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ABSTRACT

The large number of existing databases provides a freely available independent source of
information with a considerable potential to increase the likelihood of identifying genes for
complex diseases. We developed a flexible framework for integrating such heterogeneous
databases into novel large scale genetic studies and implemented the methods in a freely-
available, user-friendly R package called MIND. For each marker, MIND computes the posterior
probability that the marker has effect in the novel data collection based on the information in all
available data. MIND 1) relies on a very general model, 2) is based on the mathematical
formulas that provide us with the exact value of the posterior probability, and 3) has good
estimation properties because of its very efficient parameterization. For an existing data set, only
the ranks of the markers are needed, where ties among the ranks are allowed. Through
simulations, cross-validation analyses involving 18 GWAS, and an independent replication study
of 6,544 SNPs in 6,298 samples we show that MIND 1) is accurate, 2) outperforms marker
selection for follow up studies based on p-values, and 3) identifies effects that would otherwise

require replication of over 20 times as many markers.

AUTHOR SUMMARY

The large number of existing databases provides a freely available independent source of
information with a considerable potential to increase the likelihood of identifying genes for
complex diseases. We developed a flexible framework for integrating such heterogeneous
databases into novel large scale genetic studies and implemented the methods in a freely-
available, user-friendly R package called MIND. For each marker, MIND computes an estimate

of the (posterior) probability that the marker has effect in the novel data collection based on the


https://doi.org/10.1101/2020.09.15.298505

bioRxiv preprint doi: https://doi.org/10.1101/2020.09.15.298505; this version posted September 16, 2020. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Integrating heterogeneous databases 3

information in all available data. For an existing data set, only the ranks of the markers are
needed to be known, where ties among the ranks are allowed. MIND 1) relies on a realistic
model that takes confounding effects into account, 2) is based on the mathematical formulas that
provide us with the exact value of the posterior probability, and 3) has good estimation properties
because of its very efficient parameterization. Simulation, validation, and a replication study in
independent samples show that MIND is accurate and greatly outperforms marker selection

without using existing data sets.
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INTRODUCTION

During the past decade, databases related to the genetic basis of complex diseases have grown
dramatically. Typical examples are gene expression data repositories, meta-analyses of genome-
wide linkage scans, published candidate gene association studies, disease-specific biochemical
pathways, and genome-wide association studies (GWAS). These databases provide a freely
available independent source of information. Integrating this information in novel studies has
great potential to increase the likelihood of identifying disease genes. First, the use of existing
information may increase statistical power and reduce the risk of false discoveries through
improving the prior probability that a marker is associated with the disease. Second, integrating
data generated by other technologies may also reduce platform-specific errors and increase
confidence in the robustness of the findings when multiple lines of evidence point to the same
association. Third, because data integration considers multiple data sources, it may improve the
understanding of disease mechanisms by informing the broader context in which disease genes
operate?.

Data integration may be particularly critical in large scale genetic studies of complex
diseases. The reason is that rather than a few markers with large effects, many markers with
small effects may be involved. Large sample sizes may therefore be required to find true
positives while controlling false discoveries where the cost per sample in these high dimensional
investigations is typically high. As a result, economic feasibility may interfere with designing
adequately powered studies. Furthermore, with the exception of traits that are routinely
measured in control groups of genetic studies (e.g. smoking®#), for many disorders and outcomes

studied (e.g. drug response) very large sample size may simply not be available. The use of
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existing information may then become the only readily available option to detect small effects in
a cost-efficient manner.

Because of their volume and heterogeneity, information from existing databases can no
longer be integrated intuitively by investigators. This explains efforts towards developing more
systematic data integration methods®*2. One limitation of these methods is that they lack a solid
statistical basis. For example, most methods produce a cumulative measure of the biological
relevance of genes after combining information across multiple sources. However, because it is
usually very hard to asses the quality of that overall score, it is unclear how to use these scores in
a way that information from different databases is used and combined optimally.

In this article we present a rigorous and flexible framework for integrating multiple
heterogeneous existing data sets into novel studies aimed at identifying genes affecting complex
diseases. We implemented the method in a freely-available R package called MIND
(Mathematically-based Integration of heterogeNeous Data), that allows researchers to perform
all analyses discussed in this paper through a single command line with 8 parameters. MIND can
integrate existing data sets generated by any kind of technology (e.g., expression arrays,
proteomics, GWAS) or activity (e.g., actual data collection, literature search, construction of
disease-specific biochemical networks). Furthermore, external data may provide information at
any genetic level ranging from individual variants (e.g., SNPs), genes (e.g., literature search),
groups of genes (e.g., pathways), or entire chromosomal segments (e.g., linkage studies or
targeted next-generation sequencing).

The end product of MIND is an estimate of the compound local true discovery rate
(cCLTDR), which is the posterior probability that a genetic marker has an effect based on the

information in the novel data collection and the existing data sets. The adjective “compound”
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indicates that the cCTDR capitalizes on (i.e. compounds) all disease relevant information present
in the external data sets. The c¢TDR is a posterior probability because it also takes the results
from the novel data collection into account. Finally, the term “local” reflects that the c¢CTDR
provides marker specific information. In scenarios where researchers are interested in groups of
markers (e.g. pathways, top results) the c¢TDRs can simply be summed across all markers. The
resulting cumulative c(TDR is then the expected number of markers with effect in that group.

A very important feature of MIND is that, accurately modeling the data integration
process and properties of data bases (e.g. number of effects differs across data sets), it relies on a
solid mathematical foundation that provide us with the exact posterior probability that a marker
has effect in the novel data collection based on the information in all available data sets. This
ensures that MIND is more accurate than any heuristic or ad-hoc method. Furthermore, while the
exact value of cCTDR depends on many unknown parameters, most of the unknows can be
collapsed into a single parameter for which we developed a precise estimator. As a result, the
deviation of the estimate of the c¢TDR from its real value is only due to sample fluctuation,
which was also verified by simulation.

A noteworthy property of MIND is that it merely requires that the information in existing
data sets can be ranked. This ensures general applicability as ranks can almost always be
calculated. For example, one could count the number of times genes co-occur with a specific
disease in the literature or use only two ranks indicating whether a gene is implicated or not.
Ranks also provide a robust method if there are concerns about the distributional assumptions of

the test statistics in the external data sets.
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We demonstrate MIND through simulations, cross-validation analyses involving 18
GWAS, and an independent replication study of 6,544 SNPs in 6,298 samples. The markers
included in the replication study were selected based on a meta-analysis of the 18 GWAS. The
results obtained with the markers selected by MIND are compared with a traditional p-value

based SNP selection.

METHODS

The goal of MIND is to identify markers that are associated with a complex disease based
on the test statistic values in the novel data collection (NDC) and on their ranks in the existing
data sets (EDSs). Figure 1 displays a schematic overview of the preparatory data transformation
as well as the three major steps of the method. First, the existing data sets need to be transformed
to the genetic level of the novel data collection if needed (e.g. assign the rank of a gene after an
existing literature search to each SNP in that gene in the novel GWAS). The three major steps
are 1) Compute for each existing data set the prior probabilities that markers are associated with
the disease, 2) Combine the individual sets of prior probabilities into a single set of prior
probabilities, and 3) Compute the cCTDR for each marker.

Before discussing each of these three steps, we note for every EDS we only need the rank
of their genetic units, whereas for the NDC we need the null and the alternative p.d.f. of the test
statistics, fo and f1, as well as the number of alternative genetic units in the NDC, m1™", or the
estimates of them. Although estimating m:™, fo and f1 is not part of our framework, we
developed the estimators of m1™, fo and f; for the scenario where the test statistic is
approximately normally distributed or its distribution is a mixture of normal distributions in the

NDC. Furthermore, MIND allows genetic units to be different across the data sets involved. For
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instance, if we have gene expression data, GWAS and linkage data as EDS, their genetic units
are gene, SNP, and chromosomal segment, respectively. To handle these different units we first
transform the EDSs into data sets based on the genetic unit of the NDC, which we call the test
unit. For instance, a gene-based EDS can be transformed into SNP-based EDS by assigning to
each SNP the smallest EDS rank (or p-value) of the genes that contain the SNP.

In the rest of this section we describe the three major steps. For each step we also present
the mathematical formula based on which the step is carried out. The mathematical proofs for the
formulas are provided in the Supplemental Material, Appendix.

Step 1: Obtaining prior probabilities of test units for each EDS: First we need two concepts to

quantify information. We define the information parameter of an EDS to the NDC as
K =m " /m —m; /m, (1)
where m denotes the number of test units that are both in the EDS and in the NDC, my is the
number of test units alternative in the EDS, m1” is the number of test units in the EDS that are
alternative in the NDC, and m;°"¢"'@ s the number of test units that are alternative in the EDS and
in the NDC. We will call an EDS informative to the NDC if its information parameter is positive.
Note that « is positive if, and only if, the number of test units alternative both in the NDC and the
EDS is larger than it would by chance, i.e. when the alternative label would be randomly
assigned to the test units of the EDS.
For test unit i in an EDS, we define the contribution of test unit i from the EDS to the
NDC as
co(i) =(my(r;)—m,)x/m,, (2)
where r; is the rank of test unit i in the EDS, y(r) denotes the probability that a test unit ranked r

in the EDS is alternative in the EDS, and mp=m-m;.
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Based on the information in an EDS, for the prior probability that test unit i is alternative

in the NDC, » (i), we have that

. co(i)+m. /m™~ if testunitiisin the EDS
y (n):{ B+ m e

m, /m” if test unitiis notin the EDS

where co(i) is the contribution of test unit i from the EDS to the NDC, m™ and m;™" is the
number of test units and the number of alternative test units in the NDC, respectively (for the
proof see Theorem 3 and Corollary 4 in Appendix). We remark that the information parameter
being 0 implies 0 contributions for all test units, which results in »(i)= m:™"/m™ for every test
unit. Note that this is exactly what we would have in case of no prior information. Another
property of the y'(i) formula is that, as all the contributions of an EDS sum up to zero on the test
units of the EDS (see Lemma 8 in Appendix), # (i) sum up to m:™" on the test units for every
EDS. In other words, using an EDS merely redistributes the total amount of prior probabilities
among the test units.

The contribution of a test unit depends on 3 factors: 1) the rank of the test unit in the
EDS, 2) the information parameter of the EDS and 3) the effect sizes in the EDS (see (2)). These
latter two, intuitively speaking, stretch out the contributions, and hence amplify the redistribution
of the prior probabilities. Indeed, larger information parameter or average effect size of the EDS
make the contributions differ from each other more within the EDS. It is an advantage of our
method, however, that we do not need to know the information parameter and the average effect
size separately to obtain the prior probabilities, because only their combined effects matter,
which we can estimate from the data.

