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Supplementary Figure 1: Recombination rate inference from PSMC’

MSMC for two haplotypes is a special case that we call PSMC’, in contrast to PSMC
because we use SMC’ (see Supplementary Note) as underlying coalescent model. Here
we show the iterative estimation of the recombination rate for two demographic scenarios:
i) a constant population size and ii) a bottleneck in the past. As can be seen, in both cases
the estimated recombination rate converges quickly to the true value with very high
accuracy.
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Supplementary Figure 2: Simulations of other scenarios

See Supplementary Note for details on these additional simulations. (a) MSMC results
from simulated data which represents a much simplified CEU population size history with
sharp changes. (b) Similar to a) but with a simplified YRI-like history. (¢) A population split
with subsequent migration. (d) A population split with subsequent population size changes.
(e) Inference from 8 and 16 haplotypes. For 16 haplotypes, we needed to reduce the
computational complexity by reducing the simulated sequence to 1Gb instead of 3 Gb, and
used a coarse-grained set of parameters with 20 time intervals instead of 40.
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Supplementary Figure 3: Testing Singleton Branch Length Estimates
Here we compare MSMC estimates based on the estimates of Ts obtained via the HMM
described in Supplementary Note (solid), section 7 with the true values of the singleton
branch length as output in the simulation (dotted). (a) shows population size estimates, (b)

shows split estimates.
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Supplementary Figure 4: Simulations with recombination hotspots

To assess the effect of heterogeneous recombination rates across the genome, we
simulated 100 chromosomes with 4 haplotypes of 1Mb each, (see Supplementary Note).
For practical reasons we could not scale up this simulation to 3Gb of total sequence or to
more haplotypes. We used as input random chunks of the real human recombination map
from the HapMap project. (a) This plot shows the effective population size estimates from
both the standard simulation and simulations with the human recombination map. We see
only small effects of variable recombination rates mostly in the two extreme ends of the
estimated time interval. Some of that difference may also be caused by the much smaller
total sequence length of the hotspot simulation in comparison to the standard simulation.
(b) Here we show the two split scenarios at 10kya and 100kya. Again, the differences
between the hotspot simulation and the standard simulation are only small.
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Supplementary Figure 5: Application to unphased data

We generated datasets in which we deliberately “unphased” one or both diploid genomes
in a setting of four haplotypes. In (a) we plot the population size estimates from two diploid
individuals of which both are phased (red), one is unphased (blue) and both unphased
(purple). In (b) we plot the relative cross coalescence rate estimates based on similarly
unphased data.



Schiffels and Durbin, Supplementary Figures and Tables

Page 6

a
] —— CEU pop, all
i ——— CEU trio, all
2 e CEU trio, restricted
—— YRl pop, all —
1 ~—~ YRltrio, all B
< I YRl trio, restricted
@ 10°
C
kel ]
B i
S ]
o
g |
o
o |
=
5 m
]
=
o
104—_
_I ||II|III4 T ......||5 T T T T T
10 10
time [years ago]
b
1.0— ISR O
9 | I O S SR
© o84 |\ = Tl
@
- [
e 4
= .
[$]
]
= 0.6
Q
[$]
- |
[%2]
=4
S 0.4
[0
= —_—
2 I CEU/YRI pop, all
[ — — — CEU/YRI trio, all
o2 4 . CEU/YRI pop, restricted
] ——— CHBJ/GIH pop, all
........ CHB/GIH pop, restricted
0 T T T T T T T T T T

time [years ago]

Supplementary Figure 6: Comparison of trio- vs. population-phasing and effect of

unphased sites

We tested, whether results from trio-phased data differs from population-phased phasing.
We checked this for CEU and YRI, for which we have trio-sequences available. As shown
in (a) and (b), the trio-phased results do not differ strongly from the population phased
results (solid vs. dashed lines). When population-phasing our sequences, there are rare
sites which are not present in the reference data set and are therefore not phased. There
are two possibilities: i) leave them in as unphased sites (“all”), ii) remove them from the
analysis (“restricted”). The two cases are shown in a) and b) as solid vs. dotted lines. As
shown, for population size inference, removing unphased sites does not appear to improve
estimates (in comparison to the trio-phased estimates), but for the population separation
analysis, removing unphased sites gives smoother estimates in the most recent times and

removes some non-monotonic artifacts (in CHB/GIH).
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Supplementary Figure 7: Comparisons of population size estimates with two, four
and eight haplotypes

(a) We show the estimates based on four haplotypes (solid lines) together with estimates
from two haplotypes (dotted lines). For clarity, we separated the curves based on African
and Non-African samples. (b) This plot shows estimates based on eight haplotypes (thick
lines) in comparison with the estimates based on four haplotypes (thin lines).
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Supplementary Figure 8: Replicate analysis with four haplotypes

We generated a replicate set of population size and relative cross coalescence rate
estimates, based on the two individuals in each population not used for the main analysis,
as presented in Figures 3 and 4. In both figures, the replicate estimate is shown as dashed
line, the original estimate as solid line. For clarity, African and Non-African estimates are
separated.
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Supplementary Figure 9: Comparison of relative cross coalescence rate estimates
with four and eight haplotypes

Here we show relative cross coalescence rate estimates based on eight haplotypes (four
haplotypes from each population, in solid lines), with estimates from four haplotypes (two
haplotypes from each population, in dotted lines).
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Supplementary Figure 10: Comparison with diCal

A different method to estimate historical population sizes from multiple phased haplotypes
was recently implemented in the software diCal (see Supplementary Note). Here we have
applied diCal to 8 haplotypes, each 10Mb long, simulated using the zig-zag population
size history as in Figure 2. The relatively short length of 10Mb is the same length as used
in Sheehan et al. 2013; with the current diCal implementation, analysis of larger data sets
is not practical. We tested three different time intervals, using the parameter “-t”, which
sets the left boundary of the last time interval in scaled units. With the “-t 1” option in the
plot below, diCal obtains correct estimates between 20kya and 200kya (red curve), roughly
the same period addressed by MSMC with 2 haplotypes. To explore more recent times
that we access with 4 or 8 haplotypes we tried to change the default time interval by using
lower “-t” values (see Supplementary Note for details), but the resulting population size
estimates were not so good (purple and blue lines). The method may be able to perform
better if a more efficient implementation allows it to run on whole-genome sized datasets.
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Supplementary Table 1

