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Statement of impact

In a time when we receive almost daily warnings of a ‘post-antibiotic era’ from the CDC and other

groups, and drug development is stalling, we find ourselves in desperate need for novel strategies

in the fight against bacterial evolution. Herein, we abstract the process of evolution on a fitness

landscape to a Markov chain and, using this abstraction, demonstrate how di↵erent orderings of

commonly used antibiotic therapies can steer bacterial evolution to genotypes from which highly

resistant states are inaccessible. These results suggest a strategy by which, using drugs which may

have been been considered less e�cacious, we can prevent the emergence of resistance before it

arises.

Abstract

The increasing rate of antibiotic resistance and slowing discovery of novel antibiotic treatments

presents a growing threat to public health. In the present study we develop a Markov Chain model

of evolution in asexually reproducing populations which we use to illustrate that di↵erent selection

pressures do not commute. We demonstrate that the emergence of resistant individuals can be both

hindered and promoted by careful orderings of drug application. This suggests a new strategy in

the war against antibiotic therapy resistant organisms: rational drug ordering to shepherd evolution

through genotype space to states corresponding to greater sensitivity to antibiotic treatment. The

model we present is an encoding of the ‘Strong Selection Weak Mutation’ model of evolution on

fitness landscapes within a Markov Chain, which associates the global properties of the fitness

landscape with the algebraic properties of the Markov Chain transition matrix. Through this

association we derive results on the non-commutativity and irreversibility of natural selection.
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Introduction

Resistance to antibiotic treatments within bacterial pathogens poses an increasing threat to pub-

lic health, which coupled with the slowing discovery of novel antibiotics, could soon reach crisis

point [Spellberg et al., 2013, French, 2010]. Novel classes of antibiotics discovered since 1987 are

few in number [Silver, 2011] . Thus, it is becoming ever clearer that if we are to combat highly re-

sistant bacterial infections, then we must find new ways to prevent resistance and new applications

of existing antibiotics to these pathogens. Indeed, public health e↵orts have attempted to stem

the emergence of resistance by reducing unnecessary prescription of antibiotics [Shlaes et al., 1997,

Bartlett, 2011, Leuthner and Doern, 2013] and stopping the addition of sub-therapeutic antibiotics

in livestock feed [Mathew et al., 2007]. However, such policies require global adoption to be truly

e↵ective [Moody et al., 2012], which they have not yet achieved, and which is likely infeasible. Re-

cently, there have been e↵orts to explore how existing antibiotics can be used in new ways to provide

e↵ective treatments for resistant pathogens, for example through combination therapy [Chait et al.,

2007], though our understanding of the mechanisms of these processes remains limited.

In order to understand how to minimize the emergence of resistant pathogens, and to decide

how best to treat them, we must first understand how their evolution is driven by the selective

pressures of di↵erent antibiotic drugs — a fundamental problem of biology. In particular, if we

understand which traits are likely to be selected for by which treatments, then we may be able

to avoid selecting for those traits which confer resistance. Recent insights into the evolutionary

process have yielded some actionable information. Specifically, Weinreich et al. [2005, 2006] showed

that if the genome of a pathogen exhibits sign epistasis, where a given mutation is beneficial on

some genetic backgrounds and deleterious on others, then there can exist inaccessible evolutionary

trajectories. Further, Tan et al. [2011] studied the evolutionary trajectories of Escherichia coli

under di↵erent antibiotics and found that adaptive mutations gained under one antibiotic are often

irreversible when a second is applied. These findings lead us to hypothesize that one antibiotic

could be used to irreversibly steer the evolution of a population of pathogens to a genotype (or

combination of genotypes) from which it is much more di�cult to acquire resistance to a second

antibiotic. In this paper we present a Markov Chain model of evolution which we use to illustrate

that selective pressures are non-commutative, and that the emergence of resistant genotypes can

be both hindered and promoted by di↵erent orderings of selective pressures. These findings suggest

a new strategy in the war against therapy resistant organisms: rational drug ordering to shepherd

evolution through genotype space to more sensitive states.
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Evolution on Fitness Landscapes

