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Abstract

Deep brain stimulation (DBS) is known to be an effective treatment for a variety of
neurological disorders, including Parkinson’s disease and essential tremor (ET). At
present, it involves administering a train of pulses with constant frequency via
electrodes implanted into the brain. New ‘closed-loop’ approaches involve delivering
stimulation according to the ongoing symptoms or brain activity and have the potential
to provide improvements in terms of efficiency, efficacy and reduction of side effects.
The success of closed-loop DBS depends on being able to devise a stimulation strategy
that minimizes oscillations in neural activity associated with symptoms of motor
disorders. A useful stepping stone towards this is to construct a mathematical model,
which can describe how the brain oscillations should change when stimulation is applied
at a particular state of the system. Our work focuses on the use of coupled oscillators to
represent neurons in areas generating pathological oscillations. Using a reduced form of

the Kuramoto model, we analyse how a patient should respond to stimulation when
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neural oscillations have a given phase and amplitude. We predict that, provided certain
conditions are satisfied, the best stimulation strategy should be phase specific but also
that stimulation should have a greater effect if applied when the amplitude of brain
oscillations is lower. We compare this surprising prediction with data obtained from ET
patients. In light of our predictions, we also propose a new hybrid strategy which
effectively combines two of the strategies found in the literature, namely phase-locked

and adaptive DBS.

Author summary

Deep brain stimulation (DBS) involves delivering electrical impulses to target sites
within the brain and is a proven therapy for a variety of neurological disorders. Closed
loop DBS is a promising new approach where stimulation is applied according to the
state of a patient. Crucial to the success of this approach is being able to predict how a
patient should respond to stimulation. Our work focusses on DBS as applied to patients
with essential tremor (ET). On the basis of a theoretical model, which describes neurons
as oscillators that respond to stimulation and have a certain tendency to synchronize,
we provide predictions for how a patient should respond when stimulation is applied at
a particular phase and amplitude of the ongoing tremor oscillations. Previous
experimental studies of closed loop DBS provided stimulation either on the basis of
ongoing phase or amplitude of pathological oscillations. Our study suggests how both of
these measurements can be used to control stimulation. As part of this work, we also
look for evidence for our theories in experimental data and find our predictions to be
satisfied in one patient. The insights obtained from this work should lead to a better

understanding of how to optimise closed loop DBS strategies.

Introduction

Symptoms of several neurological disorders are thought to arise from overly synchronous
activity within neural populations. The severity of clinical impairment in Parkinson’s
disease (PD) is known to be correlated with an increase in the beta (13-35 Hz)

oscillations in the local field potential (LFP) and in the activity of individual neurons in
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the basal ganglia [1,[2]. The tremor symptoms associated with essential tremor (ET) are
thought to arise from synchronous activity in a network of brain areas including the
thalamus [3]. In both PD and ET the muscle activity driving the tremor is coherent
with local field potentials in the thalamus [4] and bursts of spikes produced by
individual thalamic neurons [5].

Deep brain stimulation (DBS) is a well-established treatment option for PD and ET
which involves delivering stimulation via electrodes implanted into the brain. The
present generation of the technology involves manually tuning the parameters of
stimulation, such as the pulse width, frequency and intensity in an attempt to achieve
the best treatment. In particular, the choice of frequency is known to be crucial for
efficacy, and high frequency DBS (120-180 Hz) has been found to be effective for PD
and ET patients [6]. High frequency DBS is known to suppress the pathological
oscillations occurring in PD [7], but despite its long history, the underlying mechanisms
causing this suppression remain unclear, and several distinct theories have been
proposed [8H10]. One influential theory suggests that high frequency DBS activates
target neurons to such an extent that their synaptic transmission becomes saturated
and they are no longer able to transmit pathological oscillations [11]. Since high
frequency DBS can cause side-effects such as speech-impairments [12] and gambling
tendencies [13], improvements to this treatment approach are desirable.

It is thought that improvements could be achieved if future devices were to operate
‘closed-loop’, delivering stimulation only when needed and according to the ongoing
symptoms of the patient [14]. A number of approaches to closed-loop DBS can be found
in the literature and of these we focus on two, namely adaptive DBS [15] and
phase-locked DBS [16]. In adaptive DBS high frequency stimulation is applied only
when the amplitude of oscillations exceed a certain threshold [15]. In phase-locked DBS
stimulation is applied according to the instantaneous phase of the oscillations, which for
ET patients corresponds to stimulation at roughly the tremor frequency (typically ~ 5
Hz) [16]. The principles behind both of these approaches are illustrated in Figure
Together, these studies suggest that the effects of DBS are dependent on both the phase
and amplitude of the oscillations at the time of stimulation.

Modelling the effects of DBS generally poses a challenge since the brain networks

involved in disorders such as ET (cortico-thalamic circuit) and PD (cortico-basal-gangla
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circuit) are complex and it is still debated from which parts of these circuits the
pathological oscillations originate [17,|18]. The task can be made more tractable by
considering a simple phenomenological model which does not attempt to explicitly
describe the underlying circuits, but rather focuses on general mechanisms leading to the
synchronization of neurons. One example of this is the Kuramoto model, [19] where the
dynamics of neurons are described using a system of homogeneously coupled oscillators,
whose phases evolve according to a set of underlying differential equations. Such models
are particularly attractive due to their simplicity and explicit dependence on phase,
which makes them convenient for describing the effects of phase-locked stimulation.
Coupled oscillator models have been used before to describe the effects of applying
DBS at particular phases of ongoing oscillations [20,21]. In particular, Wilson and
Moehlis [21] have described how the optimal intensity of stimulation should depend on
the phase of the ongoing oscillations. The phase-dependent effects of stimulation
predicted using the coupled-oscillator model [21] have been shown to generalize to other
models, as they have been also observed in a biologically realistic model of a neural
circuit generating oscillations related to PD [22]. However, to the best of our knowledge,
the predictions of these models have not been directly compared with the experimental
effects of closed-loop DBS. Furthermore, it has not been described how the effects of
DBS should depend on another important characteristic of the ongoing oscillations -
namely, the amplitude. In this paper, we attempt to understand the mechanisms which
may give rise to the effects of phase-locked DBS by using a reduced Kuramoto model.
We analyse how the effects of stimulation should depend on the phase and amplitude of
the ongoing tremor oscillations. In addition to this, we compare our predictions with

previously obtained experimental data.

Models

Neural oscillators

We aim to describe how an underlying system of neural oscillators can give rise to
oscillations, such as those found in LFP and tremor. In classic coupled oscillator models,
neural oscillators correspond to individual neurons which spontaneously produce

spikes [23]. In mathematical models of neurons (e.g. the Hodgkin-Huxley model) a state
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Fig 1. Strategies for closed-loop DBS. (a) Adaptive DBS is delivered only when the
amplitude of oscillations exceed a predefined threshold, indicated here by a green line.
(b) Phase-locked DBS is delivered only at certain phases of pathological oscillations. In
this example, it the stimulation coincides with the troughs of the oscillation.
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of a neurons is described by a set of variables, and for certain parameters, it produces
spikes at regular intervals, thus its variables have periodic behaviour. A description of
such a neuron can be simplified by projecting the state of the neuron on its phase, such
that the state of each neuron is simply described by a one-dimensional phase variable,
which in absence of external input increases with constant rate from phase 0 to 2,
corresponding to an evolution of a neuron from spike to spike .