Sample names and populations

Sample ID Population Sample ID Population

NA18526 CHB NA19735 MXL
NA18537 CHB NA19649 MXL
NA18555 CHB NA19669 MXL
NA18558 CHB NA19670 MXL
NA20845 GIH NA20502 TSI
NA20846 GIH NA20509 TSI
NA20847 GIH NA20510 TSI
NA20850 GIH NA20511 TSI
NA18940 JPT NA19238 YRI
NA18942 JPT NA19239 YRI
NA18947 JPT NA19240* YRI
NA18956 JPT NA18501 YRI
NA19017 LWK NA18502 YRI
NA19020 LWK NA12878* CEU
NA19025 LWK NA12891 CEU
NA19026 LWK NA12892 CEU
NA21732 MKK NA06985 CEU
NA21733 MKK NA06994 CEU
NA21737 MKK
NA21767 MKK
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Supplementary Table 2

D statistic for historic gene flow from CHB to GIH

A B B A 253926 0.0729 > 549

A B A 219404

A B B A 291871 0.1417 > 2240

A B A 219404

A B B A 159754 0.0454 > 138

B A B A 145869

A B B A 194481 0.1428 > 1514

A B A 145869
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Supplementary Table 3

Sample Population Statistics

Populati | # called sites | # segregating | # unphased | % unphased Theta
on sites

CEU 2,132,078,340 | 3,973,757 124,972 0.031449331 | 7.19E-04
CHB 2,132,530,333 | 3,734,161 148,046 0.039646389 | 6.75E-04
GIH 2,137,960,203 | 4,180,134 279,164 0.066783505 | 7.54E-04
JPT 2,128,798,051 | 3,689,030 106,160 0.028777212 | 6.68E-04
LWK 2,110,232,589 | 5,498,240 225,690 0.041047681 | 1.00E-03
MKK 2,132,615,842 | 5,199,644 334,893 0.064406909 | 9.40E-04
MXL 2,113,376,228 | 3,958,912 131,396 0.033189927 | 7.22E-04
TSI 2,133,276,458 | 4,031,944 124,492 0.030876421 | 7.29E-04
YRI 2,133,075,233 | 5,646,792 197,841 0.035035999 | 1.02E-03
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Supplementary Table 4
Inbreeding and cryptic relatedness
Population heterozygosity heterozygosity across P/l w
within samples ! v samples ! ¢
CEU 7.40E-04 7.39E-04 0.998
CHB 6.98E-04 6.96E-04 0.998
GIH 7.65E-04 7.68E-04 1.004
JPT 6.97E-04 6.91E-04 0.992
LWK 9.58E-04 9.57E-04 1.000
MKK all 9.60E-04 9.22E-04 0.960
MKK (only 9.56E-04 7.26E-04 0.760
NA21732 and
NA21737)
MXL 7.14E-04 7.36E-04 1.030
TSI 7.42E-04 7.45E-04 1.003
YRI 9.85E-04 9.83E-04 0.998




Schiffels and Durbin, Supplementary Note | 1

Supplementary Note
The Multiple Sequentially Markovian Coalescent (MSMC)

Stephan Schiffels and Richard Durbin
WellcomeTrustSangeinstitute

1. MSMC Continuous Time Transition Probability

Eachstateof MSMC is definedby atriple H, j, tLwith i < j, wherei andj denotetheindicesof thetwo sampleghatcoalescdirst, and
t is the time of first coalescenceThe conditioni < j comesfrom the fact that we considerall unordered pairsof two individuals, of

which thereareK 5 Cin total, whereM is the numberof haplotypesWe considerthe conditionaltransitionprobability to switch from

the statetk, |, sLto Hi, j, tL, givenarecombinatioreventattimeu < sin leaf-branchm.

We distinguishbetweerthreetypesof transitions determinedoy how the first coalescencéme changer not:t< s, t=s, andt > s.
Thethreecasesaredetailedin thefollowing.

Y Definitions
We denotethe scaledrate of coalescencéetweenbranchi and j over time by | "/HL and always assumesymmetricrates
| LML= | ITHL We definethefollowing convenienmarginalrates:thetotal coalescenceateof branchi to all branchegincludingitself):

L'HL=3a |"HL
j=1

andtheoveralltotal coalescenceateof anytwo branches:
M-1 M N

LHL=a & I"HL
i=1 j=i+1

We alsodefinetheseexponentiatedhtegrals:

t
L™Hy; toL= exp{- 3 L™HLE n)
t

1

and

t
LHy; toL= ex;{- a LHLA n)

t
Y Equilibrium probability
The equilibriumprobabilityis thengivenas
QoH, i, jL= 1 " HLLH; tL,
which is normalized asshownin sectionl1.