We begin with the concept of a fitness landscape introduced by Wright [1932] and used by Weinreich

et al. [2005] and Tan et al. [2011] to study evolutionary trajectories in asexually reproducing popu-

lations. We represent the genotype of an organism by a bit string of length N and model mutation

as the process of flipping a single bit within this string. This model of mutation only accounts for

point mutations and ignores the possibility of other biologically relevant mutations such as gene

insertions, gene deletions and large structural changes to the genotype. Further, we assume that

the mutation rate is su�ciently low that stochastic tunneling [Iwasa et al., 2004] through double

mutations does not occur. This gives a set of 2N possible genotypes in which individuals of a given

genotype, say g, can give rise to mutated o↵spring which take genotypes given by one of the N mu-

tational neighbors of g — precisely those genotypes g0 for which the Hamming distance [Hamming,

1950], Ham(g, g0), from g is 1. As such, our genotype space can be represented by an undirected

N -dimensional cube graph with vertices in {0, 1}N representing genotypes and edges connecting

mutational neighbors (Figure 1a).

We define a selective pressure on our graph that drives evolution, for example through an

environmental change or drug application, as a fitness function

f : {0, 1}N ! R�0
. (1)

This fitness function represents a genotype-phenotype map in the simplest sense — assigning to

each genotype a single real-valued fitness. Gillespie [1983, 1984] showed that if the mutation rate

u and population size M of a population satisfy M logM = o(u), then each beneficial mutation in

the population will either reach fixation or become extinct before a new mutation occurs and that

a deleterious mutation will become extinct with su�ciently high probability that we may assume

that this always occurs. It follows that after each mutation the population will stabilize to consist

entirely of individuals with the same genotype, and that this genotype will be eventually replaced

by a fitter neighboring genotype whenever one exists. This observation gives rise to the Strong

Selection Weak Mutation (SSWM) model, which models a population as occupying a single vertex

on a directed graph on the set of 2N possible genotypes, {0, 1}N , in which there exists an edge

from vertex a to a neighboring vertex b if, and only if, f(b) > f(a) (see Figure 1b and 1c). This

population undergoes a stochastic uphill walk in which the population moves to an adjacent fitter

genotype with some probability. Several ‘move rules’ have been proposed which can be used to select

an adjacent fitter neighbor during this stochastic walk [Orr, 2005], including selecting the fittest

neighbor [Kau↵man and Levin, 1987, Fontana et al., 1993], selecting amongst fitter neighbors at
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random [Macken and Perelson, 1989, Macken et al., 1991, Flyvbjerg and Lautrup, 1992] or selecting

fitter neighbors with probability proportional to the fitness increase conferred [Gillespie, 1983, 1984,

1991]. We encapsulate each of these variants of the SSWM model within our model.

(a) (b)

(c) (d)

Figure 1: (a) The space of genotypes comprising bit strings of length N = 3. The vertices represent
genotypes, and edges connect those genotypes which are mutational neighbors. (b) An example
fitness landscape. (c) The directed evolutionary graph according to the landscape in (b) where the
vertices still represent genotypes but are labelled by the associated fitness for clarity. The directed
graph edges are determined by the fitness function and represent those mutations which can fix in
a population (those which confer a fitness increase). (d) The Markov Chain constructed for the
same landscape according to equations (2) and (3) with r = 0.

A Markov Model of Evolution

The SSWM model of evolution reduces the evolutionary process to a random walk on a directed

graph and hence can be modelled by a Markov Chain [Grinstead and Snell, 1998]. For a fitness
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function f : {0, 1}N ! R�0 we can define a transition matrix P = [P(i ! j)]
i,j2{0,1}N for a

time–homogeneous absorbing Markov Chain by setting, for i 6= j,

P(i ! j) =

8
>>>>><

>>>>>:

�
f(j)�f(i)

�r
X

g2{0,1}N , Ham(i,g)=1
f(g)�f(i)>0

�
f(g)�f(i)

�r if f(j) > f(i) and Ham(i, j) = 1

0 otherwise

, (2)

and

P(i ! i) =

8
<

:
1 if i has no fitter one-step mutational neighbours

0 otherwise
, (3)

for each i (see Figure 1d). Here the parameter r � 0 determines the extent to which the fitness

increase of a mutation a↵ects its likelihood. In the case r = 0, we have the random move SSWM

model (as in Macken and Perelson [1989], Macken et al. [1991], Flyvbjerg and Lautrup [1992]), in

the limit r ! 1 we have the steepest gradient ascent SSWM model (as in Kau↵man and Levin

[1987], Fontana et al. [1993]), and for r = 1 we have probability proportional to fitness increase (as

in Gillespie [1983, 1984, 1991]). This model di↵ers from the Markov model used by Sella and Hirsh

[2005] to study the neutral theory of evolution as we do not allow deleterious mutations to fix in

the population.