To obtain (3) we utilized that in practice, we can approximate m:*/m by m:”/m*™, where

the rationale is that the group of test units in the NDC we have EDS information for should
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contain proportionally as many alternatives as the entire NDC does (see Corollary 4 in
Appendix). On the other hand, if we think that the above assumption is violated, then we may be
able to estimate m;” in the same way as m;"” is estimated, and use Theorem 3 to obtain the prior
probability estimates.

Step 2: Combining the sets of prior probabilities into a single set of prior probabilities: Once we

have the prior probabilities for every EDS, we calculate the combined prior odd

B combinedprion) _  (combined prior) /(3 _, (combinedprior) ) that test unit i is alternative in the NDC by

combined prior m** X mﬂy*j(l)
plemreorie) = LT — i, (4)
My oM (1_7 J(I))

where »7(i) is the jth EDS-based prior probability that test unit i is alternative in the NDC, and
mo =m~-m; (see eq. 13 in Appendix). Note that if we have no prior information for a test
unit in any EDS, then from the formula in (4) we obtain that the combined odd of this test unit is
m1/mo~, which is exactly what we supposed to have in the case of no prior information.
Moreover, according to the formula in (4), the combined odd of a test unit is proportional to the
average of the prior odds of the test unit across the EDSs, where by the average we mean the
geometrical mean. If a test unit performs better than a test unit with no information in an EDS
(odd =m1™/ me™), then its odd in that EDS will have a positive (increasing) impact on its
combined odd, and vice versa, i.e. if a test unit performs worse than a test unit with no
information in an EDS, then its odd in that EDS will have a negative (decreasing) impact on its
combined odd.

Step 3: Computing c£TDR for each test unit: The c€TDR of test unit i can be written as

(combined prior)
C/TDR(i) = P T A() (5)
fo (t| ) + ﬂi(combmed prior) fl (t|) !
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where fo and f1 is the null and alternative p.d.f. in the NDC, respectively, and where ti is the
observed test statistic value of test unit i in the NDC (see Claim 24 in Appendix). In summary,
combining equations in (3), (4) and (5) we obtain the cCTDR of a test unit as a function of m;”",
fo, f1, and the contributions of test units from each EDS. Instead of the terms c(TDR depends on,
we will use their estimates to obtain estimate of the c(TDR. In the next section we present a

method that estimates the contributions.

Estimating the contributions

As mentioned above, in order to estimate c{TDR by our formulas we need to estimate the
contributions of test units from an EDS to the NDC, defined in (2). Because we use the same
procedure to estimate contributions for each EDS, throughout this subsection we assume that we
have a single EDS, which we will refer to as the EDS. As we focus on the test units in the NDC,
it is irrelevant whether the EDS contains test units not in the NDC or not, so for the sake of
simplicity, we assume that the test units the EDS contains are also in the NDC. For estimating

the contributions we will use the statistic

Oy m :#{j ; ‘tj‘zd,rng}—#{j ; ‘tj‘zd}M/m, ©)
where #A denotes the number of elements in set A, tj is the NDC test statistic of test unit j, and r;
is the rank of test unit j in the EDS. In Appendix (Theorem 25) we proved that for any positive

integer M < m and real number d > 0 we have that

E(Od,M):(FO(d)_ Fl(d))zj'rjg,w CO(j), (7)


https://doi.org/10.1101/2020.09.15.298505

bioRxiv preprint doi: https://doi.org/10.1101/2020.09.15.298505; this version posted September 16, 2020. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Integrating heterogeneous databases 12

where Fo and F1 is the null and alternative c.d.f. in the NDC, respectively. Based on eq (7), first

we calculate a rough estimate of the cumulative contribution, defined as CO(M)=3" _ co(j)

by

=~ 1 Oy m
oM =35 &R0 A0

where D is a set of the positive real numbers, and #D denotes the number of elements in D. As

the contribution of the test unit whose rank is r in the EDS can be obtained as
co(r) =CO(r) —CO(r -1),
we can calculate the contribution estimates from estimates of the cumulative contribution. To

ensure that test units with smaller (better) ranks have larger contribution estimates, we need to

use a cumulative estimate that is a concave function of M. For this we construct a concave

function of M that fits M — CO(M ) well (see Section 1.3 in Appendix for details).

RESULTS

Accuracy

To study the accuracy of MIND, we simulated 500 studies with 3 existing data sets and a novel
data collection consisting of one million markers of which 5,500 had a small effect (see
Supplemental Material for details). In Figure 2, we show the estimates of the cumulative
CCTDR, defined as the sum of the k largest cCTDRs as a function of k. The cumulative c¢TDR at
k equals the expected number of markers with effect among the k markers with the largest
cCTDRs. For the sake of comparison, in the figure we also show the corresponding curves where
no existing data sets were used to compute the c(TDR estimates. Each curve in Figure 2 is the

average of the corresponding curves in the 500 simulation studies. The fact that the lines overlap
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perfectly implies that on average the estimated cumulative c€TDRS are very precise indicators of
the number of markers with effect in the novel data. Moreover, we found that the cumulative
cCTDR differs from the number of markers with effect among the markers with largest cCTDRs
by less than 9.6% of the number of markers with effect among the markers with largest c¢TDRs
in 99% of the simulations studies, and the percentage difference gets smaller as the number of
selected markers increases (see Supplemental Material for details). This shows that the
estimated cumulative cCTDR is an accurate predictor of the number of markers with effect
among the markers with largest c¢TDRs . Comparing in Figure 2 results for the c¢TDR when
the existing data sets were used versus when no existing data sets were used shows how data
integration increases the proportion of markers with effect among markers selected by their

c{TDR.

lllustration with empirical data

We illustrate our framework using a meta-analysis of 18 schizophrenia GWAS studies
comprising a total of 21,953 cases and controls. Even after including study-specific principal
components to control for stratification, the meta-analyses suggested the presence of many SNPs
with very small effects (consistent with a previous publication®®). To distinguish and select these
very small effects from the markers with no effects, we used MIND. Nine external data sets with
potential relevance for schizophrenia were tested for information content 1) schizophrenia
candidate genes'*, 2) the top bins from a meta-analysis of linkage scans®®, 3) results from an
expression array meta-analysis using post-mortem brain tissue from schizophrenia cases®, 4) a
global proteomic analysis in post-mortem prefrontal brain tissues'’, 5) CNVs associated with

schizophenia®®, 6) disease genes in the OMIM database?®, 7) gene length, 8) gene expression
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quantitative trait loci (eQTLs)?%?°, and 9) human orthologs of murine genes showing association
with behavioral phenotypes relevant to neuropsychiatric outcomes?®. Six (above data sets 1, 2, 3,
6, 8, and 9) out of these 9 external data sets appeared informative for the GWAS meta-analyses
and were included in subsequent analyses. We note that our finding that eQTL data are
informative for GWAS is consistent with other reports in the literature?’.

In Figure 3 we use the (meta-analyses of) expression data to graphically illustrate
informativeness. To each GWAS SNP that was +50kb of a gene in the eQTL dataset, we
assigned the rank of the p-value of that gene in the expression data. We picked the smallest p-
value if there were multiple p-values per gene. A total of 441,392 GWAS SNPs could be
assigned a rank. The x-axis shows the top j SNPs according to their rank in the expression data
set. The purple line gives the relation as observed in the data, and the many thin grey lines show
results from 1,000 generated existing data sets obtained by randomly permuting the ranks of
genes in the expression data set. The figure shows that up to about the first 40,000 SNPs, SNPs
that are in genes that rank higher in the expression data also have better p-values in the GWAS
and that this pattern is unlikely to occur by chance.

As an initial “internal” validation, we compared the 5,000 SNPs with the best p-values
versus the 5,000 SNPs with the best cCTDRs in terms of the heterogeneity of effects and gene
ontology (see Supplemental Material). The I1? index?® was used to study heterogeneity that
could, for example, be increased due to technical errors affecting results from only one or a few
GWAS. Integrating data generated by other technologies may reduce the effect of such technical
errors. We therefore hypothesized that compared to p-value selected SNPs, the c€TDR selects
SNPs that show more consistent effects across the 18 GWAS in our meta-analysis. Results in

Supplemental Figure 2 confirm that this is indeed the case. The gene ontology analysis is
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motivated by the observation that most biological functions seem to be carried out by co-
regulated “modules” (e.g. pathways, complexes)?°. Some of these modules could possibly be
pathogenic, implying that disease genes may share gene ontology terms. For this specific
analysis we only integrated the empirical external data sets (e.g. linkage analyses, expression
array) to avoid that differences were introduced by using databases that we (partially) generated
using biological knowledge (e.g. candidate gene studies). Results (see Supplemental Figure 3)
support for the notion that data integration more successfully identifies gene ontology terms

thereby improving our understanding of disease mechanisms.

Validation

We validated the ability of our data integration method to identify markers with effects via 1)
simulation studies, 2) cross-validation, and 3) and actual replication study of 6,544 SNPs in a
sample independent of the 18 GWAS studies that included 6,298 subjects from 1,811 nuclear
families. In the simulation studies we used the same parameters as used in the accuracy section
above. For cross-validation, presenting a more realistic test case (e.g. actual effects sizes,
artifacts, LD among markers), we selected subsets from all 18 GWAS in such a way that the
sample size available for selecting SNPs was 85-90% of the total sample size. The remaining
studies were used for replication/cross-validation. For each of the 575 unique cross-validation
combinations, we selected the 5,000 SNPs with the smallest p-values and the 5,000 SNPs with
the best c{TDR after integrating our six informative existing data sets. The replication study
involving genotyping of 6,544 SNPs in independent samples was conducted using a custom
Illumina iSelect chip. About half of the SNPs were selected based on having the smallest p-

values and the other half based on having the best c€TDRs.
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Results are shown in Figure 4a, b, and c. All three panels converge to the same
conclusions. First, considering the cCTDR (green and blue dots) always gives better results
compared to SNP selection based on p-values alone. Second, although the success of MIND
decreases as p-values increase, in many instances it still successfully identifies SNPs with effects
that have large p-values with ranks >100,000 in the GWAS meta-analysis. Even if costs to
follow up that many SNPs would not be an issue, it may still not produce equally good results
because, compared to the much smaller set of c€TDR selected SNPs, many more tests would
need to be performed in the replication study. Third, these c¢TDR selected SNPs with p-value
ranks >100,000 in the meta-analysis replicate as well as or better than SNPs with small p-values

but poor cCTDRs.