The above interpretation of neural oscillators as regular-spiking neurons may be
suitable for describing relatively fast beta oscillations occurring in PD, but during
slower tremor oscillations thalamic neurons produce a burst of activity during a single
cycle . Therefore, if one interprets neural oscillators in ET as neurons, the phase
would rather describe the changes in a variable governing the burst cycle (e.g. calcium
level inside neuron). Alternatively, neural oscillators in ET can be interpreted as
micro-circuits, which due to their internal connectivity produce oscillations in the
activity of constituent neurons . Since we aim here to develop a general theory, we
simply consider the set of N neural oscillators with phases {6,,(t)}. Nevertheless, we
make two assumptions about the oscillators related to how they react to input, and how
their phases determine the activity of the whole population. In the remainder of this
subsection we describe these assumptions and discuss how they could be justified under
different interpretations of individual oscillators mentioned above (regular-spiking

neurons, bursting neurons and micro-circuits).
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First, we assume that if the stimulating input is provided to an oscillator when it is
in phase 6, its phase will change according to a phase response function Z(#). Biological
regular-spiking neurons respond more to stimulation when they are already outside their
refractory period and their membrane potential is closer to the spiking threshold [26].
Under such conditions, stimulation accelerates a neuron towards spiking. The function
Z(0) should therefore have higher values in the second part of the spiking cycle. In
addition to this and under certain conditions, stimulation just after spiking and during
the refractory period can slow a neuron’s spiking [26]. Therefore, Z(6) should have
negative values for 6 just above 0. Both of these characteristics can be captured using
the phase response function Z(6) = —sin(#). We use this simplified phase response
function in the first part of our paper and then later consider a more general form. We
are not aware of any experimental studies of phase-response curves of bursting neurons,
but one could expect that the change in the onset of the next burst will also depend on
when during the bursting cycle the stimulation is provided. Phase response functions
have been studied in a mathematical model of a micro-circuit composed of connected
populations of excitatory and inhibitory neurons [27]. When such micro-circuit receives
an input, the phase of the oscillations it produces either advances or reduces depending
on when within the cycle the input is provided [27].

Second, we define the average activity of neural oscillators as a superposition of

cosine functions, i.e.

70 = 5 - coslfn(t). (1)

We chose to transform the phase through a cosine function, because this periodic
function has a maximum at 0, and in classic coupled oscillator model, phase 0
corresponds to the phase when neurons produce spikes [23]. When regular-spiking
neurons are considered, their activity features spikes, rather than varying smoothly like
the cosine function, but nevertheless, the effects of spikes on downstream neurons are
prolonged in time due to non-instantaneous decay of post-synaptic potentials, thus the
cosine function could be seen as a qualitative approximation of the effect of neuron’s
activity on downstream cells. If neural oscillators are assumed to correspond to bursting

neurons or micro-circuits, the choice of the cosine function is more natural, because
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their rate of producing spikes varies more gradually. We would assume that the activity
of bursting neurons or micro-circuits is highest at phase 0, so the function f ()

qualitatively reflects the fluctuations in firing rate.

Relating neural oscillator model to experimental data

The purpose of this subsection is to relate the phases of individual oscillators to the
quantities that can be measured from experimental LFP or tremor data, such as the
instantaneous phase and the amplitude of the signal.

The function f(t) is an abstract representation of neural activity and is not directly
measurable in typical studies with patients. The experimentally measured signal f.(t) is
known to be highly correlated to neural activity 5], so it is reasonable to assume f,(t)
to be some transformed version of f(t). We assume this transformation to be a simple

scaling and shifting, namely

fe(t) =cf(t) + d. (2)

It is common to subtract the mean from a signal, resulting in a signal f.(¢) which is
independent of d. This yields a simple relationship between the experimentally

measured data and neural activity,

fe(t) = cf (D). (3)

The experimental signal fe(t) is typically analysed using the Hilbert transform H,
which provides for each time point ¢ the values of instantaneous phase 1), and the

envelope amplitude p,

peech = fe(t) =+ Zﬁ[fe(t)] (4)

By inserting Eq. into Eq. , we can relate the neural activity resulting from

coupled oscillators to the experimental phase and amplitude

pece = c{f(t) +iH[f(t)]}. ()

We would like to now relate the experimental phase ¥, and amplitude p. to quantities

obtained using the coupled oscillator model. The order parameter for a system of
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oscillators is defined to be
N
1 >
T = N P e . (6)

Since r is a complex number, it can be written as
r= peiw? (7)

The amplitude p is a measure of synchrony, with complete desynchrony and synchrony
corresponding to 0 and 1, respectively. Using the Euler relation, the order parameter

can be written as
1 1N
pe N 7;:1 cos[0,(t)] +i— nEZI sin[6,,(1)]. (8)

We expect the phases {6, } to increase monotonically with time and under these
conditions, H[cos(6,,)] ~ sin(f,,). Using this and the expression for the time series given

by Eq. (1), Eq.(8) can be written as
pe'? = f(t) +iH[f(t)]. (9)
Comparing this with Eq. , it can be seen that

peet?e = cpe'. (10)

Therefore the experimental amplitude and phase is relatable to the magnitude and

phase of the order parameter using

Pe = CP, we = '(/J (11)

In summary, assuming the experimental data and neural activity are related according
to Eq. and that the phases {0,} increase monotonically with time, we can use the
Hilbert transform of the experimental data to relate the envelope amplitude and

instantaneous phase to the magnitude and phase of the order parameter, respectively.
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Kuramoto model

The oscillation data we are concerned with arises from the correlated electrical activity
of neural populations. In order to describe such systems we use a coupled oscillator
model where the time-evolution for the set of N oscillators are given by the Kuramoto

equations, with an additional term describing the effects of stimulation |19}[20]
A
et > sin(B, — 0;) + IX (1) Z(6)). (12)

The first term, w; is the natural frequency of oscillator I, which describes the frequency
in the absence of external inputs. It corresponds to the frequency with which a neuron
spontaneously produces spikes or bursts (depending of the interpretation of oscillators
introduced above). The second term describes the interactions between oscillators,
where k is the coupling constant which controls the strength of coupling between each
pair of oscillators and hence their tendency to synchronize. The third term describes the
effect of stimulation. The intensity of stimulation is denoted by I and X (¢) is a function
which equals 1 if stimulation is applied at time ¢ and 0 otherwise. The phase response
function for a single oscillator is given denoted by Z(6;). To avoid confusion, we use
‘intensity’ to refer to the magnitude of stimulation I, while the word ‘amplitude’ is used
to refer to the amplitude of order parameter p or of the experimental signal p.. Using
the definition of the order parameter given in Eq. , Eq. can be transformed to
give

deo,

Pk + kpsin(yp — 0;) + IX (1) Z(6)). (13)

In this form, it is clear that each oscillator has a tendency to move towards the
population phase ¥ and that the strength of this tendency is controlled by the coupling
parameter k. To gain an intuition for this behaviour readers may wish to explore an

online simulation of the model [28].

