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Abstract

Wound healing consists of a sequence of biological processes often grouped into different
stages. Interventions applied to accelerate normal wound healing must take into
consideration timing with respect to wound healing stages in order to maximize
treatment effectiveness. Macrophage polarization from M1 to M2 represents a transition
from the inflammatory to proliferation stage of wound healing. Accelerating this
transition may be an effective way to accelerate wound healing; however, it must be
induced at the appropriate time. We search for an optimal spatio-temporal regime to
apply wound healing treatment in a mathematical model of wound healing. In this work
we show that to maximize effectiveness, treatment must not be applied too early or too
late. We also show that effective spatial distribution of treatment depends on the
heterogenity of the wound surface. In conclusion, this research provides a possible
optimal regime of therapy that focuses on macrophage activity and a hypothesis of
treatment outcome to be tested experimentally in future. Finding best regimes for
treatment application is a first step towards development of intelligent algorithms of
wound treatment that minimize healing time.

Introduction 1

Wound healing is an important healthcare problem, and by far there is no decisive 2

finding for the best therapy [1]. The best treatment is one that can heal patients as fast 3

as possible. However, the treatment may also exert no effect or even a negative effect on 4

healing tissues if not applied appropriately [2]. For example, many treatments are 5

suggested to accelerate certain phases of inflammation but have little effect on other 6

phases. In some cases, treatment induces toxic side-effects [3]. For this reason each 7

treatment should be applied only at appropriate stages of wound healing. Finding the 8

best regimes for treatment application is a first step towards development of intelligent 9

algorithms for wound treatment that minimize healing time. 10

Mathematical modeling has yielded considerable understanding of wound healing, 11

particularly the aspects that are difficult to investigate empirically [4] [5]. Macrophage 12

polarization modeling, to our knowledge, has been applied to several biological 13

situations but not to wound healing [6] [7]. In this study, we investigate mathematically 14

the regimes of wound treatment by an abstract actuator that accelerates macrophage 15

polarization. This type of treatment can have adverse effects if applied 16
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improperly [8] [9]. For example, a fast transition from the inflammatory to reparative 17

stage may slow down cleaning of the wound of debris (damaged cells and infection). We 18

focus our attention on healthy wound healing, with the objective of shortening the time 19

to wound closure. To this end, we create a simple model with only one stable state – 20

the healthy one. We note that our model does not capture switching between chronic 21

and normal wound healing regimes. However, in order to capture trade-offs of early 22

treatment, we examine wound cleaning time as well, with the understanding that any 23

remaining wound debris can be an indicator of prolonged inflammation and potential 24

infection preventing wound closure. In summary, we examine wound healing time and 25

wound debris cleaning time in response to different spatio-temporal signals inducing 26

macrophage polarization. Overall, decoupling the different modalities of wound healing 27

trajectories reduces complexity of the model and allows us to gain intuition for optimal 28

treatment strategies. We find that actuation of M1 to M2 polarization must be applied 29

with care and optimal timing can depend on the duration of the treatment, time of 30

initiation, placement of the actuator and initial distribution of wound debris. 31

Macrophages in wound healing 32

Wound healing is usually divided into four stages: hemostasis, inflammation, 33

proliferation and reparation [10]. During hemostasis, a blood clot is formed to stop 34

bleeding [11]. At the inflammation stage leukocytes arrive and clean the wound of 35

debris and infection. During proliferation, a temporary extracellular matrix is produced 36

and the microenvironment serves to produce sufficient amount of healthy tissue 37

cells [12]. Finally, in the last stage known as reparation, new tissue is restored. 38

Macrophages are important players of inflammation and proliferation stages in 39

wound healing. Initially macrophages appear in the wound as pro-inflammatory or 40

classically activated macrophages M1. They fight against infection and debris mainly by 41

phagocytosis [13]. By that time, neutrophils have completed their function and begin to 42

die by apoptosis. M1 macrophages can phagocyte apoptotic neutrophils in a process 43

called efferocytosis and become anti-inflammatory or alternatively activated 44

macrophages M2 [14] [15]. 45

M1 macrophages are important to eliminate pathogens and other small particles, 46

such as engulfing and absorbing pathogens and secreting pro-inflammatory cytokines. 47