Using this Markov Chain we can explore the possible evolutionary trajectories of a population

on a given fitness landscape f . We next define a collection of population row vectors µ(t) for each

t 2 N, where µ(t) has length 2N and k

th component which gives the probability that the population

has the k

th genotype at time t (where the genotypes are ordered numerically according to their

binary value). These time steps t are an abstraction which discretely measure events of beneficial

mutations occuring and fixing in the population. As such, the actual time between steps t and t+1

is not constant but may be considered drawn from a distribution parameterized by the mutation

rate, reproductive rate and the number of beneficial mutations that can occur. This distribution

could, for example, be determined by a Moran [Moran et al., 1962] or Wright–Fisher [Wright, 1932,

Fisher, 1958] process depending on how we choose to interpret the fitness values given by f . If the

population has a genotype corresponding to a local optimum of the fitness landscape at time t then

there are no beneficial mutations that can occur and this definition of a time step is not well defined.

In this case there can be no more changes to the population under the SSWM assumptions and

for mathematical convenience we define the probability of a local optimum population genotype

remaining unchanged as one in equation 3 to ensure our model is a Markov Chain. In this case the

step t to t+ 1 can be chosen to take some fixed arbitrary time.
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The distribution of a population at time t is related to its initial distribution, µ(0), by

µ

(t) = µ

(0)
P

t

. (4)

Since the Markov Chain is absorbing we know that there there exists some k such that P

k

P =

P

k [Grinstead and Snell, 1998]. Consequently, we know that the matrix

P

⇤ = lim
t!1

P

t (5)

exists and in fact this limit is reached after only finitely many multiplications. Thus a given initial

population distribution µ

(0) will converge to a stationary distribution µ

⇤ after a finite number of

steps in our model. Furthermore, if P ⇤ is known then we compute the stationary distribution µ

⇤

as

µ

⇤ = µ

(0)
P

⇤
. (6)

In particular, provided we assume a drug is applied for su�ciently long to ensure that the disease

population reaches evolutionary equilibrium, we can explore the e↵ects of applying multiple drugs

sequentially by considering the matrices P ⇤ for the associated fitness landscapes. In the following

discussion we make this assumption.

By encoding the evolutionary dynamics in a Markov Chain we can investigate the evolutionary

process from an algebraic perspective. In particular, as the transition matrix P encodes all of the

evolutionary dynamics of the associated fitness landscape f , we can explore global properties of

f by considering the algebraic properties of P . In the following section we present a simple, yet

powerful, consequences of this observation.

Non-Commutativity and Irreversibility of Natural Selection

We use the Markov Chain model to formally prove that for a large class of fitness landscape pairs,

there is non-commutativity in the evolutionary process as described by the SSWM assumptions.

More precisely, consider two drugs, X and Y , with corresponding fitness landscapes x and y. We

wish to determine what, if any, di↵erence there is between applying X followed by Y to a population

as opposed to applying Y followed by X to that population. If we construct the transition matrices

P

x

and P

y

corresponding to x and y, respectively, and take the limits P ⇤
x

and P

⇤
y

, then our model

predicts that the ordering makes no di↵erence to the final population distribution on an initial
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population taking genotype i if, and only if,

µ

i

P

⇤
x

P

⇤
y

= µ

i

P

⇤
y

P

⇤
x

, (7)

where µ

i

is row vector of length 2N whose i

th component is one and all of whose other components

are zero.

In practice we are unlikely to know the starting population genotype and as such we can only

guarantee that the order of application is irrelevant when the outcome is the same regardless of the

starting genotype. We require for all possible length 2N unit vectors µ

i

that µ

i

P

⇤
x

P

⇤
y

= µ

i

P

⇤
y

P

⇤
x

.