Y Transitions with t<s

time

A~
k 1 m i

As shownin the picture,for this transitionto occurwe needto havem| 8, j<andthe resultingfloating branchcoalescenceeedso
takeplacebetweeri andj attimet andit mustnot coalescavith anyotherbranch,includingitself beforet. This canbesummarizeds:
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o [ MHLL™H tL if mi 8, j< and u<t.
H, j, t|k I, s u, M=
agHl, j, t| l<s {O else

m Transitions with t=s

time

k I m i

For this to happenpneof two thingsmustoccur:Either,any branchwith mb &, |< doescoalescdaterthant, or secondanyfloating

branchself-coalescebeforetimet (seeFigure).This resultsin thefollowing terms:
o t N L™Hi; tL if m! k andm! |
gH, j, t]k I, s U mig=3 | ™MHLL™H; kLak + {
u 0 else

m Transitions with t> s

time

t>s
: -
k ILm i i

Herewe requirem| & I« i.e.therecombinatiomeedsgo breakthe existingpair of first coalescenceA floating branchis thencreated
andit mustnot coalescébackwith any branch(includingitself) beforetimes. It is not necessaryhatthis particularfloating branchwill
coalescattimet, sinceanytwo otherbrancheould coalesceahenandhencemakeup thenewpair H, jL. We thereforerequirethatno
pair coalescebeforetimet, resultingin theterm:
- | WHLL™H; sLLH; tL if mT &, I<
H, j, t|k I, s u, mlsg=
gH, j, | Li>s { 0 else
= Full transition probability
Thethreecasesaibovecanbesummarizeds:
gHl, j, t|k I, s, u mk=
t |G + O jM THLL™H; (LQH - uL for to's
dH - 5Ld, de |(a | m'mHkLLmHil; kLak+ 11 - dmle - dm|M_mHll; tL) + L
AT ' ' [0k + Oy M THLL™HY; SLLH; tL - for t> s,

We showin sectionl1 thatthis conditionalprobabilityis normalized,j.e. that

M |
a a OH, j,t|kl, s u mat=1.
..0

i<j
for fixedk, I, s, u andm.

The full transitionprobability is thena sumover both caseswith andwithout recombinationjntegratingover the parameters andm
with uniform probabilitydensity:

11 sM
aHl, j, t]k |, sL=a M SdH- slddi+11- &M M- —3 a gH, j, t|k I, s u mLau
sSM o,
which resultsin the expression:
qH'I, j, t|k, |, sL=dH - SLdi.kdj,| q]_Hk, |, sL+ qu'I, j, tlk, I, sL (1)
with
11 t[ M t M
guk, | sL=a Mt 11- aMIW- — 3 |a 3 | ™MHLL™H; kLak+ & L™HitL|&u 2
t 0 ey U m 8,j<
and
11 U U <L ™H; tLA U if t<s
QoM .tk 1, sl= 11— & MISVE — gL 8 A . ®
s M L 1 (LY Upeg <L THE sLau if t>s.
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Note that because of the normalization we always have

M 0
qiHk, 1, sl=1-3 ao QxH., J, t|k, I, sLdt. @)

i<j

It will therefore suffice to constrain all further derivations to QxH, j, t | K, |, sLand omit explicit expressions for q; H, |, sL.

Note that the special case M = 2 does not reduce to the original PSMC model as derived in [1]. Instead it differs from PSMC in a subtle
way, because here we explicitly include the possibility that the floating branch coalesces back onto itself. This modification corre-
sponds to the introduction of SMC' [2] after SMC [3].

= Piecewise constant coalescence rate

We introduce discrete ordered time boundaries T, for @ =0 ... n with Tp =0 and T, = co. We define piecewise constant population
sizes which correspond to piecewise constant coalescence rates:

AHL= 25 for Ty <t < Tas. ®)

We define the discretized marginal rates

M-1 M
Ag=a a AJ
i=1 j=it+l

and
M
Amzé AZI/]

. . . e . Mt . .
In practice, we use quantile boundaries of the exponential distribution with mean K ’ O (in time units of 2 Ny generations):

ay M
T, = —log(l - —)“ K. O (©6)
n) 2

Let the next lower time boundary from t; be 8, and the next lower time boundary from t; be @. We use the shortcut A, = Ty — T,
The exponentiated integrals LH;; t,Land L”H; t;Lare then expressed as:

a-1
LHi; bllyep = exp| —ITg —tiM\g — & AcAc = Ho — TolAg |-
k=£+1
LHi; tol,—p = expH-Hh — tiLALL
and similar formulas for L"H; t,L, replacing A, with AJ.

With these expressions, we can compute all the integrals in the transition probability:

t

11
GH, j, |k |, s AL =11 -e™*M- —2AJ/HLy a L"Hitldu
s M

O m=(ij)
. 1 1 ij a-1 T7+] t
=ll-e™"M-—2'la a & L'"Mitldu+y a L"Hitldu
sM y=0 v m=iij) Ta =i jy
@)
11 ij -l Ty m ! m
=ll-e™ M- —2la a LTt e @ 9% dgu+ a 3 e du
sM o \com=iii I m=(ij) Te
. 11 [N} ot 1 m 1 m
=l-e™ M —2la a —N-e™YM T, 5t 8 — 11— A\,
SM o oom=ii AY m=lij) Vo

and

11 s
GHL .t |K |, S BLjms =11 —e™""M- — AWHLLH: tly a4  L™Hi sldu
s M 0 m={k,l}

11 .. B-1 Ty s
=l-e™ M- —2/Litlla a a L"Mgsldu+ a 3 L"Hisldu
sM

Y=0m=(k,) m=kd) TP
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11 i " '
=(1—e‘M”)——M L(s; 1) Z Z f L™(u; s)du + Z fL’"(u;s)du
s M Y=0 m=8,I< m=& <" #

N

1 - :
= (1 - @_Mrs) — EA;] L(S; l‘) Z Z y+1, fY 1@_ ye1—uLAY du + Z L;e—H—ttm;f Clu]

Y=0m=8,I< T m=8&,I<
11 Bl 1 1
i "
=(1-e™ )= =1 Lssn| Y D —(1-e™ M) L (Tpuss)+ Y, — (1- e,
s M ¥=0 m=8 < ;n m:&,1<A;f"

2. MSMC Discrete Time Transition Probability

We first compute the total weight of the equilibrium probability over each time interval:
To+1 i i To+1 )lfx'j
qoi, j, @) = f A LO; d 1 = 26" LO; To) f e Tt g = — L(0; Ty) (1 - e ™)
T, Ta @

For each time interval 5 we now compute the average coalescence time:

1 Tpe1 Aﬁ Tge1
(tg) = — rqo(t; B di = f tLO; 1) dt
qo(B) J15 L(O; Tﬁ) (1 — e D) Iy
A T,
= _ f g 1, e TslAs gt 9)
(1 — e Aﬂ) B
1

- m (L4 ApTp—e ™% (1+ Ay Tpy))

Note that this expression for <tﬁ) has a numerical instability for Ag < 1073, We set the following asymptotic values:

(Tg+Tp1)/2 forAp<107 and B+ 1< oo
(s} = Ts+(Ag)  forAg<107 and B+ 1= oo

To get discrete transition probabilities, we integrate the transition probability for each time interval @ through [7,; To+1], replacing the
time s with <t/3):

Tos
ai, jr |k, 1, ,B):f i otk 1 (1)) dt

«

Y First case: t<s

q(i, j’ a | k7 l7 ﬁ) |a<ﬂ

Tos al 1
f 1(1 B_erﬁ\ A’QJ[ Z e—AyA’y")Lm(TyH; t) + Z _ (1 — o MTalAY )]dt
To

m
y=0m= 8]< m= Hj<A

=0 m=8,j< @ m=8 ]< @

ol " Tn+1 " Tast
(1 —e-M”‘ﬁ‘ f[E > — Am e‘AYAy)L'"(Tm;Ta)fT M gy ) —(A —fT e HTLAT dt)]
gl m l m ] ] m
_ (1 7erﬁ\ 2 : 2 : 1 _ @—A,Ay)Lm(TyH;Ta) v (1 _ f—AnAn) + E : (Aa _ (1 _ @An/\”))

< y=0m= 8]< a m=8,j<Agl Agl
Y Second case: t>s

4G, j. @ k.1 ) losp

Tt 11 Al 1 1
f (l _e™ r)(ﬁ\) -
T, (ts) M

0 1) »[Z 3 (e )T (yl) Y (1 e )]‘”
B

Y=0m=8&,1<**y m=8& <"
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1

A (1= T AR

11 .. 1 Bl 1
(1= 9) = — W 1) ) — (1= e )| 3 D — (1 e ) (T )+ D
(3

<tﬁ> M ¥=0 m={k,1) Ny m={k.l)

>3

3. MSMC Emission Probability

An observatiorconsistsof an allele string O with allelesdenotedas O’ e {1, 0}. Realallele stringswith letters{A, C, T, G} canbe
normalizedto {1, 0}, approximatingaremulti-allelic SNPsby mergingof two arbitraryalleles.

Y Singleton branch length

To definethe emissionprobabilities,we needto definethe singletonbranchlength, T, a propertyof the treethatcannot be expressed
throughthe hiddenstatealone.As shownin the following picture, the singletonbranchlength of the treeis the sumof all those
branchesvhich would give rise to singletonmutations shoulda mutationoccuron thatbranch.Note thatthis definition is definedfor
minor allele counts. This meanghat 7y includesthosebranche®f thetreewhich resultin a derivedallele countof M — 1 alleles.The
singletonbranchlength can be estimatedocally from real datain an approximatelyindependentnalysisfrom MSMC itself, see
section6. For thefollowing, we assumehatwe haveanestimateof T, ateverypositionalongthesamples.

Singleton branch length T

First coalescence time t { I I |/—|

Note thatthe singletonbranchlengthis not strictly independenfrom thefirst coalescencéme. For MSMC we ignorethis interdepen
dency,asjustified from simulations,seemain text and Supplementary Figure 3. Instead,we treatthe local estimateT asa soft
constraint.This meanghatin the emissionprobabilitiesbelowwe alwaysconsidemaxTy, M ) whenwe write T;. This meanghatwe
alwayssetT, = M t whenwe computeatermwith M ¢ > T,. Thisis anevidentrequirementasseenin the pictureabove:The sumof all
blue branchesnustbe atleastaslongasM timesthefirst coalescencémez.

Y Emission categories

For morethantwo haplotypesi.e. M > 2, the possibleobservationgiivenstate(z, i, j) fall into thefollowing categoriescorresponding
to thelist in Online Methods:

1. All allelesarethe same no mutationoccuredwithin the singletonbranchesiorin the restof thetree,which happensvith
probability

eO|t, i, )=1-puT,.

In this formula,we ignoretherestof thetreeoutsideof T;: sincewe only know the averagebranchlengthof thetree,this would
resultsimply in aconstanfactor,independenof the state(z, i, j) atthatposition,andhencedoesnot affectthenormalized
posteriorprobabilityacrossstates.

2. Thetwo allelesin samples and; differ, 0’| 0/, andthisis the only differencebetweenanytwo samplesin this case amutation
occurredin oneof theleafbranches or j, resultingin theemissionprobability

eO|n i, )=pt

3. Bothleaves and;j havethesameallele,0' = O/, andexactlyoneof the otherallelesdiffers from 0 and0’. In thatcasea
mutationoccurredsomewheravithin the singletonbranchlength; of thetree,but outsidethetwo leaf branchedeadingto i and;.
Becausehis includesmutationswith resultingallelecountM — 1, asdiscussedbove the emissionprobability consistsof two
terms.First, the probability thata mutationoccurswithin 7; butsomewherdiigherup thetreethantimer is u(7; — M r). To turn
this into the probabilityto observea specific singleton this needso be normalizedby the numberof possibleobservationsvith
minor allele countl outsidethe pair of first coalescenceyhichis M — 2. Seconda mutationmay haveoccuredmorerecentlythan
t in theleafbranchcarryingthe singletonallele, which happensvith probability u 7:

H (Ts -M t)
eO|t, i, )= ————— + put.
M-2

4. A higherfrequencyvariantwith minor allele countlargerthan1 occured butwe haveO’ = 0/. This meanghatno mutation
occurredanywherewithin T, sothis resultsin the sameprobability asfor categoryl:

et i, )=1-uT,.