Reduced model

In the previous section, we outlined the conditions for which a relationship should hold
between the experimental envelope amplitude and instantaneous phase and the

quantities associated with the coupled oscillator model, namely the magnitude and
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phase of the order parameter. A subject’s response to stimulation can be quantified
using the amplitude response curve (ARC) and the phase response curve (PRC), which
respectively describe changes in the envelope amplitude and phase of the oscillations at
the time of stimulation. From a theoretical perspective, the response curves arise from
changes to an underlying state of oscillators which in turn gives rise to measurable
changes in the ‘macroscopic’ quantities, namely the amplitude and phase of the order
parameter. Therefore, in order to obtain an analytical expression for the response
curves, we need to know how the order parameter evolves as a function of time. Ott and
Antonsen showed that such an expression can be found under the assumption of an
infinite system of oscillators and where the distribution of frequencies g(w) is Cauchy
with centre wy and width ~. In this section, we summarize their results.

For an infinite system of oscillators, the order parameter can be expressed in terms

of the distribution of oscillators f(w,0,t)

r(t) = /_O; /O% f(w,0,t)e?dwds, (14)

and the time evolution of f(w,#,t) for the Kuramoto system given by Eq. is given
by the continuity equation

78"0(‘3;0’“ + % { [w + %(re*“’ —rre ) + IX(t)Z(G)} flw, 0,15)} =0.  (15)

Central to the work of Ott and Antonsen [29] is the use of a guess, or ansatz, for the

distribution of oscillators given by
_ g(w) - n inf n * _—in6
F(O,w,t) = 27r{1 +n§::1 [a (w, )™ + a™(w, t)"e } : (16)

where a(w,t) is a certain function. Ott and Antonsen [29] considered the case of a
Kuramoto system with a periodic driving term of strength I and frequency 2, whose
dynamical equations are given by E|

do,

N
k
=Wt nz_:lsin(on — 0)) + Isin(Qt — 6)). (17)

1Note that Eq. (17) assumes that individual neurons react to stimulation in the same way as to
input from other neurons.
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Using this, the ansatz and the result that r(t) = a*(wo — iv,t) [30], the time

evolution for the order parameter is found to satisfy (for v = 1)

d 1
dit” = Sl(kr 1) = (kr +1)r) = [1 = i(Q — wo)lr. (18)
Therefore the state of the Kuramoto system for a large number of oscillators has been

reduced from one being described by the set of NV phases {6;} to one being described by

p and .

Results

Simplified Response Curves

A patient’s response to phase-locked DBS is typically quantified using the ARC, which
describes changes in the envelope amplitude of pathological oscillations (e.g. tremor) as
a function of the phase at which the stimulation was delivered. Some studies also report
the PRC, which describes changes in the phase of the pathological oscillation as a
function of the stimulation phase. Although the effect of phase-locked DBS may also
depend on the the amplitude of the ongoing pathological oscillations, this dependence
on amplitude has not been analysed before, due primarily to the difficulties associated
with obtaining a function of two independent variables from noisy data. Instead, the
averaged response curves have been reported [16}[31], which are only functions of the
phase and are averaged over the amplitude. Such curves are readily obtainable using
standard signal processing techniques.

In this subsection, we derive expressions for the ARC and PRC, where the phase
response function for a single oscillator is taken to be Z(6) = —sin(f). By setting
Q — 0 and for general v, Eq. describes a system experiencing an impulse given by

the phase response function Z(6) = — sin(0).

dr

il (iwo—'y)rﬁ—ﬁ(l—|r\2)+g(l—r2). (19)

2

Inserting the expression for the order parameter Eq. into Eq. gives expressions
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Fig 2. Instantaneous response curves as function of ¢ for different values of synchrony
p. Dashed lines were obtained from Egs. (22) and (23). Panels (a) and (b) show the
ARC and PRC, respectively. Solid lines were calculated by simulating a large ensemble
of Kuramoto oscillators.

for the time evolution of p and v

ZZT? =+ %(1 = ")+ Pp,¥) (20)

and
% :W0+\Il(pvw)v (21)

where
I 2

P(p,v) = 5(1 = p*) cos(¢)) (22)

and
W(p ) = — L (14 p?)si 23
(p, ) = —27)( + p7) sin(1)). (23)

The functions P(p, ) and ¥(p, 1)) are the instantaneous response curves for a
population of oscillators with a phase response function of Z(#) = —sin(6). This
simplified case leads to very specific qualitative predictions. For both response curves,
the effects of stimulation are predicted to be more magnified when stimulation is applied
at lower amplitudes. In addition to this, whether or not stimulation has an amplifying
or suppressing effect on the respective quantities is dependent only on the phase. In the

absence of stimulation, the first term of Eq. predicts the amplitude to decay with a
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rate proportional to the diversity of natural frequencies of individual oscillators y whilst
the second term predicts the amplitude to increase according to a term proportional to
the coupling strength k. Eq. predicts the phase 1 to evolve according to wy.

To demonstrate the amplitude dependent effects of stimulation predicted by Egs.
and we simulate the Kuramoto model using a large number of oscillators
(N = 3000). The stimulation amplitude I was chosen to be small at ~ 0.04 and
numerical integration was performed using the Euler method with a time step of
0t ~ 0.001. For such a system and in the absence of stimulation, the magnitude of the
order parameter p will tend asymptotically to [1 — (2/k)]~%® for k > 2 [29]. We can
therefore fix the value of p in simulation by choosing an appropriate value of k. The
parameters wy and y were not expected to affect the response curves and hence were
arbitrarily chosen to be wg = 30 and v = 1. After the system has evolved to the
asymptotic state, we provide stimulation at a particular phase over a single time step.
The changes in p and ¥ resulting from the perturbation divided by d¢ would then
approximately equal to P(p,v) and ¥(p, 1), respectively. Figure [2[ shows the response
functions P(p, 1) and ¥(p, 1)) for different amplitudes p and also a comparison with
results from simulating a population of Kuramoto oscillators.

Figure [2h and Eq. shows the ARC is shifted with respect to Z(6) and that, for
a given p, the most effective reduction of oscillation amplitude is achieved when
phase-locked stimulation is provided at phase w. An intuition for these effects is shown
in Figure . The form of the phase response function Z(6) leads to a region of phases
for which the oscillators will either slow down or speed up upon stimulation. Stimulation
applied to a population of oscillators corresponds to a perturbation with a differential
effect across the system of oscillators, i.e. with some oscillators responding differently to
others and depending on their phase. It is this differential effect which gives rise to
changes in the width of the oscillator distribution and therefore changes in amplitude.
In particular, if stimulation is applied when the distribution of oscillators is centred
around 180 degrees, stimulation is shown to have a desynchronising effect as half the
oscillators will speed up and the other half will slow down, as illustrated in Figure [3h.