DISCUSSION
We developed a mathematically rigorous and flexible framework for integrating heterogeneous
databases into large-scale genetic studies, and implemented our method in a freely available
user-friendly R package called MIND. Through simulations, cross-validation analyses involving
18 GWAS, and independent replication of 6,544 SNPs in 6,298 samples we show that MIND 1)
is accurate, 2) outperforms marker selection for follow up studies based on p-values, and 3) is
able to identify effects that would otherwise require replicating over 20 times more markers.
Although a main application of MIND involves integrating existing data in a novel data
collection, it is applicable in other scenarios as well. For example, MIND can rank genes
according to their relevance to a disease using only existing databases. However, it is typically
difficult to assess the quality of such prioritization scores; our framework provides an estimate of
the probability that a gene is associated with the disease of interest. This clear interpretation

allows for more informed decisions about which genes to select for further study. A second
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example involves questions related to similarities among multiple high dimensional data sets.
For example, if we have datasets for different diseases in the same population, MIND can be
used to study co-morbidity where a high concordance would indicate a substantial overlap in
disease etiology. Alternatively, if we have datasets for the same disease in different populations,
MIND would shed light on the overlap in the genetic disease architecture of the different
populations.

We should stress that MIND can handle novel data collections of any kind. Next-
generation DNA sequencing (NGS) has the potential to accelerate genetic research. However,
because costs for NGS are still high and power to detect the (cumulative) effects of all rare
variants low®°, data integration could play an important role. Indeed, several methods have
already been proposed that test for association using weights based on predictions of functional
effects of (rare) variants (e.g. 332). However, as these weights do not take the strength of disease
relevant information into account, our method could be used to further optimize these tests. A
second example is that NGS enables a comprehensive analysis of not just genomes but also
transcriptomes and methylomes. MIND offers the possibility to integrate all these different
sources of information to improve statistical power, increase confidence in the robustness of the
findings when multiple lines of evidence converge to the same genetic factors, and inform the

broader context in which the disease genes operate.
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SOFTWARE

MIND has been made freely available as an R package at http://www.people.vcu.edu/~jbukszar/.
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FIGURE LEGENDS

Figure 1 A schematic overview of the MIND data integration framework.

Figure 2 The estimated cumulative cCTDR (black) as well as the number of markers with effect
among the markers with the largest c€TDRs (blue) curves are plotted. We also plotted the
corresponding curves, where no existing data sets were used to compute the c€TDR estimates
(red and green). Each curve is the average of the corresponding curves in the 500 simulation

studies.

Figure 3 Enrichment in GWAS p-values (y-axis) in the set of SNPs that are in genes with higher
ranks in the expression data. The purple line represents the expression data set, and each of the

thin grey lines shows results from 1,000 data sets generated by random permutation.

Figure 4 Performance of p-value versus c{TDR based selection by simulation (A), cross-
validation (B), and replication (C). All panels: p-value based results are red, cCTDR based results
are blue, overlap between both methods is green, and x-axis is rank of p-values in the meta-

analysis. Panels A and B: For each x-axis interval, the .05, .25, .75 and .95 quantiles of the

proportion of SNPs with effect among those selected (A) or proportion of SNPs with cross-
validation p-value less than 0.01 among those selected (B) are reported. Center of the circles are
located at the mean of the proportions, while the area of the circle is proportional to the number

of SNPs selected. Panel C: all p-values less than 0.01 in the replication study are shown.
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Supplemental material “A rigorous method for integrating multiple heterogeneous

databases in genetic studies”

1. Simulation study

In order to study how accurately the cumulative cCTDR predicts the number of selected
SNPs that have effect in the novel data collection, we used 500 simulations. In each
simulation, we generated 3 existing data sets and a novel data collection. For the novel
data collection we simulated 1,000,000 test statistic values, 5,500 of which had effect.

To generate an existing data set we randomly chose 500,000 of the 1,000,000 NDC SNPs
to be matched and simulated test statistic values for them, 50,000 of which had effect.
The “alternative in the EDS” label was randomly assigned to SNPs in such a way that the
number of SNPs alternative both in the NDC and EDS was 2,200. We calculated the
ranks of the test statistics in the EDSs, which were used for the data integration. The
statistic values were drawn from the normal distribution with variance 1. The mean of the
normal distribution was 1.6 and 2.0 for the SNPs with effect in the existing data sets and
the novel data collection, respectively, and the mean was 0 for the null SNPs for every
data set. As estimating the null and alternative distribution of the statistics as well as the
number of SNPs with effect in the novel data collection is not part of our method, we
used the ‘real’ functions and number of SNPs with effect for our procedures.

The average of estimated cumulative c¢TDR (=after data integration) and {TDR
(=before data integration) curves as well as the number of SNPs with effect in the NDC
in the top SNPs for cCTDR and £TDR — based selection are plotted in the left panel of
Figure S1 (identical to Figure 1 in the article). Each curve is the average of the
corresponding curves in the 500 simulation studies. The figure suggests that the
cumulative c¢TDR and the cumulative TDR curves are unbiased predictors of the
number of SNPs with effect in the NDC that were selected by the corresponding method.
To further study the accuracy of these predictors, we calculated the percentage difference
between the cumulative c¢TDR/ETDR and the number of SNPs with effect selected by
c{TDR/LTDR, that is the absolute value of the difference between the two expressed with
the percentile of the number of SNPs with effect selected by c¢TDR/CTDR. The quantiles
of the percentage differences in the 500 simulation studies are plotted in the right panel in
Figure S1. For instance, the continuous black curve in the figure shows that in 99% of
the simulation studies the percentage difference between the cumulative c¢TDR and the
number of selected SNPs with effect in the NDC was always less than 9.6%, and less
than 7.5% if more than 5,000 SNPs were selected. The 50%, 75%, 90% and 99%
quantile curves of the percentage difference between the cumulative cCTDR/¢TDR and
the actual number of selected test units show that percentage difference 1) gets smaller as
the number of selected markers gets larger and 2) is smaller for cCTDR selection than for
C{TDR selection when the number of selected markers is small and comparable otherwise.
We conclude that the estimated cumulative c€TDR is a good predictor of the number of
markers with effect among the selected ones and may be limited only by the imperfection
of the estimate of the null and alternative distribution of the statistics and the number of
markers with effect in the novel data collection, which estimate is, however, not part of
our method.
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Figure sl Left panel: The estimated cumulative {TDR/c{TDR (red and black) as well
as the number of SNPs with effect among the {TDR/ c!{TDR selected ones (blue and
green) curves are plotted. Each curve is the average of the corresponding curves
in the in the 500 simulation studies. Right panel: Multiple quantiles of the
absolute value of percentage difference between the estimated cumulative {¢TDR/
c!TDR and the number of SNPs with effect among the c!TDR selected ones are
plotted. Black, red, green and blues curves represent the 99%, 90%, 75% and 50%

quantiles, respectively, while continuous and dashed curves represent c{TDR and
{TDR selection, respectively.

16.4%, 9.9%, 6.1%, respectively, for the 99%, 90% and 75% confidence
intervals.

2. Data sets and QC

GWAS meta-analysis: In our empirical example we used a meta-analysis we performed
involving 18 schizophrenia GWAS studies. After stringent QC 1,085,772 (imputed)
SNPs were available for 21,953 subjects (11,185 cases and 10,768 controls). To account
for possible population stratification effects within each of the GWAS studies, we
included the first 3 principal components obtained with EigenSoft'* plus any additional
principal components if they significantly (p < 0.05) predicted case-control status.

External data sets: Our external data sets included 1) schizophrenia candidate genes from
the SZgene data base'® that summarizes the results of 1,617 studies reporting on 952
candidate genes, 2) the top bins from a meta-analysis of 32 independent genome-wide
linkage scans that included 3,255 pedigrees with 7,413 genotyped cases affected (see
Table 2)%, 3) results from an expression array meta-analysis of 12 controlled studies
across 6 different microarray platforms using brain tissue from schizophrenia, bipolar,
and controls (about 35 subjects in each group)*’, 4) a global proteomic analysis in post-
mortem prefrontal brain tissues of 9 schizophrenic patients and 7 controls8, and 5)
replicated and significant CNVs (see Table 2'°) from 10 studies. Other data sets involve
features of disease genes in general such as 1) genes present in the OMIM database, 2)
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gene length, disease genes are suggested to be longer?®, 3) SNPs that are strongly
associated with variation in transcript abundance in the following tissues: liver, cortex
and large B-Cell lymphomas using the eQTL browser at U. Chicago?-?%, and 4) human
orthologs of murine genes showing association with behavioral phenotypes relevant to
neuropsychiatric outcomes?’.

3. Details results and items in the text

Test results for informativeness: Test results for informativeness are shown in Table S1
and indicate that six out of the 11 existing data sets appeared informative for the GWAS
meta-analyses. The non-informative existing data sets are the ones with small samples
sizes or not directly related to schizophrenia.

Table S1. Information tests for existing data sets

Data type Source Unit Informative?
Meta-analysis expression studies

Schizophrenia Stanley Gene Yes

Bipolar Stanley Gene No
Candidate genes

Schizophrenia SZgene database Gene  Yes

Bipolar SLEP + literature Gene No
Disease genes OMIM Gene Yes
Meta-analysis schizophrenia linkage studies Nga et al. (2009). Region Yes
Human (neurological) genes with mouse orthologs ~ SLEP Gene Yes
Candidate schizophrenia CNV regions Sebat et al. (2009) Region No
Gene length ENSEMBL database Gene No
Schizophrenia proteomics de-Souza et al (2009) Gene No
Expression QTLs Browser at U. Chicago  SNP Yes

Figure 2: Figure 2 allows a visual inspection of informativeness. The x-axis shows the
top j SNPs according to their rank in the expression data set. The y-axis shows a measure
of enrichment, indicating whether GWAS p-values of SNPs are better for the genes that
rank higher in the expression data. More precisely, if pi indicates the p-value of SNP i in
the GWAS, rj indicates the rank of SNP i in the expression data, and j is an arbitrary a
cut-off for the rank of SNPs in the expression data, then enrichment (O statistic) is
defined as

O(j) =#{p,: p, <0.0L 1, < j}-(#{p, : p, <0.02))

where m is the number of SNPs in the expression data. Clearly, O(j) being positive
suggests enrichment of GWAS p-values smaller than 0.01 among the SNPs ranked j or
better in the expression data. The purple line in Figure 2 gives the observed relation and
the many thin lines show results from 1,000 generated existing data sets obtained by
randomly permuting the ranks of genes in the expression data set. The results show that
up to the first ~40,000 SNPs, SNPs that are in genes that rank higher in the expression
data also have better p-values in the GWAS and that this pattern is unlikely to occur by
chance.
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Heterogeneity: To study heterogeneity we used the index* 12 = 100%x(Q - df)/Q , where
(Cochran’s) Q is computed by
summing the squared deviations of
each study's estimate from the

overall meta-analytic estimate,

weighting each study's contribution

° in the same manner as in the meta-

analysis. 17 describes the percentage

0 of total variation across studies due

By to heterogeneity rather than chance.