This ignoresanytermsfrom mutationshigherup thetree,with the sameargumentsin categoryl above Forthe samereasonwe
do notnormalizethis termby the numberof possibleobservationsasis necessaryn thefirst termof category?.

5. A higherfrequencyvariantwith minor allele countlargerthan1 occuredbutwe haveO’ ! O/. This requiresatleasttwo
mutations,onewithin the pair of first coalescencandoneoutside which we assumeo occurwith zeroprobability:
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eO]|t,i, j)=0

6. Some samples have no alleles called at a position. As in many other HMM implementations, we model missing data by setting the
emission probability to 1 for all states:

&0t i, )=1.

4. MSMC Hidden Markov Model

We can now define a Hidden Markov Model, using the above defined transition and emission probabilities. For a given sequence of
length L, we define the observations as O; ... Op.

We define a forward variable fi(a, i, j) ... f.(@, i, ]) by the recursion relation:
e Initialisation
fi(e, i, ) = do(@) &0 |, i, j)
e  Recursion
fu@. i, )=&O, @i, ) Y a@. i j|B kDfB kD for 2<n=sL,
Bk<l}

where the notation {K < I} means that the sum over those indices is performed only through the set of unordered pairs, i.e. with the
constraint k< | ori < j.

The backwards variable by(a, i, j) ... b (e, i, j) is defined analogously:
e Initialisation
bo(a,i, )=1
e Recursion
bu(B. k.= Y @O i Dae.i.j| Bk Dbue.i. ) for T<n<lL.
ai<j)

Naively implemented, the transition complexity of the forward- and backward-recursion scales quadratic in the number of time

segments, and it scales as M* with the number of haplotypes M. As we show in the following, this complexity can be reduced to the
second power of M by exploiting symmetries in the transition matrix.

m Exploiting the transition symmetries for optimization

M .
We normally do not expect all ( ) ) different coalescence rates (all pairs of indices i, J) per time interval to be different. Instead, we

normally consider the case in which our samples come in groups, forming subpopulations.

More formally we define index sets Iy, I, ...1,,, such that each pair index i, j is in exactly one index set. For example, if we consider
M =4 haplotypes from only one population we have one index set || = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)} in which all pair
indices are. If the haplotypes come from two different subpopulations, with the first two haplotypes from subpopulation 1 and the other
two from subpopulation 2, we have three index sets:

Iy ={(1,2)} (first coalescence is within population 1)
I, =1{(1, 3), (1, 4), (2, 3), (2,4) (first coalescence is across populations)
I3 ={(3, 4)} (firstcoalescence is within population 2)

We define the marginalindexy; ; to yield the index set in which a given pair i, j resides. We set equal coalescence rates for all pairs
(i, j) within a given index set, and denote this coalescence rate for index set U by A%. We then have
o =A% withu=¢;;

Because the coalescence rates are symmetric within each index set, so are the transition probabilities:

ol i, j| B. k. D) =ai(a, ¢ij) 605056, + R, @i | B or))

We can exploit this fact to optimize the transition process in the forward- and backward-algorithm of the Hidden Markov Model.
Without optimization, we had the forward recursion:
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fobd, i, jL=etOn|a, i, jLa fnabb, k, ILgH, i, j; b, K, 1L,
bk<l

which scalesasM* (needgo beevaluatedor all a, i, j, eachof which hasasumoverb, k, 1).
To optimize,we definethefollowing marginalforwardvariable:
Fob, ul= a foh, i, jL

iy

With this definition therecursiorreads

fnl-av ix JL= eml’] | a, iv jL fl’l— 1|‘$, i, JqulavJ i,jM+— é Fn- 1|_bv VLqZIavj i,j; bv V'\}
byv

which scalesasn;?, wheren; is the numberof index sets(which is rougly quadraticin the numberof subpopulations$inceno sum
acrosspairtuplesareinvolved.

Similarly, for the unoptimizedversionof the backwardsecursionwve have
bpHb, k, IL= & eMn:1|a, i, jLbneitd, i, jLgH, i, j; b, K, IL
a,i<j

We definethe marginalbackwardvariable:
BoHh, UL= & boHh, i, jLetDn |, i, jL

HLjL 1,
With thiswe get
bnhb, K, IL= eMDpe1 | b, K, ILbpe1Hb, K, ILg1lD, j M- & émra, uLgzla, u; b, j M

a,u
Y Optimization for SNP-free regions

We now considerthe interval @, n,L with lengthn, - n; =1 in which siteshaveno SNPs.We thenhavetrivial emissionprobabilities
of

ekDn | a, i, jL=eotL for ni @, n,D
Y Forward Recursion
We canthenwrite theforwardrecursionthroughthe entireregionas
foh, 0, jL=a g'H, i, j| b, k, ILf, Hb, Kk, IL
bk<l
with thematrix powerg', definedrecursively:
g'H, i, j| b, k, IL=gH, i, j| b, k, ILegkaL

g'Hy, i, j| bk IL=ekl a g" ', m, n|b, k, ILgH, i, j|g, m, nL

g,m<n

We assumehatwe canwrite the propagatiormatrix in theform

g, 0 jI bk, IL=dypddyy dhla, oM gbla, jij| b, j M

with giH, uL= q1H, uLegkal andglth, u| b, vL= qoH, u | b, vLegHL

We canhencewrite therecursionequationusingthis form andthe similar form for thetransitionmatrix:

gy, i, jI bk, IL
= el &  Idyp Oy Gy OY ), | malt 05 110, j mn | b, | Wdag Gmdjndala, j ijMrdzla, jij| g, j maW

g,m<n

= eO"&L a |dg,b dm,k dn,l gll- ll'gv J m,nl—da,g d,m dj,n Q1|a, J i,jM" glé llgv J mn | b, J k,IMja,g di,m dj,n Q1|a. J i,jM“'

g,m<n

Ay b O Chy 91 W, § mnLd2la, j i | 90§ maMF 9521, j mn| by J kiMi2la, j i | 9, § maW
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= egthL{d, p O 0y 05 M, i Mula, M g5 ta, oy | b, jiMula, j i Mk

g b, jgMela, jij| b, jigMra Hyxds tg, wlb, j Mela, i, W'\)

gw

where! |, ! is thenumberof pairsin thesetl,,.