An intuition for the amplitude dependent effects can also be seen in Figure [3h. If we
consider the case where the system is strongly synchronised (orange curve), then

stimulation can have little effect on amplitude since all oscillators would be perturbed
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360

330

(a) (b)

Fig 3. Intuition behind amplitude dependent effects on the ARC. For each panel, the

top plot shows the phase response function for an individual oscillator Z(6). The

bottom part shows the shape of this function as represented by arrows indicating the

effect of stimulation at a particular phase. The length of the arrows reflect the

magnitude of phase change due to stimulation. The orange and red curves schematically
show distributions of oscillators centred around ¢ = 180°, as discussed in the text. (a)

For the single harmonic case of Z(f) = — sin(f), the amplitude dependent effects

are

predicted to be monotonic, with magnified effects at lower amplitudes. (b) For the
higher harmonic case of Z(#) = sin(660) a non-monotonic relationship is predicted.

by a similar amount. If we now increase the width of the oscillator distribution (red

curve) and the amplitude reduces, then the differential effects gives rise to a greater

amplitude change, thus stimulation at lower amplitudes leads to magnified effects

also evident from Figure [2| that there exists a relationship between the ARC and

. Itis

slope

of the PRC. In particular, the ARC is negative at those phases for which the slope of

the PRC is positive. One can also see from Egs. and that for a given p, the

ARC (P(p,)) is proportional to the negative derivative of the PRC with respect to 1

(%Z;w)). We will later analyse how this relationship generalizes.

Generalised response curves

In this subsection we consider the case where the phase response function Z(0) h

as a

general form, since the phase response curves of biological neurons may have diverse

shapes [26]. We start by providing an intuition for why the qualitative effects of

stimulation are expected to be different when Z(6) contains higher harmonics. For the

case of Z(0) = sin(66), as shown in Figure [3p, and the simple case of oscillators
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distributed around 180 degrees, the effects of stimulation may actually be greater at
larger amplitudes - which is in contrast to our results for the single harmonic case. In
the high amplitude regime, as shown by the orange curve, the qualitative effects of
stimulation are predicted to be similar to that of the single harmonic case. At lower
amplitudes, some of the oscillators will be shifted away from the centre of the
distribution while other towards it, reducing the overall effect of stimulation. To analyse
this more formally, we now consider the case where Z(8) takes the form of a general

Fourier series

Z(0) = % + Z ay, cos(mB) + Z by, sin(m8). (24)

m=1 m=1
Using the results from Lai and Porter [30], an expression for the time evolution of the
order parameter can be obtained,

dr

) kr
o (iwo —7)r + ?(1 —[r*)

. o s 25)
o *\m—1 m+1 . *\m—1 m+1 (

+2{a0r+mzlam[(r) +r ]—}—ngm[(r) — M b

Inserting the expression for the order parameter (Eq. ) into Eq. (25]), we find

expressions for the time evolution of p and v, but now the instantaneous response

curves for amplitude and phase, respectively, are given by (cf. [32])

Ploct) = (1= ) S " famsin(s) = b costms)|. (26)

m=1

and

U(p, ) = g{ao +(14+p7?) Z ™ {am cos(ma)) + by, sin(mw)} } (27)

m=1

Egs. and describe the instantaneous response curves for a system of oscillators
whose distribution satisfies Eq. . Its worth noting that both equations are

independent of the parameters of the Kuramoto model and are only dependent on the
characteristics of an oscillator distribution satisfying the ansatz. It is known [30}33}34]
that the presence of higher harmonic modes in the phase response function Z can cause

the oscillators to cluster and lead to a breakdown of the ansatz given by Eq. . Lai
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Fig 4. Instantaneous response curves as function of v for different values of synchrony
p, for sample response function of individual oscillators including higher harmonic
Z(0) = —sin(30). Dashed lines were calculated from Egs. and (27). Panels (a) and
(b) show the ARC and PRC, respectively. Solid lines show results from simulating a
large ensemble of Kuramoto oscillators. In panel (b) theoretical predictions and
simulations overlap so closely for some p that only a single curve can be seen.

et al. investigated the effects of introducing noise through the phase response
function and found good agreement between theory and simulation only when Z
consisted of a dominant first harmonic mode. We therefore expect Eqs. and to
reasonably approximate the response when Z has a dominant first harmonic and/or the
stimulation amplitude [ is small .

Using the methodologies from before, we simulated a population of Kuramoto
oscillators to demonstrate the predicted amplitude dependence of stimulation for the
case of Z(0) containing higher harmonics. Figure [4f shows an example of the ARC and
PRC for the case of Z(#) = —sin(36). In contrast to Figure [2 the effects of stimulation
are not necessarily monotonic functions of p. This can be seen for the case of the ARC
shown in Figure [4h, where the effects are magnified between p = 0.35 and p = 0.70 but
are reduced between p = 0.70 and p = 0.90. For the PRC in Figure [dp, it is clear that
the effects are monotonic but that the effects of stimulation now reduce with reducing
amplitude, in contrast with the single harmonic case.

The expressions for the instantaneous response curves can be used to make
qualitative predictions about how a subject should respond to stimulation. Eqs. (26))
and involve an expansion according to the harmonics of Z, with each term being
the product of both a phase dependent part and an amplitude dependent part. If we
restrict our analysis to the simple case where Z is well-approximated to be a single

harmonic mode, then it can be seen that whether stimulation has a suppressive or
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Fig 5. Plots of the amplitude dependent multipliers for each Fourier mode of the ARC
(a) and the PRC (b). For a given Z(6) with a single mth Fourier mode, the multipliers
show how the size of the effects of stimulation are expected to change as a function of p.

amplifying effect on amplitude is dependent only on the phase and the magnitude of
these effects is determined by the amplitude. Plots of the amplitude dependent part for
several harmonic modes can be seen in Figure [f] for both the PRC and ARC. For the
case of Z containing a single harmonic, each curve describes how the magnitude of the
response curves is expected to change as a function of amplitude. Figure [bh shows the
magnitude of the ARC as a function of p for several harmonic modes. A non-monotonic
relationship is predicted only for higher modes m > 1, with the maxima occurring for

each curve at

In the high synchrony regime p > p,,, the gradient in each case is found to be negative,

implying that when stimulation is applied at lower p, the effects of stimulation increase.

In the low synchrony regime p < p,,, stimulation applied at lower amplitudes p is
predicted to lead to smaller effects. For the case of the first harmonic mode, where
p1 = 0 implies that the gradient is negative across the range 0 < p < 1, the predicted
effects are particularly noteworthy as they are both quantitatively and qualitatively
different from the other modes. Concisely, for Z consisting of a single first harmonic
mode, we predict that delivering stimulation at lower p will result in greater effects, for
all values of p.

Figure [5b shows the magnitude of the PRC as a function of amplitude for several

harmonic modes. Here we find the qualitative differences between the effects of the first
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harmonic mode and higher modes to be even more notable. A monotonic relationship is
predicted across the harmonic modes but with differing gradients between the first and
higher modes. The condition for positive (or zero) gradients is that p? > — (m 2) , which
is only satisfied for m > 1, hence for higher modes, a positive (or zero) gradient can be
found for all p in contrast to a negative gradient for all p for the first mode.
Qualitatively, this means that for Z consisting of a dominant higher harmonic,
delivering stimulation at lower p will result in smaller changes in phase. For Z
consisting of a dominant first harmonic, the opposite is predicted, namely delivering
stimulation at lower p will result in larger effects. These effects become particularly
apparent if the oscillation amplitude is close to 0, where the p~! term attached to the
first harmonic begins to become very large.