: Larger values show increasing

heterogeneity and the (lower

bound) value of 0% indicates no

S heterogeneity.

e Results in Figure S2 show

cfTDR the average 12 of the top SNPs, with
the number of SNPs indicated on

! . o o . o the x_—axis, se_Iected before and after
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Figure s2 Heterogeneity of SNP effects before and . .
g denery 12 is small at the left hand side of

after data integration. The y-axis shows the average 12 .
index and the x-axis the top SNPs ranked in ascending Fh_e _flgure, the results fluctuate
order using either the £TDR (red) or cCTDR (black). initially. However, as the number

of SNPs increases, the average 12
values becomes better for the cCTDR compared to the {TDR, implying that data
integration results in the selection of SNPs with more consistent effects across the 18
GWAS studies.
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GO analyses: We performed gene ontology (GO) analyses to establish whether genes
selected through data integration show differences in terms of GO themes. For these
analyses we only used empirical data sets (linkage analyses, expression array) to avoid
that enrichment was introduced by using external data sets that are based on biological
knowledge (e.g. candidate gene studies). We first selected SNPs based on having a good
(n=1,435) with a larger posterior probability of belonging to the group of SNPs with
small effects than the other two groups. Then we identified the genes in which these
SNPs were located and subjected those SNPs to a GO analysis to search for biological
themes. A similar number of genes were selected using the top £TDR results. As an
additional control groups, we also selected a similar number of genes from the bottom
(i.e. highest values) of the c{TDR and £TDR distributions.

For the GO analyses we used GOEAST?, a web based software toolkit. The
ontology covers three domains: cellular component, the parts of a cell or its extracellular
environment; molecular function, the elemental activities of a gene product at the
molecular level, such as binding or catalysis; and biological process, operations or sets of
molecular events with a defined beginning and end, pertinent to the functioning of
integrated living units: cells, tissues, organs, and organisms. GOEAST uses an exact
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(hypergeometric) test to evaluate the null hypothesis that genes are picked at random
from the total gene population.

Figure S3 shows the results for the top (blue line) and bottom (green line) genes
selected before (Fig. a) and after (Fig. b) data integration. The y-axis shows the p-values
and the X-axis shows the number of genes with p-values smaller than 0.1 and then sorted
in ascending order. Compared to the control group of genes selected from the bottom of
the cTDR and £TDR distributions, there are many more genes with p-values smaller
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Figure S3. GO analysis on the top (blue line) and bottom (green line) genes selected before (Fig a) and
after (Fig b) data integration. The y-axis shows the p-values testing the null hypothesis that the selected
genes were picked at random from the total gene population and the X-axis shows the number of genes
with p-values smaller than 0.1 and then sorted in ascending order.
than 0.1 and the tests also indication much smaller p-values. Furthermore, this pattern is
much more pronounced after the data integration. Thus, our top results differ from the
bottom results in terms of gene ontology and data integration tends to increase the
distinction between top and bottom genes.
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Appendix for "A rigorous method for integrating multiple heterogeneous
databases in large scale genetic studies"

1.1 Mathematical formulas for the exact computation of c/TDR
Step 1: Obtaining prior probabilities of test units for each EDS

The goal of this section is to derive the equation of prior probability (Theorem 3). Throughout this section we assume that
we have a single existing data set. For brevity we will use the notation v, instead of «(r) for the probability that a test unit
ranked 7 in the existing data set is alternative in the existing data set.

Theorem 1 Suppose we have only one existing data set. Denote the number of test units of NDC that are also in the
existing data set as m. Out of these m test units, denote the number of those alternative in the NDC, the existing data set

and in both data sets as m%, my, and mS""'P | respectively, and let mg = m —my. Then we have that
mo’uerlap mr — moverlap
@) =7y () v (L= () = ———7 (r) + —— (L=~ (r:)), (1)

mi mo
where r; is the rank of test unit i in the existing data set and

overlap
m=Pr(HMPO =1 B < 1) = M

* overlap
v =Pr (MO =1 | gEP = g) = mizm"”

mo ?

where HZ»(NDC) =1 or 0 if test unit ¢ is alternative or null in the NDC, respectively, and HZ.(EDS) =1 or 0 if test unit v is

alternative or null in the existing data set, respectively.

Proof. By definition

?

v @) P (HNY =1 s =),

where S = s represents our information from the existing data set. Applying the well-known identity Pr(B | C) =
>, Pr(B | A;,C)Pr(A; | C),where {A;} is a partition of the probability space, we obtain that

~* (i) = Pr (H}NDC) =1|HEPY = 1,5 = s) Pr (H}EDS) ~1|8= s) +
Pr(HNY = 1| HEPY 0,5 = s) Pr (H"Y = 0| 5= 5) =
Pr(HMY =1 BEPY = 1) Pr (BFPY =1 |5 =s) + Pr (HND = 1| HEPS = 0) Pr (B 0] 5= 5) =

my () + v (1= (1)
]

Lemma 2 For test unit ¢ in the existing data set we have that
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where

overlap m*
0 (3) = —— (mry (ri) — my) (m - ) ,

mo mi m

and r; is the rank of test unit v in the existing data set, m is the number of test units of NDC that are also in the existing
data out of which m%, my, and mS"“"'?  is the number of test units alternative in the NDC, the existing data set and in both

data sets, respectively.
Proof. For brevity we will denote r; as j, hence v (r;) =7 (j) = ;. From (1) we have that

Y @) =my(r) v =y (i) =my +v(l—)=

overlap * overlap
mi; —m
1 1 1 —
v+ (I—7)=
my mo
m(lwerlap m’{ _ mclwerlap mf _ m?vm’lap
- A=
mi mo mo

1 overlap
mq * overlap
— || ——m—m] |y +m] —my =
mo mq
overlap m moverlap m
1 1 1 overla
S LT Y L G, ET R
m mi m
1 mouerlap my
ria) l
R 177’71 _ (7_] _ 7) + m(l)ver ap m L + ml moue7 ap | _—
mi m m
overlap
1 m N mi 10
| T m ey )\ +my— | =
mo mq m m
l
1 m‘lmer ap . mi mj B
— (E—m—mj | (- )+ L =
mo mi m m

1 move'rlap m* m* . m*
o <m - ml> (= ma) L = co (i) + L.

Theorem 3 For test unit i in the NDC we have that

“(0) co (i) + %T if test unit i is in the existing data set
1) = (NDO)
M if test unit © is NOT in the existing data set,
where m is the number of test units of NDC that are also in the existing data set, out of which m*, m1, and mS°“""*? is the
number of test units alternative in the NDC, the existing data set and in both data sets, respectively, mMP ) and mgND D s

the number of test units and the number of alternative test units in the NDC.

Proof. The statement of the theorem directly follows from Lemma 2 for test units in the existing data set. The number

of test units in the NDC and not in the existing data set is m(NP€) —m, gNDC) —mj of which is alternative. Consequently,
(NDC)
v (i) = % for test unit ¢ that is not in the existing data set, because we have no prior information for this test unit

from the existing data set. ®
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Corollary 4 Under the reasonable assumption that the concentration of the alternative test units is the same inside and
" (NDC)
outside the region covered by the existing data set, i.e. % = %, we have that

(NDC)
(i) = co (i) + Z;(l\,iw) if test unit ¢ is in the existing data set
= (NDC
% if test unit i is NOT in the existing data set,

and co (i) can be calculated as

1 m§verlap mgND 0)
co (z) = — (m’y (TZ) - ml) - m{iNDC) | °

mo mi
m* DO ) (NDC)_ m*
Proof. The statement of the corollary follows from Theorem 3 and from that —* = ey implies —2xper—> = =+ =
m m®NDC) m®NDC) _ m
(NDC)
my
m(DC) - u

*

Some properties of rank-based probability, v, prior probability, 7", and the contribution First we derive
formulas for rank-based probabilities that we will use to obtain formulas for prior probabilities and contribution.

Theorem 5 Suppose that X1, ..., Xm, are identically (not necessarily independently) distributed random variables, repre-
senting the true null statistics, and suppose that Y1, ..., Y, are identically (not necessarily independently) distributed random
variables, representing the true alternative statistics. Denote the kth largest random variable from {X1, ..., Xmo, Y1,y Y,
as Zy. Then for any fixed i, the probability that Y; is the kth largest test statistic value, Zy, is

Pr(Y; = Z;,) = &

my
and the probability that X; is the kth largest test statistic value is
L=
Pr(X; =Zx) = ,
mo

where 7y, is the probability that Zy is alternative.

Proof.
i = Pr(Zy, is alternative) = E;”:ll Pr(Y; =2Zy) =ma Pr (Y, = Zy),

from which the first statement follows. The second statement can be proven similarly. m

Corollary 6 As a consequence of the above theorem we have that

Z"];n:l’yk = my, (2)
where m = mq1 + mg.

Proof. For any fixed 4, the events {Y; = Z;},.; is a partition of the the probability space, we have that
P PE(Y; = Z) = X, =1
my

which implies the statement of the corollary. m
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Remark 7 Note that the analogous statement in Corollary 6 for parametric calculation is not valid. That is if the parametric

formula
my fu (t;)
mo fo (t;) +mafo (t)

'yf'” Pr(Hj=1|T=t;)=

(3)

is used to calculate the probability that a test unit is alternative in the existing data set, where fy and fy are the null and

the alternative p.d.f., then Y ;- 47" may not be equal with my. However, it is easy to see that

et B () = ma.
Lemma 8 For any existing data set we have that

>itico(i) =0,
where m is the number of test units in the existing data set.

Proof.

overla
m P

- . m 1 H mi( 1 mgverlap m}« -
> imco(i) = Z¢:1% (mey (ri) —ma1) Tl m | = mio Tl - D iy (mey (1

1 moverlap m* m moverlap m*
(57 28) 50 m) 2 (222

mg my m m m
where we used (2). ®
Corollary 9 If we have a single existing data set, then

S @) =m0,
where m and mgND )
That is the sum of the prior probabilities is the same as the one without prior information.