Since these unit vectors form a basis of RN this occurs precisely when

P

⇤
x

P

⇤
y

= P

⇤
y

P

⇤
x

. (8)

Hence drug application will only commute when the corresponding limit matrices commute. To

test how common commutativity is we tested 107 pairs of random fitness landscapes with varying

ruggedness generated according to Kau↵man’s NK model for generating “tunably rugged” fitness

landscapes [Kau↵man and Levin, 1987, Kau↵man and Weinberger, 1989]. We fixed N = 5 and gen-

erated each landscape by first drawing K uniformly from {0, . . . , N�1} and then using Kau↵man’s

model. We found that 3.22% of the landscape pairs generated had limit matrices which commuted,

suggesting that commutativity is rare. In fact, this figure is an over-estimate as when K = 0 in

the NK model the landscape will be single peaked with either [0, 0, 0, 0, 0] or [1, 1, 1, 1, 1] being the

peak. As such, a pair of single peaked landscapes in this experiment will commute in 50% of cases

as opposed to 3.125% as for general single peaked landscapes.

Further, unless x is a flat landscape (taking equal values for all genotypes) there must exist a

genotype j whose fitness is strictly less than all others and which has a fitter neighbor. Such a

genotype satisfies P[(i ! j)] = 0 for all genotypes i. Hence if x is not flat, the limit matrix P

⇤
x

has at least one column of all zeros and is singular, so there cannot exist a second landscape y for

which P

⇤
x

P

⇤
y

= I. Hence there exists a unit row vector µ
i

for which µ

i

P

⇤
x

P

⇤
y

6= µ

i

. As the µ vectors

encode probability distributions this means that natural selection in our model is irreversible in the

sense that for a given (non-flat) landscape we cannot find another which is guaranteed to reverse

its e↵ects.
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Figure 2: (a) Three fitness landscapes normalised to the range [0, 1]. Blue is the fitness landscape for
Cef taken from Tan et al. [2011], green is the fitness landscape for Pip/I from Tan et al. [2011] and
red is a landscape generated by the NK algorithm for N = 5, K = 3. (b) The evolutionary graph
for the Cef landscape. (c) The evolutionary graph for the Pip/I landscape. (d) The evolutionary
graph for the NK landscape. The local optima of each landscape are highlighted in bold. Note
that as we have taken r = 0 in equation (2) only the ordering of genotype fitness values is relevant,
hence the normalization of the fitness values to the range [0, 1] does not change our results.

Treatment Optimization

Prescriptions of sequences of drugs occur frequently in the clinic, and often without any guidelines

as to which orderings are preferable. Common examples of this include, but are not limited to,

treatment of H. pylori [Gisbert et al., 2010], Hepatitis B [Hanazaki, 2004] and the ubiquitous change

from broad to narrow spectrum antibiotics [Heenen et al., 2012]. The ordering of the sequence is

therefore often determined arbitrarily, by the individual clinician’s personal, or historical experience

or from laboratory data. Ideally, we would like to be able to identify drug orderings that lower the

probability of a highly resistant disease population emerging during the treatment. To consider

optimal drug orderings in the context of our model we first need to know the fitness landscapes (or
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proxies of the fitness landscapes) of a number of antibiotics used to treat a given bacterial infection.

Unfortunately, experimentally determining these landscapes requires us to consider all possible 2N

combinations of genotypes in a set of N genes, a task which is prohibitively di�cult for all but

small values of N . In spite of these di�culties, empirical fitness landscapes have been calculated for

a number of model organisms including E. coli [Khan et al., 2011, Tan et al., 2011], Saccharomyces

cerevisiae [Hall et al., 2010], Plasmodium falciparum [Lozovsky et al., 2009] and type 1 Human

Immunodeficiency Virus [da Silva et al., 2010]. However, these landscapes are studied for a single

environment and so are unsuitable for investigating the e↵ects of a major change in the environment

(e.g. a di↵erent drug application) on the evolutionary dynamics of the population.