Finally, it is worth noting that for stimulation to have an effect on amplitude, the
function Z(6) does not need to have a region where Z(6) < 0 (i.e. it does not need to be
of type II). Although in the examples we used Z(0) with negative regions, Z(6) can be
shifted by adding a constant ag, and this constant will not affect ARC, because it does
not appear in Eq. 26] A critical condition for the stimulation to have an effect on
amplitude is that the function Z(6) is not constant, which allows the stimulation to

have a differential effect on oscillators in different phases.

Relationship between averaged response curves

Existing experimental studies have reported the ARC and PRC averaged across
amplitudes of pathological oscillations. In this subsection, we study the properties of

such averaged curves. In the next subsection we use this relationship to test if the

response to stimulation of individual patients is well described by the Kuramoto model.

Expressions for the averaged response as a function of 1) can be obtained by taking
expectation values using the function h(p|t), which is the probability density function
for the system being in a state p given a phase . In the absence of stimulation, the
dynamics of p for the Kuramoto system are phase-shift invariant. Therefore, if the

effects of stimulation are small, it is reasonable to assume that h(p|y)) ~ h(p) and

o0

P(y) = /0 h(p)P(p, g Z [am sin(my) — by, cos(mi)], (29)
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and

W) = [ o)W 0o = g{ # 3 B costmi) + b sm(mw}} (30)

where

o = / h(p)(1— p2)p™ dp, (31)

and

1
o = [ We)1+ 00", (32)

0

We first describe the relationship between the ARC and PRC for the cases where Z
contains a single dominant harmonic as in these cases clear predictions can be made by

the model. First, we use the derivative of W(¢) giving

— = —g Z MUy, [am sin(ma) — by, cos(ma) (33)

m=1

and also by dividing P(1)) by % leads to

B i U, [@m sin(ma)) — by, cos(map)]
Py = 27§ = . (34)
Z MOy [ SIN(MA)) — by, cos(map))

m=1

Now considering the case where Z contains only the gth harmonic

> _ 7@ vy [ag sin(qi)) — by cos(qi)]
P(y) = dip {qﬁq [aq sin(qy) — by cos(qy)] }

_ <vq) dw
qig ) dyp’

which shows that in the cases where Z contains a single harmonic the averaged ARC is

(35)

a scaled version of the negative gradient of the averaged PRC.
Since the constants vy, v, and g are all positive, it is expected that for Z containing

a single or dominant harmonic, a strong positive correlation should exist between P(1))
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Fig 6. Box plots showing the correlation coefficients between P(1) and —W’(v))
calculated by generating a random phase response functions Z with differing number of
harmonics.

and —V’(z)). To investigate the correlation coefficient for higher harmonics, we
simulated the Kuramoto model using randomly generated phase response functions.
The parameters of the Kuramoto model (N, wp, ) were the same as in previous
simulations. The number of harmonics (n;) to use in each function was chosen
sequentially from 1 to 4. In each case, the harmonics of each function were chosen to be
a random subset of size ny, from the set {1,2,3,4}. A random phase response function
Z was generated by choosing a set of coefficients {a,,} and {b,,} (which includes
randomising ag) whose values were sampled from a standard normal distribution. For
each Z with a given number of harmonics, the response curves as a function of phase
were calculated at values of synchrony p = {0.4,0.6,0.8}. The phases were chosen from
a uniformly spaced grid between 0 and 27. The response of the system was taken to be
from a single pulse of stimulation. For a given number of harmonics, 30 averaged
response curves were calculated. The correlation coefficient between P(1)) and —¥’ (1))
was then calculated by first averaging P(p, ) an W(p,v) across p and then calculating
—V’(1)) by averaging the gradient in the forward and backward direction around a
particular phase 1. Figure [6] shows the value of the correlation coefficient to be only
slightly affected by increases in the number of harmonics. This implies that if a system
is well described by the Kuramoto model, then a strong positive correlation between

P(¢)) and —W’'(z)) should exist.
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The results of this subsection extend previous observations [21},/36] that stimulation

is most effective when applied at the phase which maximizes Z’(6). However, the phase

response curves of individual oscillators Z(6) are difficult to measure. Nevertheless, Eq.

(35) shows an analogous relationship to exist between averaged population response
curves. Together with Eq. , the above analysis predicts that there also should exist
a positive correlation between experimentally measured ARC and the gradient of

experimentally measured PRC.

Comparison with experimental data

The results presented in previous sections provide a framework within which we can
make some qualitative predictions about how a patient should respond to phase-locked
DBS. In this subsection we compare two key predictions of the theory with

experimental data:

1. There should exist a strong correlation between averaged ARC (P (1)) and the

negative gradient of the averaged PRC (—W’'(v))).

2. If the phase response function Z contains a dominant first harmonic, then the
effects of stimulation should be magnified if it is applied when the amplitude of

oscillation p is low.

We tested these predictions using data from the study of Cagnan et al. [16]. In this
study, phase-locked DBS was delivered according to the tremor measured by an
accelerometer attached to the patient’s hand. Data was collected from 6 ET patients
and 3 dystonic tremor patients. We investigated the 5 ET patients that exhibited a
significant response to stimulation. The data from these 5 patients was associated with
6 hemispheres, with datasets 4L, and 4R denoting tremor data for the left and right
hand of Patient 4, with stimulation delivered to the contralateral hemisphere.

The tremor data was filtered using a Butterworth filter of order 2 with cut-off
frequencies at +2 Hz around the tremor frequency. Stimulation was delivered over a set
of trials (typically 9), with each trial consisting of 12 blocks of 5 second phase-locked
stimulation at a randomly chosen phase from a set of 12. Each block of phase-locked
stimulation was also separated by a 1 second interblock of no stimulation. The envelope

amplitude and instantaneous phase were calculated using the Hilbert transform. The

October 16, 2018

21/34

398

399

400

401

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

420

421

423

424

426

427


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/448290; this version posted October 19, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

aCC-BY 4.0 International license.

averaged amplitude response for a particular phase was calculated to be the difference
between the average envelope amplitude within a 1 second window before the end of the
stimulation block and the average envelope amplitude within a 1 second window prior
to the onset of stimulation. The averaged phase response was calculated using a similar
methodology. The unwrapped phase was calculated for the data 1 second prior to the
onset of stimulation. A linear function was fitted to this phase evolution and
extrapolated to the end of the stimulation block. The value for the instantaneous phase
obtained using this extrapolation could be taken as the expected phase of the system in
the absence of stimulation. The difference between the actual phase at the end of the
stimulation block and this expected phase was taken to be the phase response. In both
cases, the responses for a particular phase were averaged over all trials in the dataset.
The derivative of the PRC with respect to ¢ was calculated numerically by averaging
the gradient in the forward and backward direction around a particular phase ¥. To
determine the effects of amplitude on the response curves, we use a ‘single pulse’
method, where the data is binned at low, medium and high amplitudes, with each bin
containing the same number of points. Within each bin we calculate the response of the
system from a single pulse of stimulation. In the case of the amplitude response, we
calculate the difference in the mean of the amplitude after and before the pulse. The
data used for calculating the mean in each case is taken between pulses. In the case of
the phase response, a straight line is fitted to the unwrapped phase evolution from
before the pulse. The phase response is taken to be the difference between the actual
phase and the linear extrapolation evaluated at a point after the pulse and just before
the next pulse.