Proof. We have that

(NDC)

m(NDC) m m m(NDC) _
0= Y s+ % ¢m=z(<wﬂ+ >

i is a test unit in 7 is not a test unit in =1 1=1

the existing data set

{Zco (i) = 0} =m] + (mgNDC) - mf) = mgNDC)

the existing data set

mi

mo

overlaj
m P

mgNDC)

1

u
Claim 10 We have that
mim; overlap
K < my ,
mo
l
and equality holds if and only if m7"“" " = mj.
Proof.
overlap *
mmy - mmy [y my Y M overlap ™M1 x M overlap 1 overlap
K= —— | =—m] ——m] = —mj — —mfJ +
mo mo my m mo mo mo mo
m o mi mtl)verlap _ my (m“{ _ mtl)verlap) _ m;werlap _ my (mi o mgverlap) )
mo mo mo mo
Clearly,
overlap may * overlap overlap
my - (ml my <my )
mo
l
and equality holds if and only if m7"“""” =mj. =

m(NDC) _

*
_ml
m

mi

is the number of test units and the number of alternative test units in the NDC, respectively.

i
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Existing data sets with ties Suppose we have ¢ groups of test units and the ranks of all test units in a group are
identical. Let R; be the number of test units whose rank is the ith largest one or smaller for ¢ = 1,...,¢, and let Ry = 0.
Clearly, R; — R;_1 is the number of test units in the ith group for all ¢ = 1,...,¢. Denote the probability that a test unit in
the ith group is alternative in the existing data set as I';.

Claim 11 T'; can be calculated by
T; =Pr(Z, is alternative | Ri—1 <r < R;) =

1 R; 1
mZT:RFIH’y(T) R R, {R;Pr (Z, is alternative | r < R;) — R;_1 Pr (Z, is alternative | r < R;_1)},

where Z,. and y(r) are defined above.
Corollary 12 Denote the probability that a test unit in the ith group is alternative in the NDC as I'f. Then we have that

* *
m] 1 R; mj 1

Iy = el mzmzm_lﬂco (J) = o T R R, (CO(R;) = CO(R;-1)), (5)

where we define CO (R) = Eizlco ().

Proof. We prove first that

) ) overlap * overlap
e e o Ty )+ T (1 () =
R;— R, Jj=Ri—1+1 R, — R;_4 ri=R;—1+1 my mo

overlap * overlap
1 my; —my

T+ (1-T;) =T},
my mo

where the last step can be proved analogously to (1). Then it readily follows from Lemma 2 that

* 1 R; * mT 1 R; )
Fi - mzr_j:Ri_l+17j - E + mZm:Ri_hLlCO (j) .

The statement analogous to the one in Corollary 6 is also valid:

Claim 13 The sum of the prior probabilities will be mq, i.e.

t
Zi:l (Rz — Rifl) Fi =mj.

Proof. . .
Zizl (Ri — Ri_1)T; = Zizl (R; — Ri_1) Pr(Z, is alternative | Ri_; <r < R;) =
t
Zi:l {R; Pr (Z, is alternative | r < R;) — R;_1 Pr(Z, is alternative | r < R;_1)} =
{Ry =0} = R Pr(Z, is alternative | r < R;) = {R; = m} = mPr(Z, is alternative | r is anything) = m% =m;y.
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Claim 14 Suppose that X1, ..., Xm, are i.1.d. random variables with Fy and Y1, ..., Yy, are i.i.d. random variables with Fy.
Suppose that X1, ..., Xy, Y1, ..., Y, are independent, and denote the rth largest random variable among them as Z,. Then
the probability that Yy is in the ith (largest) group of test units is

I
Pr (Y; is in the ith group) = —
mq

and the probability that X is in the ith (largest) group of test units is

1-T
Pr (X is in the ith group) = L
mo

where I'; is the probability that Zi. is alternative given it is in the ith group.

Proof. The probability that Y; is in the ith (largest) group of test units is

1 R; ; I
Pr (Y5 is in the ith group) = WZ - Hﬂyi =t
i — 4l—1 J=1i—1 mi ma

and the probability that X, is in the ith (largest) group of test units is

Pr(Xedsn the ith grow) = 5—p = 0T T e TR B e g e

Remark 15 Note that the distribution in Theorem (5) and that in Claim 14) is formally the same. As a result, for multiple
instances we do not need to distinguish the case ties from that of no ties.

Step 2: Combining the sets of prior probabilities into a single set of prior probabilities

Definition 16 Suppose we have k existing data sets with (ranks of) test statistic values Si,...,S¢ . The combined prior
probability that a test unit is alternative in the novel data collection based on the information in the existing data sets is

defined as

et arion W pe (VPO Z 1| 5= s i =1, k)

Theorem 17 Suppose we have k existing data sets, and S}, ..., St are the test statistic values or the ranks of the test statistic
values in the ith existing data set, i = 1,...,k, where some S; may be missing. Denote the number of alternative test units

in the ith existing data set as mi. Then we have that

W |1, Pr(si=si | HP =5,) | Pr (HYP) =1, HY =5;,i=1,...k
(81,---,0%)€{0,1} i=1 J J J j J
Z(Tl,mﬂ)e{o’l}k [H?zl Pr (S} = 53 | H](.i) = Ti):| Pr (HJ@ =7,1=1, ,k)

(combined prior)
; =

(6)

where my and mg is the number of alternative and null test units, respectively, in the novel data collection. Notation {0, 1}k
means all the 0-1 vectors of length k. Moreover,

k i i i NDC ] .
2(51,..475k)€{0,1}k |:Hi=1 Pr <SJ =9 | HJ(L) - 52>:| Pr (HJ( : = 1’HJ(IL) = 67L7Z =1, 7k>

k i i i NDC i . ’
S rmmetonyt [Ty Pr (i =i | HY =) | Pr (B =0, =7 =1, k)

(combined prior) . (combined prior) (combined prior)
Bj = (1= .

(7)

B(C()m bined prior)
} =

where J ;
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Proof. We have that

’_Yj(lcombined prior) d;f Pr (H7(‘NDC) -1 | SJZ _ S;-,i =1, ,k) *

Y P (HJ<NDC> 1| HD =5, = 1k) Pr (HJ@ =i =1,k | S =i = 1k> _
(81,...,01)€{0,1}"

> {pe(HPO =11 2D = 6= 1,0k)
(81,---,0k) €{0,1}*

Pr (S;Z —sii=1,. k| HY =5, = 1k> Pr( () _ 5, i=1,. k)
> ey fony Pr (S;i —sii= 1.,k | HY =7 = 1, k) Pr (H]() —ri=1, k)

{Pr (H](NDC) — 1| HY =65,i= 1k) Pr (HJ() —6i=1,.. k) Pr (H(NDC) 1, H]@ —6i=1, k)} -

> Pr (S; = sii= 1,k | HY =60 = 1k) Pr (H(NDC) —1, HY =5,,i=1,. k)
srrm e (011 Err im0y PY (S5 = 85,0 = 1o | HY = 71,3 =1, k) P (HJ() = Tiyi =1, k)
2(517 x)€{0, 1}’“ |:H’L 1 Pr (Sz - S | H =0i )} Pr (H;NDC) = 17 H](Z) = 5i7i = 17 i) k)

S rmetonyt [Ty Pr (5= sy | B =) | Pr (B =70 =1,..k)

At x we used that
Pr(B|C)=>Y,Pr(B|A;,C)Pr(4;|C)
if A;,i=1,2... is a partition of the probability space. Moreover, we used the reasonable assumption that
Pr (H(NDC) 1| HY =6,,8 =5 z:l,...,k) — Pr (H<NDC) L] HY =60 = 1k) -
As it is unknown in practice how the sets of alternative test units in the existing data sets and novel data collection overlap,
the probabilities Pr (HJ( )= =7,i=1,. k) and Pr ( HNPO — 1, H =6;,i=1,. k) in (6) are unknown. Therefore, we

need to use some mild assumptions to provide some practlcally ubeful and bufﬁmently accurate methods to combine prior
probabilities from several existing data sets.

Theorem 18 Suppose we have k existing data sets. Suppose that

Pr (H}“ = Siyi= 1,k | HYPO = 1) 1%, Pr (H“) =5 | HYPO) = 1) a2 t=1(1=5)

. (8)
Pr (Hj() = Siyi =1,k | HYPO = 0) = 1e Pr( =5 | HYPO — ) b1
hold for every (61, ...,0) € {0, 1}k, where 0 < a,b < 1 and we define 0° = 1. Then
1k (@),__(3) _ AN G)
chombined prior) _ @ ot H ij ™t (1 7] ) va _

J my @) (1 — 2@ p+ (1—~D) (1=

=17, (L=7@) b+ (1 =" ) (1 -v0)
<mo>k—1 f[ () = (1= a) (1= ) v o

mi i L= () =P (=) (1-7O)
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where my s the number of alternative test units in the novel data collection, mg = m — myq,
7@ =pr (HM) =1 | B =
V) = Pr H}NDC =1 H§ =
fori=1,...)k,
7 () = 7Dy 4 @ (1 - VJ@)

is the prior probability that test unit j is alternative in the NDC based on the ith EDS (see (1)), and 'yj(.i
that test unit j is alternative the ith EDS, i.e.

) is the probability

- P Pr(si=si| B =1)Pr (0 =1)
Pr(H§)1Sjsj)Pr(s;zs;lHf)zo)Pr(Hj(.”:o)JrPr(S;:s;|H§i):1>Pr(HJ@:1)’

where Si, ..., S are the test statistic values or the ranks of the test statistic values in the ith existing data set, i =1, ...,

Proof. Applying criterion in (8) for the formula in (7) we obtain that

S osoetoay [T Pr(Si=si | B = 6) | Pr (HM = 1,80 = 6,0 = 1,....k) B
. NDC i .
S rreonys [Tz Pr(Si= sy | HY =) | Pr (B8P = 0,00 =730 =1, k)

ﬁ(combined prior)

S nsoetony [T Pr(si=si | B = 6) [ Pr (B =650 =1,k | HMPO = 1) Pr (B = 1)
S rnmetonyt [Ty Pr (i = sy | B = )| Pr (B =ri =1,k | HMPO = 0) Pr (BP9 = 0)

Pr (H(NDC) = 1) Z(él, 0k)€{0,1}* [Hfﬂ Pr (Si‘ = Si' | H('i) = 5@)} Hf:l Pr (Hg(l) =0; | HJ(’NDC) - 1) a=r= o
br (HJ(NDC) - O) 2t E{0,11 [H _ (Sz =si | H" = )} [T, Pr (HJ() =7 | B = 0) PR