However, too much M1 can also lead to tissue harm and chronic inflammation [16]. On 48

the contrary, M2 macrophages are associated with the subsiding of inflammation and 49

transition to the proliferation stage of wound healing [17] [18]. Although M2 is able to 50

diminish inflammation, too much M2 can cause some negative effects such as allergies 51

for example [19]. 52

The terms M1 and M2 were coined following an in vitro culture, in which particular 53

molecules were found to stimulate macrophages to transform to M1 and M2 [20]. 54

Several surface molecules are assumed to be markers of M1 and M2 subtypes. Later 55

studies of macrophages revealed more subtypes like M2a,b,c [21]. In practice, M1 and 56

M2 have overlapping functions, i.e., many functions are shared by macrophages of 57

different subtypes, thus making their research more difficult. 58

In our approach we assume that M1 macrophages are responsible for cleaning the 59

wound of debris and M2 macrophages for inducing proliferation processes. In this model 60

they don’t share functions. We divide macrophages by function rather than by surface 61

markers. 62
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Mathematical model 63

Mathematical model of wound healing 64

Consider a wound of radius R. Let the axis x to be directed from the wound center to 65

the edge (Fig. 1a). Concentrations of substances and populations of cells are functions 66

of x. A schematic of modeled biological processes including macrophages participation 67

in the wound healing is shown in Fig.1b.

Fig 1. Geometry and scheme of model. (a) Geometry of the model: x-axis is
directed from wound center; R is the wound radius. (b) Scheme of the model of wound
healing. Wound debris (Db) attracts macrophages M1 that remove debris. Macrophages
M1 become M2. Macrophages M2 induce production of temporary tissue (C) that helps
new tissue (N) to grow.

68

Db is wound debris consisting of damaged cells and bacterial cells promoting 69

infection. We assume the wound debris to be non-active and only eliminated by M1 70

macrophages: 71

Ḋb = −k1DbM1, (1)

M1 is the population of M1 macrophages, which are attracted by debris (k2Db) and 72

removed in the reactions of debris elimination (k1DbM1), macrophages polarization 73

(k4
Mq

1

Kq+Mq
1

) and natural death (kd1M1). Spatial migration of macrophages is described 74

by the last term in the equation: 75

Ṁ1 = k2Db − k1DbM1 − k4
Mq

1

Kq +Mq
1

− kd1M1 +D
∂2M1

∂x2
, (2)

M2 is the population of M2 macrophages whose dynamics are driven by M1 polarization 76

(k4
Mq

1

Kq+Mq
1

), death rate (−kd2M2) and migration as follows: 77

Ṁ2 = k4
Mq

1

Kq +Mq
1

− kd2M2 +D
∂2M2

∂x2
, (3)

C is temporary tissue – sum of macromolecules and enzymes of extracellular matrix 78

that help new tissue to develop. This variable appears as a result of M2 action and 79

disappears after remodeling: 80

Ċ = k5M2 − krC, (4)

The state C is an intermediate state leading to the growth of new healthy tissue, N. To 81

model growth of new healthy tissue, we assume that the top layer of the skin, 82

epithelium, grows as a sheet from the edge of the wound [22]. The behavior of new 83

tissue growth can be described by equations similar to classical models of a running 84

wave [23]. However, this is possible only in the presence of temporary tissue, so the rate 85

of new tissue growth is proportional to C : 86

Ṅ = C[αN(1−N) +Dn
∂2N

∂x2
], (5)

In order to reduce the number of parameters, we rewrite the system in non-dimensional
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form by introducing new variables:

a = Dbk1T m1 = M1k1T m2 = M2k1T

c = C
k1
k5

n = N τ =
t

T

x̃ =
x

L

where T and L are characteristic time and length scales. The system of equations in 87

non-dimensional form is 88

ȧ = −am1, (6)
89

ṁ1 = βa− am1 − γ1m1 − ρ
mq

1

kq +mq
1

+ D̃
∂2m1

∂x̃2
, (7)

90

ṁ2 = ρ
mq

1

kq +mq
1

− γ2m2 + D̃
∂2m2

∂x̃2
, (8)

91

ċ = m2 − µc, (9)
92

ṅ = c[α̃n(1− n) + D̃n
∂2n

∂x̃2
], (10)

where β = k2T, ρ = k1k4T
2, γ1 = kd1T, γ2 = kd2T, µ = krT, D̃ = DT

L2 , D̃n = 93

DnTk1

L2k5
, α̃ = αT k1

k5
, k = Kk1T . 94

The values of parameters used in numerical simulations are listed in Table 1.

Table 1. The values of parameters used in numerical simulations.