We first tested Prediction 1 for each patient and excluded those patients which
either do not have significant correlation (p < 0.05) or have negative correlation. The
lack of significant correlation between P(v) and —W’(7)) could indicate that the patient
is not well described by the Kuramoto model or that the response curves have not been
accurately determined. We therefore restrict subsequent testing of Prediction 2 to only
those patients who exhibit significant correlation. To infer whether the phase response
function Z for a given patient contains a dominant first harmonic, we used the property
illustrated in Figure B, namely that the magnitude of the PRC should increase with

reducing p only if Z contains a single first harmonic. For such patients, we would then
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Patient | Correlation coefficient | p-value

1 0.31 0.333
0.08 0.815

4R 0.04 0.894

4L -0.25 0.430

5 0.72 0.008

6 0.20 0.530

Table 1. Table showing the correlation coefficients and corresponding p-values
between P(v) and —U’(¢)) for each ET patient with a significant effect of stimulation
on amplitude of tremor, reported in the study of Cagnan et al. [16).

-0.15}

Ye (rad) Ve (rad)
(a) (b)
Fig 7. Plots showing the measured ARC and the negative gradient of the PRC for
Patient 5. The curves were z-scored to have comparable scale. The error bars indicate
the standard error of the mean.

expect the magnitude of the ARC to increase with reducing p. Table[]] gives the
correlation coefficients between P(v)) and —W’(z)) for each patient where DBS was
found to have a significant effect on tremor. From these, significant correlation was only
found for Patient 5, with the correlation coefficient being (0.72). The response curves
for this patient are shown in Figure [7] Table[l] also lists uncorrected p-values for the
correlation. Since we analysed data from 6 datasets, the Bonferoni corrected p-value of
correlation for Patient 5 would still be significant (p = 0.048). In summary, we did not
find strong support for Prediction 1, as the correlation between the ARC and the
negative gradient of the PRC was significant in only 1 out of the 6 datasets analysed.
As outlined above, we then tested Prediction 2 only for Patient 5 who fulfilled
Prediction 1. To determine the effects of amplitude on the response curves, we analysed
the response of the system using the single pulse method. This is because the amplitude
of tremor can vary substantially within the 5-second stimulation intervals. Figure

shows the response curves at 3 amplitude bins for Patient 5. To quantify the
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Fig 8. Response curves as a function of 1, for Patient 5 calculated by binning

¥, (rad)

(S 3

according to amplitude. Panel (a) shows the ARC and (b) shows the PRC. The error

bars are the standard error of the mean.

magnification of the response curves, we compute the standard deviation across the

phase bins. The uncertainty on the standard deviation o is calculated using the method

of propagating errors [37]. We find this to be most appropriate here as it allows us to

incorporate the errors of the binned response curves. For a dataset consisting of M

points Y = {y;} with mean g and corresponding standard errors AY = {Ay;}, we find

the error on the standard deviation Ao to be

Ao = Mla{ JZM: [(yj - y)ijr}o.s-

j=1

(36)

Figure [Op shows the extent of magnification across 3 amplitude bins for the PRC. For

Patient 5, we find evidence for increasing magnification with reducing amplitude, which

when taken together with the positive correlation between P(v)) and —W’ (1), is

indicative of a Kuramoto system with a phase response function Z containing a

dominant first harmonic mode. For such a system, Prediction 2 states that we should

also find increasing magnification of the ARC with reducing amplitude. Figure [Jh shows

the extent of magnification across 3 amplitude bins for the ARC. Here we can see

evidence for increasing magnification with reducing amplitude for Patient 5, which

agrees with our predictions and was the only patient to exhibit such effects across all

the amplitude bins. For completeness, Figure [0 also shows the results of the above

analysis for other patients. It is evident in Figure [0p that, for all patients, the

magnification of the PRC is higher for stimulation at lower p. Interestingly, Figure [Jh
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Fig 9. Magnification of the response curves calculated using the standard deviation for
3 amplitude bins low (1), medium (m) and high (h). Panel (a) shows the magnification
for the ARC and (b) shows the magnification for the PRC.

shows that the magnification of the ARC for stimulation at lower p is only exhibited by
Patient 5, which is also the only patient who had significant correlation between the

ARC and negative gradient of the PRC.

Discussion

We have presented a framework for testing the theory that oscillations found in tremor
data can be represented by a Kuramoto system, whose behaviour is described by Eq.
(13). The theories we present make clear qualitative predictions about the amplitude
dependence of the response curves which we can test using experimental data. The
effects of stimulation on tremor amplitude are summarized in Figure [I0] For the cases
where the phase response function Z(6) contains a single dominant harmonic, whether
the effects of stimulation are suppressive or amplifying depends on the phase at which
the stimulation is applied (compare columns), while the magnitude of the stimulation
effect depends on the amplitude of oscillations (compare rows) at the point of
stimulation. If the phase response function has a dominant first harmonic, the effect is
largest when the tremor amplitude is lower (illustrated in the figure), while for phase
response functions with a dominant higher harmonic, the magnitude of the effect is a
non-monotonic function of the amplitude. The magnitude of the phase shift of the
signal due to stimulation also depends on the phase response function. If it has a

dominant first harmonic, then the effects should increase with reducing amplitudes;
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Fig 10. Schematic illustration of the effects of stimulation at different phases (columns)
and different amplitudes (rows), when the phase response function of individual
oscillators has a dominant first harmonic. In each display, blue curve shows the tremor
signal, dotted lines indicate the maximum and mean of the signal before stimulation,
and red bar indicates the time of stimulation.

thus the oscillation should get most easily entrained to phase-locked stimulation if the
amplitude of the oscillation is small. For phase response functions containing a
dominant higher harmonic, the effects of stimulation should increase with increasing
amplitude. The analysis of population response curves in this paper is similar to that
presented by Hannay et al. [32]. The formula for the PRC given in Eq. is the same
as that given by Hannay et al. They also derive a similar expression for the ARC, but
define the ARC to be the ratio of the amplitude post and pre stimulation, while we
define it to be the difference between these amplitudes, which is closer to the convention
used in the DBS literature. Here we extend their analysis of response curves in a way

which is more relevant for designing adaptive DBS.

Relationship to experimental data

We find good agreement between our theories and the data from one patient, namely a
strong positive correlation between P(v)) and —W’ (1)) together with increasing
magnification of the PRC with reducing amplitude is associated with an increasing
magnification of the ARC with reducing amplitude.