Pr (HENDC) _ 1)
Pr (H](NDC) - 0)

o I~

i i (1) _ (1) _ (NDC) _ i i (1) _
k Pr(Sj—sj|Hj —1>Pr(Hj —1|Hj —1)+Pr<Sj—sj|Hj =0)P B
II i i i) i) NDC) i i i) i) NDC o
izlPr(Sj_sj|H§)_1>Pr(H§) 1|HJ( )_O)b+Pr(Sj_sj|H7()_ )Pr(HJ()_O|H](. )_O)

( >+Pr(S2:sl|H():O>Pr(HJ(i):O, ( ):1)a
v(H =1, = o) b+ Pr (51 — st | HY o) Pr(H) = 0,8 =0)
1
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+Pr (S;i — st | HY = 0) Pr (H@ _ 0) Pr (H(NDC> 0 a0 = 0)

k ;:sé. | Hj(i):1> Pr(H](i)zl)w(i)—l—Pr (ngsé |Hj(-i):0) Pr (HJ@:O) v@aq B
il;[lpr (si=si 1 B =1)Pr(HD =1) (1=70)b+Pr (i =si | HY =0) Pr (HP =0) (1-v0)

(0 Pr(si=si| H =1)Pr(H" =1)
T Pr (S; = s | H](_i) — )Pr (Hj(z) ) L Pr (S; =i | H;i) _ 1) Pr (HJ(Z) B 1)
Pr (HJ(NDO — 0) k—1 ﬁ vj(-z-)w(i) + (1 - vj(_i)) vDq - <mo>k1 ﬁ ,Y;i)ﬂ(i) + (1 _ 7j(_i)) g
P =1) ] A (W =a )b (1-9f7) (1 =v) NS S (1 a@) b (1-17) (1= v0)

which proves the first equality in (9). Moreover, we have that

k=1 k <>7T<z) <1_ m) (g

<m[1)) ,-1;[17](.“ (1—7r(i))b+( ()) (1—y())

N 3070 4 (1= 40) g

(ml> 21 1= {0 = b+ (1 0b+ (1-47)v) | -
g\ EL 7@+ (1-40) 100

(ml) 115 L0 (1= brwn) + (1-9P) v}
<mo> ko1 k 7O 4 (1= ) v = (1= a) (1= 1) w®

P

11— {3 (1= b4 70b = 70) + 9070 + (1-70) 10}

B N e

mi izll—{'yj(-i)(l—b)( — ) W<z+(1 ) }_

{57 (4) = 705 4y ( O} =
mo k-1 k i () —(1— ( %(1)> ()
() L Sy per
<m0>k1 i) = (L=a) (1-97) O
my i L=y () — %(_i) (1-1b) (1 _ 7T(i))

my

)

which proves the second equality in (9). m
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Corollary 19 Suppose we have k existing data sets. Suppose that
Pr(HW =6i=1,.,k | BP9 =1) = ]"_ Pr (H]() — 5 | H
Pr (H](i):a,-,z':l,...,k|H§NDC):0 ' (NDC) _

for every (81, ...,0x) € {0,1}*, then
k-1 k i [ k Wi [ -
ﬂ<combined prior) _ <’I’no> H Y (.7) _ @ mo7y (]) (11)
! my S L= (f) mo -t ma (1= (j))

where my is the number of alternative test units in the novel data collection, mo = m—my, and v** (j) is the prior probability

that test unit j is alternative in the NDC based on the ith EDS.
Proof. The condition in (10) is equivalent to (8) with a = b = 1. Therefore, substituting a = b = 1 in (9) we obtain that

k—1 k *i [ - k %i [+
mo) I ) _m moy™ (j)
S1—a7(5)  mo bt ma (1= (j))

ﬁ(combined prior)
J m

[
Corollary 20 If
H") 2168V =16 ..o 1" =1, (12)
then
k-1 k *1 k *1 (4
ﬂ<combined prior) _ <TnO> H Y (.7) _ m1 mo7y (j)
! mi S 1= (G) mo it ma (1= (4))

where my is the number of alternative test units in the novel data collection, mo = m—my, and v** (j) is the prior probability

that test unit j is alternative in the NDC based on the ith EDS.
Proof. First we need to see that the condition in (12) is equivalent to (8) for a = b = 0. Indeed, substituting a =b =0

in (8) we obtain that
5 ; NDC : ;
Pr (H(,i) =6i=1,...k| PO _ 1) _ ) iz Pr (HJ@ =1] HJ( = 1) if 8 = 1 for every i
; j 0 otherwise
and
5 ; NDC : ;
Pr (B = 5= 1,k | BN = 0) = § M= Pr (87 =01 HV = 0) if & = 0 for every i
p j 0 otherwise.
1= Y60 ieqony P (HJU =8i=1.k | H Y = 1) — 1", Pr (HJU — 1| BN 2 1) :
(NDC) _ ¢ HJ@ =1 for every ¢. Similarly as

As

we have that Pr (H](Z) =1 Hj(-NDC) = 1) =1 for every 7, hence H
k i NDC k i NDC
122(51 ..... 6k)e{0,1}kni:1Pr (H]() = 0; | HJ( ):0> :Hz':lPr (H]():O | H]( ) :0)’

we have that Pr Hj(i) =0 | HJ(NDC) = 0) =1 for every i, hence HJ(NDC) =0= Hj@ = 0 for every i. These two together

implies Hj(-NDC) =1 HJ@ =1 for every i.
10
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Also the condition in (12) implies 7V = Pr (H](»NDC) =1] HJ@ = 1) =1 and vY) = Pr (HJ(NDC) =1 HJ(.i) = O) = 0.
Therefore, substituting a = b =0, 7() =1 and v = 0 in (9) we obtain that

- (1) _(i (4) i _
ﬁ(corrlbirled prior) _ (’ﬂ’lo) k=t ﬁ FYJ ﬂ-( ) + (1 B ’Y]' ) V( )a <’/TLQ> k=1
j =i (1= ) bt (1=47) (1= v0) «

my my
1

k (2) k—1 k wi

v <mo ) T 0)
-1 (1 - 7;—”) m o L= )
where the last equation holds because v*% () = ﬂ(i)vj(i) + (@) (1 — vj@) = 'yj(-i), as 7 =1 and v = 0. This completes the
proof of the Corollary. m

Remark 21 Note that the conditions in (10) and (12) represent the two extrema of (8), and in both cases the combined
odds can be calculated as

5(combined prior) (mO)kl ﬁ ,y*i (]) mi i moV*i (.7) mi b mo 5*1' ( ) (13)
! m =) mo sy ma (L= () mo 5 m

where my is the number of alternative test units in the novel data collection, mo = m—my, v** (§) is the prior probability that
test unit j is alternative in the NDC based on the ith EDS, and the odd 8*' (j) is defined as 8% (j) = v** (4) / (1 — v (j)).
Moreover, the terms in the product in (9) can be approzimated with B** (j) even if (10) and (12) do not hold, suggesting that
the formula in (18) is reasonable even for the general case. For the general formula (6) the structure of how the sets of test
units alternative in the EDSs as well as the set of test units alternative in the NDC overlap each other need to be known,
which may be difficult to estimate.

Remark 22 Recall that from (1) we have that
7 () = 7D 40 (1-47),

where

@ =pr (H"PD =1 | Y =1
v =Pr (H" =1 | H =0

fori=1,.. k,(see (1)), and ’yéi) is the probability that test unit j is alternative the ith EDS, i.e.

Pr(si=si| B =1)Pr (0 =1)

@ _ 0 _ i i) —
e *PT(HJ *1‘53'*51')* i o0 0) g0 ) ’
Pr(Si=si| B =0)Pr (B =0)+Pr(si=s | H" =1)Pr(H" =1)

where S3, ..., S}

v are the test statistic values or the ranks of the test statistic values in the ith existing data set, 1 =1, ..., k.

Step 3: Computing c/TDR for each test unit

The compound ¢TDR (¢¢TDR) of a test unit is defined as the posterior probability that the test unit is alternative in
the novel data collection based on the information we have from the existing data sets and the novel data collection. The
mathematical definition of the ¢/T' DR of a test unit is the following.

11
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Definition 23 The compound ¢ TDR (¢ TDR) of test unit j is defined as

clTDR(j) = Pr (Hj.NDC’ — 1T =1;,8 = s i=1,., k) ,

VRl

where t; is the observed test statistic value of test unit j in the novel data collection and S](i) 1s the test statistic value or the
rank of the test statistic value of test unit j in the ith existing data set, i =1, ..., k.

Claim 24 The ¢ TDR of a test unit can be calculated as

combined prior combined prior
7 (1) 8] " (8)

ATDR(j) = ] = . (14)

fO (f) (1 _ Wj(covrl,bz'ned pv‘z’or)) + ,Y](conzbirzed prior)fl (t) fO (tj) + 5§combined prz’or)fl (tj)7

where fo and fy is the null and alternative p.d.f. in the novel data collection, respectively, 'y](.wmme‘i prior)

prior probability (from the existing data sets) that test unit j is alternative in the novel data collection, and Bgmmbmm prior
Fy((:ombined prior)/ (1 (combined prim'))
i Tl ’

is the combined
) pr—

Proof. We have that
clTDR (j) = Pr (H](-NDC) —1|T=t,8 = s) =

Pr(T=t; | HMO =1) Pr (B = 1] 5= 5)
—1

Pr (T —t; | HNPO) = o) Pr (H(.NDC) —0]S= s) +Pr (T —t; | HNPO ) Pr (H}NDC) —1]S= s) -

J
7§conlbined prior)f1 (tj) B 5§combined prior)f1 (t])/
fO (tj) (1 _ ’yj(.combined prior)) + ’y‘gcombined prior)f1 (tj) B fO (tJ) + ,Bj(-combined prior)fl (t]) .

n
The estimator of the c/TDR can be obtained by substituting ﬂj(»combmed prior)  £0(¢) and f; (t) and with their estimates
in (14).

1.2 Estimating the contributions

Theorem 25 Denote the number of test units that are both in the NDC and the existing data set as m. For a positive
integer M < m and real d > 0 we have that

E(Oa) = (Fy (d) — Fi (d)) > co(j), (15)

j,erM
where I
Oa,m = Qa,pr — —m/(d)
m
and Qg and m/(d) are defined as
Qam = #{j: |tj| > d,rjy <M} and m'(d) = #{j : |t;| > d},

and co(j) denotes the contribution of test unit j.

12
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Proof. Denote the set of test units alternative in the EDS and the ones alternative in the NDC as F; and Ny, respectively.