Parameter Value Reference Parameter Value Reference

R 3 mm δ 8 hours

T 3 days γ1 0.1
[26] [27]

L 0.03 mm γ2 0.1

β 1 [24] [25] µ 0.2 C disappears in 3 weeks

ρ 0.1

[28]

D̃ 0.32

k 0.05 D̃n 0.0003 unpublished data
from UCDq 5 α̃ 1.8

95

The Initial conditions are: 96

a|t=0 = 1, m1|t=0 = m2|t=0 = c|t=0 = n|t=0 = 0 (11)

We assume zero-flux boundary conditions for macrophages on the right and left 97

boundaries of the considered region: 98

∂m1

∂x̃
|x̃=0 =

∂m2

∂x̃
|x̃=0 =

∂m1

∂x̃
|x̃=R/L =

∂m2

∂x̃
|x̃=R/L = 0 (12)

New tissue is assumed to be constant on the edge of the wound and non-moving 99

through the center of the wound: 100

∂2n

∂x̃2
|x̃=0 = 0, n|x̃=R/L = 1 (13)

The results of wound healing model simulations are shown in Fig.2. Wound radius is 101

measured as the distance from wound center to the location x̃ where n(x̃) > 0.95 102
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Fig 2. Results of wound healing model simulations, R=3mm. (a)
time-dependence of all variables at distance x = 2 mm from wound center (b) new
tissue profiles as functions of x for several time points. (c) wound radius vs time: wound
healing time is 13.77 days.

Model of wound with actuator 103

In order to investigate regimes of wound healing treatment we include actuator enforced 104

macrophages polarization into the model. This actuator is applied at point x = xp. We 105

suppose that the actuator delivers some substance at the point of application and its 106

concentration θ is distributed by diffusion. The concentration distribution of the 107

injected treatment in space is assumed to be quasi-stationary (see Fig. 3a): 108

θ(x, t) = θ0(t)e−(
x−xp
σ )2 (14)

where θ0 is the amplitude of the treatment controlled by the actuator. One can see that 109

θ = θ0 at the location of actuator, x = xp. In this work we assumed σ = 0.45 mm. The 110

treatment substance affects macrophage polarization, so equations for m1 and m2 with 111

actuators may be rewritten: 112

ṁ1 = βa− am1 − γ1m1 − ρ
mq

1

kq +mq
1

+ D̃
∂2m1

∂x̃2
− θm1, (15)

113

ṁ2 = ρ
mq

1

kq +mq
1

− γ2m2 + D̃
∂2m2

∂x̃2
+ θm1, (16)

θ0(t) is the time-dependent regime of treatment controlled by an actuator. In order to 114

find the best regime, we test the model with impulses of actuator treatment of duration 115

∆t beginning at time t0 (see Fig. 3b): 116

θ0 =


t− t0 t0 ≤ t < t0 + δ

1 t0 + δ ≤ t < t0 + ∆t− δ
t0 + ∆t− t t0 + ∆t− δ ≤ t < t0 + ∆t

, (17)

Fig 3. Spatio-temporal characteristics of treatment induced by actuator.
(a) Treatment substance distribution in space. The actuator is located at x = xp. (b)
Time dependence of the actuator amplitude.

117

We tested other impulse-like shapes of time-dependence of the actuator and general 118

results are the same. We present the piece-wise linear function for simplicity. In order 119

to make actuator signal switching on and off smoother, we assume linear growth and 120

decrease in the beginning and end of the signal. 121

Results 122

We define wound healing time as time from injury (t=0) to the moment when wound 123

radius reaches zero. Application of the actuator accelerating macrophages polarization 124

in the model decreases the time of wound healing. The results are shown in Fig.4-6. 125

Beginning time of the actuator plays an important role in wound healing (see Fig.4). 126

Large values of t0 make treatment less effective: wound healing time increases as t0 127
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Fig 4. Wound healing time dependence on the treatment beginning time t0
(a) plots for different treatment durations ∆t, xp = 0.9 mm. (b) plots for different
actuator position xp, ∆t = 1 day

increases. In our simulations for t0 > 3d the treatment doesn’t have any effect: the 128

value of healing time tends to the value of healing without treatment (13.77 days for 129

given set of parameters). 130

Interestingly, for shorter treatment durations ∆t, healing time plots have a minimum 131

away from extremes(see plots for ∆t < 2d in Fig. 4a). This means that there is a 132

non-trivial optimal treatment beginning time t0. In other words, there is a short 133

window of time during wound healing when artificial acceleration of macrophages 134

polarization is most effective. The plots for other actuator positions xp are shown in the 135

S1 Fig. Similar trends are observed for different placement of the actuators. 136

Fig.5 shows how wound healing time depends on the duration of treatment. The 137

longer the treatment time ∆t is, the better its effectiveness at accelerating wound 138

healing is. However, for ∆t larger than 2-3 days wound healing time approaches a lower 139

bound. This means that further prolongation of the treatment has minimal effect. The 140

plots for other values of xp are shown in S2 Fig. Again, we find a similar trend 141

regardless of actuator placement. 142

Fig 5. Wound healing time dependence of treatment duration ∆t for
different beginning time t0. xp = 0.9 mm.