Tan et al. [2011] investigated the fitness landscapes of E. coli under two �-lactam antibiotics,

Cefotaxime (Cef) and Piperacillin with an inhibitor, clavulanic acid (Pip/I), using the mean min-

imum inhibitory concentration (MIC) of drug as a proxy for fitness. Figure 2 shows the fitness

landscapes derived by Tan et al. [2011] normalised to the range [0, 1] along with layered graph

plots of the associated directed evolutionary graphs in which an edge indicates a mutation which

increases fitness. We see that both of these landscapes are single peaked (peaks are highlighted)

and that the peak genotypes correspond to global basins of attraction in the evolutionary graph.

Hence, for any sequential application of fitness landscapes for which Cef or Pip/I are the final

landscapes it does not matter which landscapes precede them, as the evolutionary trajectory will

always proceed to the single global fitness optima.

We may be able to avoid the emergence of resistance (or equivalently avoid reaching some high

fitness peak in the landscape) through careful choice of preceding drug landscapes only when the

final landscape in the sequence is multi-peaked. Lozovsky et al. [2009] observed a multi-peaked

landscape in four mutations in a gene responsible for resistance to an antimalarial, demonstrating

that multi-peaked landscapes can occur naturally. A necessary condition for such landscapes to

exist is that they exhibit reciprocal sign epistasis [Poelwijk et al., 2007, 2011]. In the following

demonstration of evolutionary steering we use a multi–peaked landscape, denoted F (shown as

red in Figure 2), generated according to Kau↵mann’s NK model, an algorithm which generates

“tunably rugged” fitness landscapes, with N = 5, K = 3 [Kau↵man and Levin, 1987, Kau↵man

and Weinberger, 1989]. This landscape has several fitness peaks with the genotype [0, 1, 1, 0, 0]

being the global optimum. For this demonstration we assume that this genotype corresponds to a

highly resistant phenotype which we wish to avoid.

In the following demonstration we take r = 0 in equation (2) as this allows us to normalize the

fitness landscapes to the range [0, 1] without changing the final population distributions. Changing

the value of r will not change the accessability of an evolutionary trajectory. Hence, by taking a
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Figure 3: The probabilitiy distributions for which peaks of the NK landscape F , shown as red in
Figure 2, are accessible with di↵erent steering landscapes applied first. Only genotypes correspond-
ing to the peaks of F are shown as the others will always have probability zero of being the final
population genotype. Red is the distribution for F applied to the initial population distribution
µ = [1/2N . . . , 1/2N ]. As expected all of the peaks highlighted in Figure 2 are accessible. Blue is
the distribution if the Cef landscape is applied first to the initial distribution µ and F is applied
afterwards. Green is the distribution if the Pip/I landscape is applied first.

di↵erent value of r � 0, we will only change the result quantitatively (the probabilities may change)

but not qualitatively. We begin by supposing that we have no information about which mutants

are in the population. We can model this situation by taking as our prior population distribution

µ = [1/2N , . . . , 1/2N ],

which specifies that each genotype is equally likely to constitute the starting population. If we
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apply the drug F to this population we find the expected distribution is

µ

⇤ = µP

⇤
F

,

which is shown in red in Figure 3. As expected, if we do not know the initial population then

any of the local optima of F have a chance of arising through evolution. In particular, we have

no guarantee that the highly resistant genotype [0, 1, 1, 0, 0] will not arise in the population. Next,

suppose instead we apply Pip/I first. In this case, after the application we will have the expected

population distribution

µ

⇤ = µP

⇤
pip

= [0, 0, . . . , 1, 0],

in which the population has been steered through natural selection to a single peak, [1, 1, 1, 1, 0],

in the Pip/I landscape. If we now apply the drug F after Pip/I we find that the distribution is

µ

⇤⇤ = µ

⇤
P

⇤
F

= (µP ⇤
pip

)P ⇤
F

= [0, 0, . . . , 1]

which is shown as green in Figure 3. The population is guaranteed to evolve under F to genotype

[1, 1, 1, 1, 1], which is the least fit of the local optima in the landscape F (Figure 2(a)). Hence by

applying Pip/I first we can prime the population such that the drug F can be applied without the

possibility of the highly resistant genotype arising. Conversely, if we apply Cef first and F second

then we have the final population distribution

µ

⇤⇤ = (µP ⇤
cef

)P ⇤
F

,

shown as blue in Figure 3. In this case we have again primed the population such that some

local optima of the landscape F are inaccessible when it is applied. However, in doing so we have

made the highly resistant genotype [0, 1, 1, 0, 0] more likely to emerge. It follows that through the

selection of a sequence of drugs we can make the emergence of resistance more or less likely.