Moreover, denote the set of test units that are null in the EDS and the ones null in the NDC as Ey and Ny, respectively.
We have that

overla, 4 1 overla M
B (Quar N Er 0Ny =™ (1= Fy () DL, % = {n - Mzm} = mi"" (1~ Fy (d)) T,

mi

overla i overla M
E (Quar 0 By 1 No) = (ma —mf™"'%) (1= Fy () ©M, 25 = (g —mf™""*") (1 - Fy (d) =T

mi mi

1 i=1 mo

E(QamNEyNNy) = (m,{ _ mOve’l‘lap) (1— F (d) ZM 1—

(mi —mertor) (1= Fy (@) — (M = S 50) = (mf —m$ror) (1= Fy () — (M — MIy) =

mo mo

(mi = mgeron) (1= By (@) 2L (1 -1,

mo

1 i=1 =

overla 1- i
E(Qd,MﬁEoﬂNo):(m*mlfmTer lp)(lfFo(d))ZM mov

M
(m g —mi m‘;“e”ap) (1= Fy(d) — (1-T1).
0
Therefore, we have that

E Qi) =FE(QamNEINN1 + Qanm NELNNy+ Qanr NEy NNy + Qanr N EyNNy) =
overlta M overla M
M (1= Fy () =Ty + (ma = m$" ) (1= Fo (d) —Tu+
mq my

(mT B mzl)verlap) (1- F (d)) M

overta M
—(17F1)+(m7m17m1‘+m1 ”’) (1— Fo(d) = (1-T1).
mo

mo
Moreover, we have that

B (@) = ot (= Fa (@) + 5 (= ) (1= Fo (@),

Combining the above two we obtain
M
E (Q(LM — m’(d)) =
m
overia M overla; M
mi"T T (1= By (4) 22T+ (ma = m7) (1= By (4) 2T+

overta M * overta M
(m’lum1 lp) (17F1(d))m—0(lffl)+(mfmlfmlerl lp) (1= Fy (@) ;- (1-T1) -

Tt (1= R (@)~ (m—mi) (1~ Fo () =

overla M * overla M M *
(1= £ @) {0 2 4 (g o) 2L ) = S

Mo

overLa M * overla, M M *
(1—F0(d)){(m1—m1 lp)—l"1+(m—m1—m1+m1 lp)(l—l“l)—(m—ml)}:

my mo m

1 . 1 1 1
erl * erl r * erl *
(- F @M { (mtlwe “pml - (ml - "P) mo) Lt (ml —mi ap) mio - mml}

13
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(1—Fy(d) M { {(ml _ mtlwerlap) 1

1
— = (m —mi —mj + m‘fverl‘”’) ] i+
mi m

0
* overlap 1 1 % _
m—my —my +my — — — (m—mj)

mo m
* * overlap
(1- F (d) M { (m‘;ml“ﬁm - ml) T, 4 T }+
mimgo Mo mmy mo
—mZ* . overlap
mimo mo mmg mo

M ' * )
(1 - K (d)) — { (mtl)uerlapm _ mT) I+ mymy mivevlap} +
mo mq m

(1— Fy(d)) M { {(ml _ overlap

mo 1 ) mﬁl — (m mT):| I'y + (m _ m’l") % —m +moverlap} _

1
M *
(1 - F (d)) i { (m?erlapm B mT) Ty + mymy moverlap} +
mo m m

(1- Fy(d) L { {m _overlap T

1 my

mq verl
_m—i—mﬂ 't +my —m’l‘gm — my 4+ moeT up}

1
M *
(1-F (d) — { <mimerlapm _ mT) Ty + mim, moverlap} 4
mo m m

1
1

M * overlap T « M overla
(1—F0(d))m{[m1—m1 pml] 1—‘1—mlﬁ+ml Pl =

*
m(l)'uerlap m _ m}« Fl + mymy _ m(l)verlap —
mi m

m(f'uerlap m>{ m:{ mtlwerlap
- mrl + - mq =
mi m m my

mg
overlap m*
(Fo (d) — F1(d)) ﬂ% (mlml - ml> {ml'y —m1} =
overlap m*
(Fo (d) — Fy (d)) (mMTy — Mmy) H (mm - m)] - {n - ;42;”_17(;)}
overlap m*
(Fo @)~ Fi @) Y (m ()~ m) [Tfl (’”m - ml) — (B (@)~ Fi (@)Y o),

which concludes the proof of the theorem. m
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1.3 Smoother

In this section we present a method that smooths the M — cO (M) to a concave curve. In particular, we will choose the
best fitting curve from the family of all M — CO (M) curves that can be attained by a suitable selection of parameters. We
emphasize that our goal is not to find accurate estimates of the parameters, but to estimate the contributions accurately by
a curve-fitting method. As a matter of fact, we may obtain similar curves by infinite many choices of parameter sets, thus,
it is possible to approximate the true M — CO (M) curve very well while the parameters of the approximating curve may
be far from the real parameter values.

From (15) and the definition of CO (M) and the contribution we have that

— . mk my
E(COON) = Y o) =2 3 (v(rm, ) - 22, (16)
G <M 0 jrj<m
where the term on the right-hand side depends on three unknown parameters, x, ¥ and my, as mg = m — my. We will use
the approximation
mi .
Y(rymy, V) = —(r;my, ¥) (17)
my
where my is an arbitrary choice, say our guess for the number of alternatives in the existing data set. By applying approxi-

mation (17) to the term on the right-hand side in (16), we obtain

E(CA@ (M)) P (v(r;ml,\y)—ml). (18)

mi1 m m
L0 <M

where the term on the right-hand side depends on only two unknown parameters, k* = kmy/mgy and ¥, thus, it will be

denoted as CO (M; x*, ¥). By a curve-fitting method, we find x* and ¥ that provides the best fitting curve to M — coO (M)
from the family of curves {M — CO (M;x*,¥),0 < x*,¥}. Finally, CO (M;F, \If) will be our estimate of the cumulative

contribution, CO (M) = Z?ilco (7). In the course of the algorithm, the term ~y(r;my, ¥) is computationally evaluated by
the method described in section 1.3. In principle, we could use (20) or (21) to compute s, however, the numerical integration
required is computationally very intensive, especially for large my, say 1,000 or larger. We remark that x* and ¥ are not
meant to be the estimator of k* and ¥, as a matter of fact they may be far from the real x* and ¥. Note that this is not
a problem as long as CO (M TR, @) is an accurate estimator of the cumulative contribution. We remark that we have an
estimator of ¥, which plugged in (20) provides the estimator k* by a curve-fitting method. From (4) we have that mr* is a

tight lower bound estimate of mS”*"?.

Computation of the rank-based probability that a test unit has an effect in the existing data set, ~

In this subsection first we present an algorithm that computes the probability that a test unit is alternative in a data set, -,
utilizing the rank of the test statistic of the test unit in the data set. For completeness we will also present the formulas of
v, although using the algorithm is computationally much faster and not less accurate than applying numerical integrals to
evaluate the formulas. We assume that the c.d.f. of the test statistic values is Fy and Fg under the null and the alternative
hypothesis, respectively. First we deal with the case when there are no ties in the ranking, then we deal with the case when
there are ties in the ranking. Ties occur when the test units are sorted in a couple of categories, and our prior information
does not distinguish between test units in the same category. For instance, we have only two categories if we have a candidate
gene list, the test units that are on the list and those that are not on the list.

More formally, suppose that X, ..., X,,, are identically distributed random variables with c.d.f. Fp, and Y3,...,Y,,, are
identically distributed random variables with Fiy. Suppose that Xy, ..., Xy, Y1, ...,Y},, are independent, and denote the rth
largest random variable among them as Z,. The probability that Z,. is an alternative will be denoted as ~(r;mq, ¥), or
shortly 7,. In this section we give an algorithm and formulas in order to compute ~;.

15


https://doi.org/10.1101/2020.09.15.298505

bioRxiv preprint doi: https://doi.org/10.1101/2020.09.15.298505; this version posted September 16, 2020. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Algorithmic computation of the probability that a test unit is alternative in the a data set based on its rank,
~ Based on the following theorem, Zlefyi can be computed algorithmically, from which ;s can readily be calculated.

Theorem 26 For an integer k = 1,...,m we have that

a if k<m

ko
Zi_lm_{ my if k=m,

mi M (k —a) = a,
mo

where M (p) denotes the c.d.f. of the alternative p-values, i.e. M (p) =1— Fy (Fy ' (1 —p)). Moreover,
a € (max (k —mp,0), min (k,my)).

where a is the solution of the equation

Proof. For k = m, the statement of the theorem follows from (2). Therefore, for the rest of the proof we can assume
that k& < m. By definition of ~;, we have that

k—
Zf:ﬂi = E (#alternatives in the top k test statistic values) = F (# (p ip€ Py, p< a>> , (19)
mo

where P,;; denotes the set of p-values of true alternative test units and a is selected in such a way that

a=F (# (p pE Py, p< k*‘l) ) The equation in (2) holds because the expected number of alternative and null p-values

mo
smaller than kﬂ%ﬂ“ is a and k — a, respectively. Also, as we have that

k—a k—a k—a
E(#(pipepalt,p< )):mlpr<p<|pepalt>:mlM( >7
mo mo mo

where M (p) denotes the c.d.f. of alternative p-values. In order to obtain Zlevi we need to solve
k—
ma M ( “) —a
mo

k
0<a=3 7 <mi,

for a.
From (2) we have that

fork=1,...,m—1, and, clearly a = Zle%' < Zlel =k, thus, a < min (k,m1). Asm; >a=F (# (p :p € Py, p< k‘“>>7

mo
we have that km;oa < 1, which implies K — mg < a. As 0 < a, we have that max (k — mg,0) < a, which completes the proof
of the theorem. m

Mathematical formulas of the probability that a test unit is alternative in the a data set based on its rank,
v Now we give formulas of v for the case when there are ties,and the case when there are no ties among the ranks.

Theorem 27 Suppose that X1, ..., X, are i.i.d. random variables with Fy and Yi,...,Yn, are i.i.d random variables with
Fy. Suppose that X1, ..., Xy, Y1, ..., Ym, are independent, and denote the rth largest random variable among them as Z,.
Then the probability that Z, is an alternative can be calculated as

v(r;my, V) ;= Pr(Z, is alternative) =

my ‘/_O:O {Z?EI;SZ:(l(O,immt)l) (mlj_ 1) (]_ — Fy ({,C))j F&Inl,17j (.’E) (T _Wio_ j) (1 —F, (x))rflfj F(;"o*(rflfj) (1’)} f\I/ (1’) dz.
(20)
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To prove the theorem we need the following lemma.
Lemma 28 The marginal density function of Z, intersected with the event that Z, is alternative can be obtained as

gr (x) :==Pr(Z, = x; Z, is alternative) =

min(mi—1,r—1 myp — 1 i my—1—i mg r—1—i —(r—1—i
m1 fu (1') Zi:m(;?c(o,rjmo)fl) < ; ) (1 — Fy (l’)) F\IJ 1—1 (;p) <'r 1 ’L> (1 — Fy (:L‘)) F(;’”U (r %) (1,) '

Proof.