The lack of significant correlation between P(1)) and —¥’(¢)) for the other patients
could be due to experimental noise, which may prevent the response curves from being
determined accurately. However, another possibility is that these patients are simply

not well described by the models presented here. This could be due to the various
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assumptions, both about the nature of stimulation and the form for the distribution of
oscillators, which are used to derive the theoretical response curves. Since the
theoretical response curves are only valid for those distributions satisfying the ansatz
given by Eq. , the response curves for any distribution deviating from this form are
expected to be different from those predicted. Distributions not represented by the

ansatz include those clustered configurations which can arise through random effects or

stimulation applied through phase response functions containing higher harmonic modes.

Eq. also assumes that each oscillator responds only according to a single phase
response function Z(6), which may not be a good approximation for certain patients.
Since we interpret an oscillator as representing the activity of neurons or micro-circuits,
it follows that these neurons should have some spatial separation in the brain [38] and
hence experience stimulation differently depending on their location relative to the
electrode. This is not an effect which is captured by the models presented here.
Furthermore, our computational model does not capture the effects of synaptic
plasticity triggered by stimulation. Presence of such plasticity may be suggested by a
delayed appearance of tremor following offset of the prolonged phase-locked
stimulation [16]. Finally, ET is known to be a heterogeneous disorder [39] and different
patients are likely to have different underlying pathologies. As a result of this, the

assumptions used in the model may need to differ depending on the patient.

Hybrid DBS

In light of our predictions, we propose a new strategy for DBS which may be effective
for certain patients, namely those for whom the effects of DBS are magnified when
stimulation is applied at lower amplitudes. The approach, illustrated in Figure
combines the aforementioned phase-locked and adaptive approaches described in Figure
The general idea is to only apply high frequency DBS at high amplitudes in order to
drive the tremor into low synchrony regimes that are more susceptible to phase-locked
DBS. With such a control strategy, the high frequency DBS would be used less often
than in the current adaptive DBS approach, as it would only be used to bring the
tremor into the low synchrony regime, at which point phase-locked DBS would suppress
the amplitude further, thereby keeping the system in this mode.

Separating the high and low synchrony regimes can be done using an amplitude
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Trigger

Time
Fig 11. Hybrid DBS strategy. High frequency DBS is applied when the amplitude of
oscillations exceed a predefined threshold. Below this threshold, phase-locked DBS is
applied.

threshold, in a similar way to the adaptive DBS approach [15]. When the amplitude of
oscillations exceeds the threshold, then high frequency DBS would be delivered since the
patient would be in the high synchrony regime. If the amplitude of oscillations falls
below the threshold, then phase-locked DBS is delivered, since the patient would be in
the low synchrony regime. In addition to the various parameters of stimulation, the
choice of threshold is also likely to be an important factor in determining the overall

efficacy of the method [40].

Future Work

The theories we have presented here leave plenty of scope for future work. On the
theoretical side, investigating the effects of clustering on the response curves in addition

to considering a multi-population Kuramoto model would be two possible avenues to

explore. Its also worth mentioning that the instantaneous response curves given by Eq.

(26) and Eq. are independent of the parameters of the Kuramoto model and can be
derived using only the assumption of the Ott and Antonsen ansatz. Therefore, in
principle, they should be valid for other systems for which the Ott and Antonsen ansatz
can be applied, such as an infinite network of theta neurons [41]. Kuramoto-like phase
models arise through the phase reduction of oscillating units. By contrast, theta
neurons can be in both excitable and oscillatory regimes while still being amenable to

the Ott-Antonsen reduction [42]. It would be interesting to relate the phase-response
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curves of the population dynamics [43] to the data presented here. Furthermore, the
model analysed in this paper assumes a Cauchy distribution for the natural frequencies,
which has very long tails, and other distributions (e.g. Gaussian) may be a more
realistic description of neuronal frequencies. It has recently been demonstrated that the
Ott and Antonsen ansatz can be applied to systems where the natural frequencies are
Gaussian distributed [44], and it would be interesting to extend the analysis of
population response curves to this case.

On the experimental side, there is the question of the hybrid DBS strategy, whose
efficacy remains to be determined. To further strengthen our conclusions, we also hope
to perform our analyses on more data. Given that testing our theories is conditional on
finding patients for whom P(1)) is correlated to —W¥’(1), a study such as ours would
greatly benefit from a larger dataset, both in terms of the number of patients and the
length of time each patient is stimulated for. The latter would allow us to determine the
response curves more accurately, which is expected to be particularly beneficial for our
methods. Obtaining longer datasets poses a challenge due to the inherent difficulties
associated with recording from patients, particularly the onset of fatigue. Alternatively,
improvements to the accuracy of the response curves could be realised by improving the

methods used to calculate them.

References

1. Kihn AA, Kupsch A, Schneider GH, Brown P. Reduction in subthalamic 8-35

Hz oscillatory activity correlates with clinical improvement in Parkinson’s disease.

European Journal of Neuroscience. 2006;23(7):1956-1960.

2. Sharott A, Gulberti A, Zittel S, Jones AAT, Fickel U, Miinchau A, et al. Activity
parameters of subthalamic nucleus neurons selectively predict motor symptom

severity in Parkinson’s disease. Journal of Neuroscience. 2014;34(18):6273-6285.

3. Schnitzler A, Miinks C, Butz M, Timmermann L, Gross J. Synchronized brain

network associated with essential tremor as revealed by magnetoencephalography.

Movement Disorders. 2009;24(11):1629-1635.

October 16, 2018

2954

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/448290; this version posted October 19, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

10.

11.

12.

aCC-BY 4.0 International license.

. Pedrosa DJ, Reck C, Florin E, Pauls KAM, Maarouf M, Wojtecki L, et al.

Essential tremor and tremor in Parkinson’s disease are associated with distinct
‘tremor clusters’ in the ventral thalamus. Experimental neurology.

2012;237(2):435-443.

. Zirh T, Lenz F, Reich S, Dougherty P. Patterns of bursting occurring in thalamic

cells during parkinsonian tremor. Neuroscience. 1998;83(1):107-121.

. Koller W, Pahwa R, Busenbark K, Hubble J, Wilkinson S, Lang A, et al.

High-frequency unilateral thalamic stimulation in the treatment of essential and
parkinsonian tremor. Annals of Neurology: Official Journal of the American

Neurological Association and the Child Neurology Society. 1997;42(3):292—-299.

. Hammond C, Bergman H, Brown P. Pathological synchronization in Parkinson’s

disease: networks, models and treatments. Trends in neurosciences.

2007;30(7):357-364.

. McIntyre CC, Savasta M, Kerkerian-Le Goff L, Vitek JL. Uncovering the

mechanism (s) of action of deep brain stimulation: activation, inhibition, or both.

Clinical neurophysiology. 2004;115(6):1239-1248.

. Rubin JE, Terman D. High frequency stimulation of the subthalamic nucleus

eliminates pathological thalamic rhythmicity in a computational model. Journal

of computational neuroscience. 2004;16(3):211-235.

Wilson D, Moehlis J. Clustered desynchronization from high-frequency deep
brain stimulation. PLoS computational biology. 2015;11(12):e1004673.

Rosenbaum R, Zimnik A, Zheng F, Turner RS, Alzheimer C, Doiron B, et al.
Axonal and synaptic failure suppress the transfer of firing rate oscillations,
synchrony and information during high frequency deep brain stimulation.