We readoff thetwo recursiorrelations:

giH, uL= ephlgy H, ulgiha, Ul

and oM, u| b, VL= epthl| g5 *H, u| b, vigaH, uL+ g 'Hb, vigokh, u| b, v+ & Hy £g5 THy, w| b, vigoH, u| g, wi

gw
Giventheform of the propagatiormatrix g, we canmakeuseof the abovedefinedmarginalforwardvectorF, HL:
fokd, i, jL= f, My, 0, jLdla, jijMFa dhla, jij| b, VMR, kb, VL
b,v
Y Backward Recursion

Similarly, for the backwardrecursionwe have
botb, k, IL= & hHy i, j| b,k ILbyHy i, jL
a,i<j

with
hita, i, j| b, k IL=gt=qHh, i, j| b, k, ILeghhL

hH, i, j| bk IL=a h"H,i, j|g, m nLgt, m n|b, k, ILepHL

g,m<n
We try to write h' in theform
W, i, j| b, K, IL=dypdydjy hila, jijM-hbla, jij| b, j oM

with hiH, uL= qiH, uLegkal andhdka, u| b, vL= ok, u| b, vLegHL

Fortherecursionit thenfollows:

hH, i, j| bk IL

= a eO}'ngda,g di,m dj,n hll- 1Ia, J i,jM+' h|2- 1Iav J ij |g‘ J m,nl\Mdg,b dm,k dn,I qll'gv J m,nl—+ Q2|9, J mn | bv J k,II\WI
gm<n

= a eMylldagdimdin hli Ya, Jij Mjg,b Opk Oy AiHd), | mnl+ hlz_ Ya, Jij | g m,nMjg,b Opk O Aihd), | ml+

g.m<n
da,g dim dj,n hll_ 1Ia, i i,jiMi2lg, j mn | b, j K ME hlz_ 1Ia, i ij | 0, J mnMEIg, | mn | b, j L.
=dyp Gy dy b Ma, jijMila, j i jMokL+ 5 ta, j i | b, j i Milb, j i MotbL+
eola, j i jML Ma, jijMpla, jij| b, jMa Hyhhta, jij|g, wMplg, w| b, j Mo,

gw

from which we readoff thetwo recursiorrelations:

hiH, uL= ephaLh} *Hh, uLasH, ul, and hhH, u| b, vL=
h5 H, u| b, vLaHb, viephbL+ ephhLhl “H, uLgpkh, u| b, v+ & Hy, +hs H, u| g, WiopH, W] b, vieghL

gw

We canagainusea marginalizedversionof the backwardvariablefor speedup:

bahb, K, IL= hilb, j  ;Mb Hb, k, IL+ & hhla, u| b, j  MB,. H, UL

a,u

with
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Bath, uL= & bk, K, IL,
KT 1y
which is differentfrom énm, uL, asit doesnot usethe emissionprobability.
Y Missing data

For contiguoussegment®f missingdata,we canapply the samerecipeasfor homozygousegions,simply replacingthe emission
probability egh, i, jL with 1 for all states All the matrix powersasdescribedabovecanthenbe computedwith the samerecursion
formulas.

5. Parameter Re-estimation

The objectivefunctionin the Baum-Welchalgorithmis definedas

Flg, V= 3 loglala, i, j| b, k, I; gNXH, i, j| b, k I; O, oL
a,b,a<js&k<I<
with

L
Xk, 0, jI bk 1,0, db=a xH, i, jI bk I;0,dqb
n=2

and

X, 0, | b,k I; O, gb= fabb, k, ILgH, i, j| b, k, |; qLeMDne1 | &, 1, jLbnea b, 0, jL

Here,q denoteghe setof parameterso belearnedwhich areall coalescenceates & andtherecombinatiorrater .
There-estimategharametersreobtainedoy optimizingovera:

q' = argmaxFlg, gM
a
We canwrite the objectivefunctionas

Flg, gV a logloyla; gMl, 1 d i i + Gzla | b; gWKHA, i, j| b, k, |; O, gL
a,b,8<js&<I<

We now separat@ut the diagonalpartof thesum:

Flg, gv= & loglgsla; gMr gpla | a; gMKgiqth; O, gL+

a

a loglggla | b; gWKqH | b; O, oL
a,b

anddefinethetwo separatesums:

Xgiagt | O, oL=a XH, i, j|a, i, j; O, oL

8<j<

and

Xoith | 0; 0, dl= & XMy, i, j| b,k 1;0,qLIl- dypdhydM
d<js&<l<

Now the objectivefunctionreads:

Flg, gv= & loglgsla; M+ gola | a; gMKgaqth | O, al+ & loglgpla | b; giKyeH | b; O, ol

a al b

The advantagevith this form is that X canbe efficiently computedusingthe marginalforward-andbackward-variablefom above.
We first write

1 1

L- L-
Xohh | bL= & XjgHh| bl and  Xgagtl=a X, L
n=1

=1

with
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Xt | bL="a  fuHb, Kk, ILak, i, j| b, Kk, ILeMDns1 | @, i, jLbneskd, 0, jLIL- dypdicdV
8<j<8(<|<
= a  fob, k ILapHh | bLeMDne1 |, i, jLbnea, i, jLIT- dyp iy M
8<js&<l<
= FotblgpHa | bLB,HL- dapa foH, i, jLopHh | alebDnes | @, i, jLberh, i, jL
d<j<

and

XiagtL= &  fabb, Kk, ILgH, i, j| b, k, ILeMDp.q | @, i, jLbne1h, i, jLOg iy Oy

8<jst<l<

=a fh, i, jLH L+ ot | allekDn.q | a, i, jLbgeaH, i, jL
a<j<
Y Constrained optimization