Fig.6a shows the dependence of the wound healing time on the actuator position xp. 143

The treatment substance in this model is approximated by a Gaussian function on a 144

bounded domain, so the integral of this function depends on the position of maximum, 145

xp. When the actuator is close to the edge of the considered region the integral amount 146

of treatment becomes smaller, as if the treatment substance would go outside the 147

considered region. This explains why treatment effect is partially lost for xp close to 0 148

and 3 mm. Besides this boundary effect, the plots are slightly decreasing from wound 149

center to the edge. This implies that an actuator located close to the wound edge is 150

beneficial. The plots for other ∆t and t0 are shown in S3 and S4 Figs. 151

Fig 6. Wound healing time dependence on the actuator position xp (a) plots
for different treatment duration ∆t, t0 = 0h (b) plots for different initial distribution of
debris in the wound, t0 = 0h ∆t = 3days

However, this might be the consequence of the initial uniform distribution of the 152

debris in the wound (see initial conditions). We made additional simulations with debris 153

accumulation in the center and at the edge of the wound. Alternative initial conditions 154

for the debris variable take the following form: 155

a(x)|t=0 = 2(1− x/R) (18)

and 156

a(x)|t=0 = 2x/R (19)

Wound healing time dependence on xp for the three different types of initial conditions 157

on debris distribution is shown in Fig.6b. One can see that both debris amount and its 158

distribution in the wound bed affect the dependence of healing time on actuator 159

placement. 160
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For the case 2 (1-x/R) (more debris in the wound center), the actuator should be 161

placed near the center. For the case a(x)=2x/R, there is more debris on the edge. 162

Correspondingly, if the actuator is placed near the edge, we can get much shorter healing 163

times. One can see that the best choice of the best position of the actuator is sensitive 164

to the distribution of the debris in the wound. The best position cannot be estimated in 165

the framework of this rough modelling and must be investigated experimentally. 166

Fig.7 demonstrates the limitations of treatment regimes. In addition to wound 167

healing time, we define the time of wound cleaning of the debris. Because debris is 168

diminishing variable in our model, it tends to zero as time goes to infinity. We define 169

wound cleaning time as the time when the maximal value of debris across the wound 170

bed falls below a small threshold 0.04: 171

max
x

a < 0.04 (20)

Because the treatment applied in this model accelerates M1 to M2 transition, it not 172

only accelerates the reparation stage but removes M1 cells performing debris removal. 173

Too large application of this treatment can make debris removal too slow —this is the 174

cost of accelerating the reparation stage. Fig.7a shows that the smaller the wound 175

healing time is, the larger the time of wound cleaning of debris is. For some scenarios, 176

wound cleaning may take even longer than wound closure, which is physically 177

unrealizable and indicative of complications in wound healing. 178

Fig 7. Optimal regimes of wound treatment. (a) wound healing time and wound
cleaning time as functions of treatment beginning time, t0 (∆t=2d8h). Blue dashed line:
healing time without treatment. (b) Parametric plane for the choice of the best
treatment regime: green crosses – the best regimes of treatment; red squares – wound
cleaning takes longer time than wound healing; blue diamonds – wound healing time
diminishes less than 10% in comparison with non-treated wound (xp=0.6 mm).