Discussion

We have encoded Strong Selection Weak Mutation evolutionary dynamics on fitness landscapes

as a Markov Chain model. Through this encoding we can explore the dynamics of evolution by

considering the algebraic properties of the associated transition matrix. In particular, we have

demonstrated that evolution on fitness landscapes is non-commutative through parallels with the

non-commutativity of matrix multiplication. We argue then that the ordering in which a collection
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of drugs is applied can significantly impact the population that exists after the application is

complete.

We have shown that we can find sequences of drugs that can be applied to both avoid and

promote the emergence of resistance in the population. In light of the slow pace of novel antibiotic

discovery and the rapid emergence of resistance to the presently most utilized antibiotics, this

finding suggests a new treatment strategy — one in which we use a sequence of drugs to steer,

in an evolutionary sense, the disease population to avoid resistance from developing. Further,

the drugs used to prime the disease population for treatment by an e↵ective antibiotic do not

themselves need to be the most e↵ective drugs available. This means that there could be a large

pool of steering drugs in the form of antibiotics which no longer are considered useful as they have

little e�cacy on their own and have gone unused for many years.

However, a major di�culty in using sequential drug treatments to steer disease populations is

that in order to predict the outcomes we must know the fitness landscapes of the drugs involved.

At present, only very few of these landscapes are known for model organisms and determining

fitness landscapes is di�cult (we must check the fitness of all 2N possible mutational variants

with respect to each of the drugs). Furthermore, the landscapes can be dependent on the disease

microenvironment and could change from patient to patient or throughout the course of treatment.

Fortunately, for a number of highly resistant infectious diseases [Woodford and Ellington, 2007,

Jensen and Lyon, 2009] and cancers [Lord and Ashworth, 2013, Lito et al., 2013] there are only

a small number of mutations which seem to contribute to resistance and hence determining the

landscapes is not an entirely intractable problem.

Even in the absence of actual fitness landscapes our findings should be taken as a cautionary

warning for multi-drug treatments, particularly those used to treat complex diseases such as mul-

tiple infections or cancers. In the same way that the drug ordering can be used to steer away from

resistance we have shown it can also be used to make resistance more likely. Hence, we may be

inadvertently selecting for highly resistant disease populations through irresponsible drug ordering

in the same way that highly resistant disease can emerge through irresponsible drug dosing. If we

are to avoid resistance to our most e↵ective drugs we must carefully consider how they are used

together, both in combination and in sequence, with other drugs and take appropriate steps to

reduce the risk.

The Strong Selection Weak Mutation model we have used here is a highly simplified, but well

studied model of evolution. The model ignores much of the complexity of the evolutionary process,

specifically simplifying the genotype–phenotype map and ignoring the disease microenvironment

and the possibility of heterogeneous disease populations. We have ignored the possibility of neutral
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spaces in the fitness landscape which have been shown to have significant impact on whether

non-optimal genotypes can fix in the population as well as the time taken for evolution to find a

locally optimal genotype [Schaper and Louis, 2014, Schaper et al., 2012]. Further, we have ignored

several mechanisms of (epi-)genomic change such as deletion, aneuploidy and double mutations.

However, each of these omissions is a simplification of the evolutionary process and given that non-

commutativity is present in this highly simplified model it is unlikely that commutativity will emerge

as more complexity is introduced. It follows that the cautionary message regarding sequential drug

application which results from our simplified model merits serious consideration. Whether or not

measuring the fitness landscapes provides su�cient information to correctly identify optimal drug

orderings in vivo is a question that cannot be answered through mathematical modelling alone

and in the absence of experimentally determined landscapes cannot at present be answered at all.

However, if at least some approximation to the fitness landscapes of the most used antibiotics were

known then they would provide a good heuristic for how to proceed with multi-drug treatments

and future modelling e↵orts to support future antibiotic stewardship programs and clinical trial

design.
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