Neurobiology of disease. 2014;62:86-99.

Toérnqvist AL, Schalén L, Rehncrona S. Effects of different electrical parameter
settings on the intelligibility of speech in patients with Parkinson’s disease
treated with subthalamic deep brain stimulation. Movement Disorders.

2005;20(4):416-423.

October 16, 2018

30/34


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/448290; this version posted October 19, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

aCC-BY 4.0 International license.

Smeding H, Goudriaan A, Foncke E, Schuurman P, Speelman J, Schmand B.
Pathological gambling after bilateral subthalamic nucleus stimulation in
Parkinson disease. Journal of Neurology, Neurosurgery & Psychiatry.

2007;78(5):517-519.

Rosin B, Slovik M, Mitelman R, Rivlin-Etzion M, Haber SN, Israel Z, et al.
Closed-loop deep brain stimulation is superior in ameliorating parkinsonism.

Neuron. 2011;72(2):370-384.

Little S, Pogosyan A, Neal S, Zavala B, Zrinzo L, Hariz M, et al. Adaptive deep
brain stimulation in advanced Parkinson disease. Annals of neurology.

2013;74(3):449-457.

Cagnan H, Pedrosa D, Little S, Pogosyan A, Cheeran B, Aziz T, et al.
Stimulating at the right time: phase-specific deep brain stimulation. Brain.

2016;140(1):132—-145.

Raethjen J, Deuschl G. The oscillating central network of essential tremor.

Clinical neurophysiology. 2012;123(1):61-64.

Pavlides A, Hogan SJ, Bogacz R. Computational models describing possible
mechanisms for generation of excessive beta oscillations in Parkinson’s disease.

PLoS computational biology. 2015;11(12):€1004609.

Kuramoto Y, Araki H. Proceedings of the International Symposium on

Mathematical Problems in Theoretical Physics; 1975.

Tass PA. A model of desynchronizing deep brain stimulation with a
demand-controlled coordinated reset of neural subpopulations. Biological

cybernetics. 2003;89(2):81-88.

Wilson D, Moehlis J. Optimal chaotic desynchronization for neural populations.

STAM Journal on Applied Dynamical Systems. 2014;13(1):276.

Holt AB, Wilson D, Shinn M, Moehlis J, Netoff TI. Phasic burst stimulation: a
closed-loop approach to tuning deep brain stimulation parameters for Parkinson’s

disease. PLoS computational biology. 2016;12(7):e1005011.

October 16, 2018

31 /51


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/448290; this version posted October 19, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

33.

aCC-BY 4.0 International license.

Brown E, Moehlis J, Holmes P. On the phase reduction and response dynamics of

neural oscillator populations. Neural computation. 2004;16(4):673-715.

Ashwin P, Coombes S, Nicks R. Mathematical frameworks for oscillatory network
dynamics in neuroscience. The Journal of Mathematical Neuroscience.

2016;6(1):2.

Wilson HR, Cowan JD. Excitatory and inhibitory interactions in localized

populations of model neurons. Biophysical journal. 1972;12(1):1-24.

Stiefel KM, Gutkin BS, Sejnowski TJ. Cholinergic neuromodulation changes
phase response curve shape and type in cortical pyramidal neurons. PloS one.

2008;3(12):e3947.

Canavier CC. Phase-resetting as a tool of information transmission. Current

opinion in neurobiology. 2015;31:206-213.

Fong R, Russell J, Weerasinge G, Bogacz R. Kuramoto Model Simulation; 2018.

University of Oxford, available at: https://data.mrc.ox.ac.uk/data-set/kuramoto.

Ott E, Antonsen TM. Low dimensional behavior of large systems of globally
coupled oscillators. Chaos: An Interdisciplinary Journal of Nonlinear Science.

2008;18(3):037113.

Lai YM, Porter MA. Noise-induced synchronization, desynchronization, and
clustering in globally coupled nonidentical oscillators. Physical Review E.

2013;88(1):012905.

Cagnan H, Brittain JS, Little S, Foltynie T, Limousin P, Zrinzo L, et al. Phase
dependent modulation of tremor amplitude in essential tremor through thalamic

stimulation. Brain. 2013;136(10):3062-3075.

Hannay KM, Booth V, Forger DB. Collective phase response curves for

heterogeneous coupled oscillators. Physical Review E. 2015;92(2):022923.

Nakao H, Arai K, Kawamura Y. Noise-induced synchronization and clustering in
ensembles of uncoupled limit-cycle oscillators. Physical review letters.

2007;98(18):184101.

October 16, 2018

32/B4


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/448290; this version posted October 19, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

aCC-BY 4.0 International license.

Bick C, Timme M, Paulikat D, Rathlev D, Ashwin P. Chaos in Symmetric Phase
Oscillator Networks. Physical Review Letters. 2011;107(24):244101.
doi:10.1103/PhysRevLett.107.244101.

Vlasov V, Rosenblum M, Pikovsky A. Dynamics of weakly inhomogeneous
oscillator populations: perturbation theory on top of Watanabe—Strogatz
integrability. Journal of Physics A: Mathematical and Theoretical.
2016;49(31):31LT02.

Wilson CJ, Beverlin BI, Netoff TI. Chaotic desynchronization as the therapeutic
mechanism of deep brain stimulation. Frontiers in systems neuroscience.

2011;5:50.

Ku HH. Notes on the use of propagation of error formulas. Journal of Research of

the National Bureau of Standards. 1966;70(4):263-273.

Weinrich CA, Brittain JS, Nowak M, Salimi-Khorshidi R, Brown P, Stagg CJ.
Modulation of long-range connectivity patterns via frequency-specific stimulation

of human cortex. Current Biology. 2017;27(19):3061-3068.

Shill HA, Adler CH, Beach TG. Pathology in essential tremor. Parkinsonism &
related disorders. 2012;18:5135-S137.

Martin Moraud E, Tinkhauser G, Agrawal M, Brown P, Bogacz R. Predicting
beta bursts from local field potentials to improve closed-loop DBS paradigms in
Parkinson’s patients. In: Proceedings of 40th International Conference of the

IEEE Engineering in Medicine and Biology Society; 2018.

Laing CR. Derivation of a neural field model from a network of theta neurons.

Physical Review E. 2014;90(1):010901.

Luke TB, Barreto E, So P. Complete Classification of the Macroscopic Behavior
of a Heterogeneous Network of Theta Neurons. Neural Computation.

2013;25(12):3207-3234. doi:10.1162/NECOa00525.

Dumont G, Ermentrout GB, Gutkin B. Macroscopic phase-resetting curves for
spiking neural networks. Physical Review E. 2017;96(4):042311.
doi:10.1103/PhysRevE.96.042311.

October 16, 2018

3334


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/448290; this version posted October 19, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY 4.0 International license.

44. Hannay KM, Forger DB, Booth V. Macroscopic models for networks of coupled
biological oscillators. Science advances. 2018;4(8):e1701047.

October 16, 2018 34


https://doi.org/10.1101/448290
http://creativecommons.org/licenses/by/4.0/