We can see two main limitations of the treatment regimes, divided by vertical dotted 179

lines in Fig 7a. The regimes with small t0 (left of the first dotted line) lead to too slow 180

wound cleaning. Regimes with very large t0 (right of second dotted line) provide almost 181

no benefit in wound healing time. That is, the difference between wound healing time 182

with treatment and without treatment is less than 10%. In the case the potential side 183

effects of applying the treatment may overweight any benefit. 184

Only the regimes with middle values of t0, between vertical dotted lines in Fig7a, 185

make wound healing time smaller and wound cleaning time not too large. 186

Fig.7b shows these 3 types of regimes in the (t0,∆t) parametric plane. The regimes 187

marked as red squares correspond to regimes when wound cleaning takes longer time 188

than wound healing, whereas blue diamonds correspond to regimes when wound healing 189

time diminishes less than 10% in comparison with non-treated wound. Green crosses 190

represent the effective regimes of wound treatment. Of course, one can choose more 191

stringent conditions for optimal regimes (maybe 10% healing time improvement is not 192

enough). 193

Among all the regimes presented in Fig 7b the best healing time (9 days) is observed 194

for the treatment regime t0=0 and ∆t=2 days. In practical situation there might be 195

additional constrains for the duration of treatment, or for maximum concentration that 196

is not considered here. However, our model demonstrates the principles of wound 197

treatment regime optimization. 198
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Discussion 199

Wound healing is a sequence of stages, with different cells performing different functions. 200

Therefore, it is reasonable to assume that at each stage, different medications should be 201

applied to improve healing. However, to our knowledge, there are not many studies of 202

wound treatment regimen. In this work, we attempted to find the best wound treatment 203

regimen by affecting the polarization of macrophages. Other type of medicaments may 204

be investigated in the same manner. 205

The presented mathematical model takes into account the presence of two types of 206

macrophages in the wound—M1 and M2. It is believed now that in addition to the two 207

main types, there are several subtypes of macrophages. All types of macrophages were 208

found in vitro as a result of a specific activating stimuli. The exact types of 209

macrophages in wounds have not been established and are considered to be roughly 210

similar to those found in vitro. It is most likely that macrophages of different types can 211

be present in the wound simultaneously. However, the functions that these macrophages 212

perform are more important for the healing process than the markers found in vitro. 213

Therefore, in this model, we clearly divide the functions of the macrophages into 214

inflammatory and reparative, keeping in mind that such pure cell lines may not exist in 215

reality. This separation of functions of macrophages gave us the opportunity to draw up 216

a rather simple naive model and identify general patterns of the effect of the treatment 217

regimen on the wound healing time. 218

Our results imply that the treatment with activation of macrophage polarization 219

should not take place too early. Otherwise, macrophages M1 have no enough time to 220

eliminate wound debris. This is especially important for the infected wounds when the 221

debris consists not only of damaged cells but of bacterial pathogen [31]. In the case of 222

bacterial pathogen, the first equation in the model should include pathogen 223

reproduction, the regimes with pathogen persistence may occur. This may lead to 224

continuation of M1 recruitment, inflammation persistence and prevent full wound 225

closure. On the other hand, treatment with activation of macrophage polarization 226

should not begin too late, because it becomes not effective and toxic side effects are 227

unknown. 228

The model demonstrates mathematically why actuating M1-M2 is good only at the 229

appropriate stage. For the particular values of parameters the best actuating stage is 230

between 0.7 and 3.1 days. 231

This model has its limitations. The model constructed in this work does not take 232

into account the details of the polarization of macrophages due to the poor knowledge 233

of this issue in vivo [26]. It is known that M2 macrophages can appear in response to 234

stimulation by certain cytokines, for example, IL4, produced by basophils and mast 235

cells [18]. There are indications that macrophages M1 are converted to M2 after they 236

phagocyte apoptotic neutrophils [29]. We made a model in which M1 population is 237

replaced by M2 although the mechanisms of this transition in vivo are not well 238

understood. 239

With modern development of electronics, it is possible to reach not only high 240

temporal but high spatial distribution of the medication application [30]. That’s why we 241

made an attempt to find the best position of the wound treatment. The lack of 242

knowledge about debris distribution in the wound makes it difficult to predict the best 243

actuator position. However, we demonstrate several possible solutions for different 244

debris distribution in the wound. Experiments on the wound treatment should be done 245

to clarify the best spatial distribution of treatment actuators. 246
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Conclusion 247

Actuating macrophage polarization for acceleration of wound healing must be done in a 248

narrow time interval, beginning from time of M1 maximum. Too early and too strong 249

treatment of this type may slow down wound cleaning and lead to chronic inflammation. 250

Too late treatment may have too small effect. 251

To our knowledge, this is the first work on the search of an optimal regime of wound 252

treatment. We believe that experiments will help to clarify optimal regime for each 253

substance. This naive modeling approach may help to predict optimal regime for the 254

treatments with clear actions. We believe this is the first step towards smart choice of 255

treatment regime and development of algorithms for smart wound healing devices. 256

Supporting information 257

S1 File. Additional results of wound healing model simulations. 258
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