G, (z+6)— Gy (2) Pr(Zy € (z,2 4 0))

or () = ) R 5
hmPr(#{Zj<x}:n—r;Pr(Y€(m,x+6));#{Zj>a?+6}:r—1)_
6—0 1) o
. o miPr(Ye(z,x+6 min(mq —1,r— . )
tian T PE O 2 £ O vt L) ({1, > w4 0} = it #Y; < ah =y~ 1— i}

#{Xj>o+0t=r—1—i; #{X;<z}=mo—(r—1-14)}) =

_miPr(Y € (2,2 46)) camin(m ~1,0-1)  (ma —1 i pmg—1—i mo r—1—i mo—(r—1—i) ; \ _
[];'11% K} Zi:max(O,rfmofl) i (]' - F‘If (ZC)) F\IJ ! (LU) r—1—3 (1 - FO ((E)) FO (SC) -
min(myi—1,7— my —1 i opmy—1—i m r—1—i pmo—(r—1—1

mlf‘I’ (l') Ei:m(axzo,i—mi)—l) < 1’i ) (1 — Fy (l‘)) F ! (.’L‘) (7’ _ 10_ 7,) (1 — Fy (:Ij)) 1 FO 0—(r—1-1) (x) .
u

Proof of the Theorem. Utilizing the lemma we have that

v, = Pr(Z, is alternative) = / Pr(Z, = z; Z, is alternative) dz = / gr () dx =

— 00 — 00

m [ sy (M - Ay B @ () 0 B B @) e @)

5o 7 r—1—y

which completes the proof of the theorem. m

Theorem 29 With the reasonable assumption that mi; < mqg we have that
Pr(Z; is alternative | i < R) =

%m{/m{Zﬁﬂm“”4ﬂﬂm1—Ll—Rﬂ@)BmmﬂmmR—l—j%mml—Eﬂ@%f@@ﬁm, (21)

where b (x,n,p) and B (z,n,p) are the binomial density and the distribution function values, respectively, at point x.

Proof.
Yy
Pr(Z; is alternative | i < R) = '”]:%1 =
L g = [ min@mi—10-1) (m1—1 j mi—1-j mo r—1—j pmo—(r—1-j)
EET:lml /_ {Zj—maxl(o,r—mo—l) ( ] (1 —Fy ('r))J Fgln ! (33) r—1 _] (1 - Fo ('T)) ! FO ’ ! (l‘)

fo () dzx =
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1 o 1’1’111’1 m o 1 0
EZleml/ 72 07R>m1/ dz+x (R>mo+1) Ezﬁimoﬂml/ dy = %, (22)

— 00 —00 — 00

where x (A) is the indicator function, i.e. x (A) = 1 if A holds, and x (A) = 0 otherwise. First we calculate the first sum.
The rationale is that for 7 < min (mg, R) we have max(0,7 —mg — 1) = 0.

7zm1n(m0,R)
- min(my—1,r— my —1 j mi—1—j mo r—1—j pmo—(r—1—j
my /_OO {Zj—ngax(o,}"mi)l)< lj ) (1 - Fy (x)) Fgn "7 () (T o —j) (1—Fy(x) "7 Em™ (r—1-j) (x)} fo (2)de =

fzmm(mo,
m [ gt (M 0 Fe @y R @ () @ Ra@) T R @) fa (o) do =

—0o0 7‘—1—]

for the change of the sum

ZT 1Zm1n(ml 1,r—1) Zmln(ml,R)Z 0+X(R>m1)ET m1+12m1 1_

min(mo,R min(m;—1,r—1 min(m1,R min(mo,R myp—1
Yo T T g S X (R > ) ey =

{ Zf’ DD if R<my
o

mln(m s mi—1 .
+Zr mlil Zj:lo if R>my

1 Z Z —J+% if R S mq
S i R>my

= {sum change} =

7n1 1 min m,o,R) . r=j+1
Z Zr —j+1 if R> mi

if R< )
{ E Z 1 s my _ {ml < mO} me(ml, me(mo,R)

e g [ et (M) - r @ m @) () 0 R B )
fu (z)de =
= [ ) {Z;?i‘s(m“’*“ <m1j‘ 1) (1= Fy () Fg" 7 (@) 50 (r e j) (L= Fy ()~ From ) m}
fu @) dr = s =r—1—j} =

g [ e (T @Ry @) e @[S (M) (- R 7 @) e ) o -

1 o min(m1 — . . .
Eml/o {ijo( B "0 (j,m1 — 1,1 — Fy (2)) B (min (mo, R) — 1 — j,mq, 1 — Fy (x))} fo (z)dx

For the second sum in (22), as r > mg + 1 implies max(0,r — mg — 1) = r — mg — 1, we have that

1 R > min(m;—1,7r—1 my — 1 j m1—1—j mo r—1—j pmo—(r—1—j
EZr:m(ﬁ»lml / {Zj—rr(laxl((),’r—'mo)—l) ( ] ) (1 - F‘I’ (J?))] F\Iln 1 (.f) ( ) (1 - FO (l‘)) 1=i FO 0 ( j) (JZ)}

r—1—y

fo (z)dx =
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1 > min(mi—1,r— my — 1 i mi—1—7 m r—1—7 ~mo—(r—1—7j
EZf:monl/ {Zj_r(—nio_li 1)( 1]_ >(1—Fq,(x))ﬂpql1 1 J(@( 0 ) (1= Fy(x)) 1 T (r—1—7) (m)}

r—1—j
fo (x)dx = *
for the change of the sum we use that m; < mg
min(mq—1,r—1 R mi—1 mi—1x—min(j+mo+1,R
Er m0+123 r( ’H’ILO ) Zr:m0+12j:17‘7m071 - {Sum Cha‘nge} = Z 1 Zr ’rr(zfjil o )
1 min(j -1 j —1—j r—1—j pmo—(r—1—j
=g [ {zprmmae e (M o med s e ()0 Ry R @)
fo(@)de={s=r—mg—1} =
1 mi—1 1‘[1111(] R—mgo—1) _1 J pmi—1—j mo s+mo—7 j—s
— ’ 1-F Fri—d 1- Fy 77 |l
g [z "N - Ry R @ (1 0= RE) T R @
fo () dz =
1 > mi—1({m1—1 § mi—1—j min(j,R—mo—1) my stmo—j mj—s
ao [ s (M A Ry R @[S e (LT ) - R @) B @
fo (x)de =

%ml /jo [S85b (G.my — 1,1~ Fy (2) [B (min (mg, B — 1~ ) ,mo, 1 — Fy (2)) — B (mo —j — Lmo, 1 — Fy ()]} fu (x) da

Putting the two sums together, from (22) we have that
1 e min(m — . . .
Em1/ {ijo( PR (imy — 1,1 — Fy (2)) B (min (mg, R) — 1 — j,mg,1 — Fy (m))} fo (z)dx+
0
(R>mo+1) 1
X = Mo Rm

[ S ms = 10 B @) (B (min (o, R = 1= ) mo, L= Fo (0) = B (o~ = Lma, 1= Fa )]} fo (o) do
If R > mg + 1, then we have that

%ml /OOO {Z;@glb(ﬁ my —1,1— Fy (z)) B(mo—1—j,mg,1—F (:U))} fu (z)de+
T [ (S G 1,1 Py (20) 1B i R 1) o, 1 o (2) — B (o 5 1, 1~ oy (2]} o (0) e =

%ml /fo {Z;":lglb(j,ml —1,1— Fy () B (min (mo, R — 1 — §) ,mg, 1 — Fy (z))} fo (z) da

If R < mg, then we have that

1 o min(mq — . .
7 [ S o =11 = By @) B(R=1=j.ma 1= @)} fo (@) da
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Overview of the algorithm that computes the estimates of ¢/T'DR

First we give the algorithm supposing that we have no ties in the ranks of the existing data sets, then we show how this
needs to be modified for the existing data in which there are ties in the ranks.

1.

First we need to estimate Fj (d) and Fj (d) in the novel data collection. (Note that here both Fy (d) and F; (d) can
be a mixture distribution, i.e. Fy(d) and F; (d) merely denotes the null and alternative distribution in the novel data
collection.)

M
We estimate the cumulative contribution, CO (M) = Z co (j) by first calculating

P 51 2aep (Odnr)
D] 2wdep (Vd,
co M) = Fy(d) — Iy (d)

(23)

for M =1,...,m, where D is a set of the positive real numbers, |D| is the number of elements in D. Then we apply a
smoother method (see section 1.3) to fit M — CO (M) curve with a concave M — CO (M) a concave function of M.

From CO (M) we calculate the estimator
@ (i) =CO (i) —CO(i—1)
for 1 = 1, ..., m, where we define cO (0) =0.

Then ¢o (4) is used to calculate

~~k ~ mq
i =co(i) + m
for every existing data set.
Then we use
A(combined prior) ms ek ?* J
mbin rior . 7
1 i=1 Vi

to calculate the estimates of combined prior odd for test unit i (see formula 13), where mg/mJ is the ratio of the null
and alternative test units (markers) in the novel data collection, and 7; 7 is the prior probability estimate of test unit
¢ from the jth existing data set obtained in step 4.

The estimate of c/T' DR of test unit ¢ will be calculated by

Bi(combined prior)f1 (t) /fO (t) ﬂi(combined prior)fl (t)
1

CETDR(Z) = mbin rior = mbin rior ?
Lo BP0 g (@) o (1) fo (1) + BEI (1)

where fy and fi is the null and alternative p.d.f. in the novel data collection.

If there are ties among the ranks in an EDS, then Step 2 and 3 are modified

for that EDS in the following way:.

Suppose we have t groups of test units and the ranks of all test units in a group are identical, but they are different across
the groups. Let R; be the number of test units whose rank is the jth smallest one or smaller than that for j = 1,...,¢. Then

we calculate CO (M) only for M = Ry, ..., R; in Step 2, and in Step 3 the estimator ¢o is obtained as

1

o (i) = =——=—
() R]_Rj—l

(CO(R;) - CO (R; )
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for every test unit i in group j, j = 1,...,t, where we define Ry = 0 and CO (0) = 0 for the sake of simplicity (see (5) for
justification).

We remark that in order to decrease computational burden, this modification in Step 2 and 3 can be used for the case of
no ties as well. Note that in case of no ties, the choice of R; < ... < R; is not determined by the groups of ties in the rank
of test units in the EDS, but the desired accuracy of the contribution estimator.
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