 
the volume V enclosed by the cell wall. To do this, each tetragon was divided into two 
triangles by one diagonal. Each triangle together with the center point of the cell wall 
formed a tetrahedron. The total volume V was the sum of Vi, which was the volume 
of tetrahedron i. The force on each bead j was then calculated as Fj = PtgΣ∇jVi. As 
mentioned above, turgor pressure was chosen to be Ptg = 1 atm.

Cell wall-membrane connection
We assumed that the cell wall bears all the force from turgor pressure and that this 
force is transmitted through the membrane and a buffer layer of periplasmic proteins 
between the membrane and the wall. Similar to our previous model of the membrane 
(5), we modeled the membrane as squeezable, allowing the distance between the 
membrane and the cell wall to vary around the equilibrium distance of dw–m = 15 nm. As 
the distance from a membrane bead to the cell wall deviated  Δd from dw–m, a force Fw 
= kwΔd2 (representing the net force from the cell wall and turgor pressure) was applied 
on the membrane bead to restore it to the equilibrium distance. The force constant 
was chosen to be kw = 1.6 pN/nm2.

Cell wall growth
To model cell wall growth, as the membrane was pulled down, the relaxed lengths of 
two glycan springs connected to the cell wall bead that was closest to the membrane 
bead were shortened so the wall could move inward to fill the gap. Specifically, every 
104 time steps, we calculated the simulated duration Δt and the maximal allowed in-
ward displacement of the cell wall vwΔt, where vw = 100 nm/s was the limit of the cell 
wall inward growth rate. If the distance between a membrane bead and the local cell 
wall surface became larger than dw–m + Δdm where Δdm = 0.5 nm, the inward displace-
ment of the local cell wall bead Δdw was chosen as the smaller of either 0.05 nm or 
vwΔt. Note that this rule resulted in an average inward growth rate of the cell wall vradial 
= 14 nm/s. The relaxed lengths of the two glycan springs connected to the local cell 
wall bead were then shortened an amount πΔdw/Nb, where Nb = 104 was the number 
of wall beads per hoop. 

Diffusion
As in our previous simulation work (3–5), we modeled thermal motion of the system 
by implementing random forces on the beads. We used the Box-Muller transformation 
to generate a set of Gaussian-distributed random numbers. Specifically, two random 
numbers of a Gaussian distribution were generated using two random numbers from 
a uniform 0 – 1 distribution, u1 and u2, as follows

 (4)

 (5)

To reduce the computational cost, we did not integrate the Gaussian distribution with 
a time step to generate random forces. Instead, a force was simply calculated as 
the product of a random number of the Gaussian distribution with a force constant kr 
varying from 1–10 pN. 

Volume exclusion
We implemented a volume exclusion effect between FtsZ beads and membrane 
beads and between beads on different FtsZ filaments. If the distance d from an FtsZ 
bead to a membrane bead was smaller than dmb = 8 nm, a force F = km–z(dmb – d), where 
km–z = 200 pN/nm was a force constant, was applied on the beads to push them apart. 
In the filament sliding model, the Lennard-Jones potential provided a volume exclu-
sion effect. In the filament bending model, if the distance d between the centers of two 
cubes (of different two filaments) was smaller than dzz = 6.5 nm, a force F = kzz(dzz – d), 
where kzz = 1 nN/nm was a force constant, was exerted on each bead of the two cubes 
to push them apart.

System dynamics
As described in detail previously (3–5), we used the Langevin equation to calculate 
the system dynamics. Assuming the inertia of each bead was negligible, the displace-
ment of bead i at a time step was calculated as 

 (6)

where Fi and Fmax were the force on bead i and the maximal force on the beads, re-
spectively. To prevent the system from becoming unstable, the maximal displacement 
of any bead in one time step was constrained to be dmax  = 0.01 nm.

The software ZCONSTRICT was written using Fortran (the source codes can be 
downloaded at https://github.com/nguyenthlam/Zconstrict). The trajectories of the 
system dynamics were visualized using VMD (Visual Molecular Dynamics) software 
(55).
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