The Baum-Welchalgorithmin principle lets us re-estimateall coalescenceatesand recombinatiorrates.However,in practicewe
constrainthe numberof free parameters:
ParameteConstraints:

e Forfixeda andu, all coalescenceates 'aJ with j j ; = u needto beequal wherej ; ; denotegheindexsub-groupasdefinedin the
beginningof chapterd.

e Parameterfor neighbouringime intervalsmaybe constrainedo be equal,accordingto a definedpattern.For humandataandone
singlepopulationwe usuallyuse40time intervals,with quantileboundariessin equatior, andthe mostrecentl0 intervalsleft
asfreel parametersandthe other30 intervalsjoinedto pairsof 2, leadingto 25 free coalescenceateparameterg-or samples
comingfrom two subpopulationsye usuallyuse30 time intervals,with thefirst 8 beingindependentandthelatter22 being
joinedto pairsof two, leadingto 19 free parametersvithin eachpopulationand19 additionalfree parametersor the coalescence
rateacrosgpopulations.

e All coalescenceatesacrosgpopulationamustbe smalleror equalto the meanratewithin thetwo populationssuchthatthe
relative crosscoalescenceatein intervala, g, = 21 22+H 1t + | 22L remainsbetweerD and1.

e All coalescenceatesmustbepositive.
€ Therecombinatiorratemustbe positive.

Theseconstraintcanbeincorporatednto numericaloptimizationtechniquesisinglogarithmicandtangentialvariabletransformgsee

[4)).

6. Estimating the singleton branch length

The local singletonbranchlengthof the treecanbe estimatedapproximatelyfrom the data.For thatwe build an HMM inspiredfrom
PSMCor PSMCGMSMC with 2 haplotypes)with observationdeinga sequencef 01000@nd0O.Oxere,01@enotesa positionwith
minor allele count1 (a singleton),00@enotesany othercalledpositionandO.@enotesmissingdata. The hiddenstateof this HMM is
the singletonbranchlengthTs. It is straightforwardto seethatthe emissionprobability of thatmodelis:

eH|Tl=1- mT,, e|Tl=mTs, eH|Tdl=1.

This is very similar to the PSMC/PSMC®missionprobability, with the only differencebeinga missingfactor 2 in front of T, see
below.

It is difficult to deriveananalyticallyexacttransitionprobability for thatmodel,sincethe recombinatiorprocesshatchange®netree
to anotherdoesnot only dependon the singletonbranchlength.However,we find thatsimple heuristicsare goodenough:We know
that mostrecombinatioreventsthat changethe singletonbranchlengthoccurwithin the singletonbranchlengthitself, which happens
with probabilityr Ts. Forthe probability conditional ontherebeinga recombinatiorevent,we now simply approximatehe processy
the analogousxpressiorirom PSMCOequationsl, 2 and3, usinga constanipopulationsize (to avoid havingto re-estimatdls every
iteration of MSMC) andreplacingt = Ts*2. The factor1«2 is importantbecausd®SMC considershalf the total branchlengthasits
hiddenstate whereasherewe usethe branchlengthTs itself ashiddenstate.

We againdiscretizethe statespacesimilarly to MSMC usingquantileboundaries:
i
— " R+ 1HM - 1L

Tsi = - Iog(l-
nr,

s

where2 + 1«HM - 1L is the expectedsingletonbranchlength:It is the sumof the leaf branchlengthof the tree (whichis 2 in units of
2 No) andthatpartof thetreewhich givesriseto variantswith derivedallelefrequencyM - 1 (whichis1¢HM - 1L in unitsof 2 Np).

We thenrun this HMM via the forward- backward-algorithnto obtainlocal posteriorprobabilities.For the discretizationintervals,we
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We thenusethe maximumposteriorpathasbestlocal estimateof Ts. Thereasorwhy this simpleapproactworks sowell despiteall the
approximationss the fact thatthe maximumlikelihood pathof Ts is very muchdominatedoy thelocal emissionrates,andnot somuch
by thetransitionrates.

Y Testing the singleton branch length estimation with simulations

To testhow the approximationsn our singletonbranchlength estimationinfluencethe demographidnference we canusethe true
singletonbranchlengthlocally directly to usefor T in the MSMC emissionprobability. As shownin Supplementaryigure 3, this
comparisorrevealsthat both the HMM estimationof Ts andthe true value obtainedfrom the actualtreesfrom the simulationare
remarkablysimilar, revealingalmostno effect of eitherthe approximatiorinvolvedin usingPSMCO#ansitionprobability, nor in using
a constaneffectivepopulationsizefor the estimation.

Thereis oneimportantnoteaboutcomparingwith thetrue singletonbranchlengthfrom simulationslt is quite tediousto computefrom
the Newick-treeg(outputfrom MaCS[6] andms [5] coalescensimulators)the full minor allele singletonbranchlength.As defined
above,Ts doesnot only includetrue singletonsput alsomutationswith derivedallele countM - 1. In thesecomparisonswe therefore

changethe definition slightly to Ts, which includesonly singletonswith derivedallele countl. Thisis very easyto extractfrom the
Newick-treeformat, sinceit is simply the sumof all leaf branchesCorrespondinglyin the MSMC emissionprobability we haveto use

a slightly differenttermfor category2: etD | t, i, jL= m'l.'s- 2tMHM - 2L, which s straightforwardto see giventhe slightly simpler

definition of 'I.'S. We usethe modified definition 'I.'S only for the MSMC runsusingthe true singletonbranchlengths(dottedlinesin
Supplementarfigures3).

7. Coalescent simulations

Y Zig-Zag simulation

We first generated single populationwith a zig-zagtype populationhistory,implementedn ms [5] asa sequencef exponential
growthsanddeclines:

ms4 1 -t 7156.0000000 -r 2000.0000 10000000 -eN 0 5 -eG 0.000582262 1318.18 -eG
0.00232905 -329.546 -eG 0.00931619 82.3865 -eG 0.0372648 -20.5966 -eG 0.149059 5.14916 -eN
0.596236 0.5 -T

Here,thefirst paramete(4) is the numberof haplotypeswhich we variedamong2, 4 and8.

Y Split simulation

In the secondscenariove simulateda singlepopulationwith MaCS [6] that split into two constansizepopulationsThe commandine
for this caseis:

macs 4 30000000 -t 0.0007156 -r 0.0002 -1 2 2 2 -¢j 0116 2 1 -T

We againgeneratech datasewith 8 haplotypedor this scenarioyeplacingthe first commandine argumenwith O8Gandthe three
parametersifter O-1Quith 024 40 Also, the parametefollowing O-ej@etermineshe scaledtime of the split, where0.116corresponds
a split 100kyausingour generatiortime andmutationrate.We simulatedvariousvaluesfor the split time betweenlOkyaand150kya,
simply scalingthe parametegfter O-jO.

SinceMaCS cansimulatefasterandmoreefficiently, we simulate30Mb per simulation.With ms, we only simulate1l0Mb. Notethatms
is neededo simulatenegativegrowths,which MaCS currentlycannotdo.

Y Simulations with sharp population size changes

We simulatedtwo historieswith sharppopulationsizechangesOnewhich mimicsthetrue change®bservedn CEU (seeSupplemen-
tary Figure 2a):

macs 4 30000000 -t 0.0007156 -r 0.0002 -eN 0.0 10.8300726663 -eN 0.00116452394261
1.08300726663 -eN 0.0174678591392 0.216601453326 -eN 0.0465809577045 1.08300726663 -eN
0.0873392956959 3.24902179989 -eN 0.232904788522  1.08300726663 -T

andonewhich mimicsthe historyobservedn YRI (seeSupplementarfrigure 2b):

macs 4 30000000 -t 0.001 -r 0.0004 -eN 0.0 825 -eN 0.0025 0.825 -eN 0.0416666666667 2.475
-eN 0.166666666667 0.825 -T

Again, we replacedhefirst paramete©4@vith 02@ndO8@o simulatefeweror morehaplotypes.
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Y Population split with migration

This commandine simulatesa populationsplit 100kyawith subsequentnigrationof 0.0002per generatioruntil 50kya,as seenin
Supplementar¥igure 2c.

ms4 10000000 -t 10000 -r 4000 -1 2 2 2 -¢j 0116 2 1 -eM 0.058 16 -T

Y Population split with population size changes

This simulatesa populationthat split into two populationsl20kyawith varying populationsizechangesesemblinghe CEU/YRI split
without any migration,asseenin Supplementar¥igure 3d

macs 4 30000000 -t 0.001 -r 0.0004 -1 2 2 2 -eN 0 95 -en 0.000833333333333 1 0.95 -en
0.0025 2 0.95 -en 0.0125 1 0.19 -en 0.0333333333333 1 0.95 -en 0.0416666666667 2 2.85 -ej
0.05 2 1 -eN 0.166666666667 0.95 -T

Y Hotspot simulations

We usedthe softwaremsHot[7] to simulatesequencesinderthe true recombinatiormapin Humans,obtainedfrom the HapMap
project.We simulated100 chromosomesgachwith 1Mb long sequencefor 4 haplotypesWe chosethe samecommandine asfor the
zig-zagsimulation,with a scaledrecombinatiorrate of 4 No r = 0.0005%, a scaledmutationrate of 4 Np m= 0.000715( andadditional
parameters

-v n <start_1> <end_1> <|_1> <start 2> <end 2> <[_ 2> .. <start n> <end_n> <l_n>,

whereeachblock of recombinatiorratesis takenfrom a randomchunkof the true humanrecombinatiormap. The <I_i> valuesare
givenasmultiplesof the averageecombinatiormratein humansof 1 cM/Mb.

8. Comparison with diCal

We applieddiCal [8] to 10Mb of simulatedsequencdrom 8 haplotypesThis sequencéengthwasusedin [8] to demonstratéhe
method,it is currentlynot practicalto runit onlongerdatasets We usedthefollowing commandine to rundiCal:

java -Xmx65G -d64 -jar diCal-v1.2/diCal.jar -F "chrl.fasta,chr2.fasta,...,chrl0.fasta" -C
10 -I params.txt -n 8-p "3 22222223 -t 1

whereOchrl.fasta@chr2.fastaO denotel 0 fastafiles, eachwith 8 haplotypef length1Mb. We alsotried O-t0.5CandO-t0.10(see
Supplementarfigure 10).

9. Processing Genomic Data

In contrasto PSMC[1], we do not needto bin all datainto binsof 100bpbut cansimply go througheverybasepaiin thegenomeAs
describedabove we optimizedMSMC for efficient traversalbof SNP-freehomozygousegmentsaswell asmissingdatasegments.

In practice the MSMC implementatiortakesasinputfiles simpletab-separatefiles, onefor eachchromosomesuchasthis:

58432 63 TCCC

58448 16 GAAA

68306 15 CTTT

68316 10 TCCC

69552 8 GCCC

69569 17 TCCC

801848 9730 CCCA
809876 1430 AAAG
825207 1971 CCCT,CCTC
833223 923 TCCC

RPRRPRRRPRRRRER

Here,thecolumnsare:
1. Chromosome
2. Positionof the SNPin thechromosome
3. Numberof calledbasessincethelast SNP,including thesite at this position.

4. Theallelesatthesitein questionComma-separatedariationscanaccountfor missingphasingnformation,asin seenin theline
beforethelastline in theexampleabove.ln practice we simply averagehe emissionprobability at thatsite overall variations.
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We accountfor missingdatain this formatthroughthe third column.This numberis alwayslargerthanzerosinceit alwaysincludes
the site at that position.However,if the numberof calledbaseds smallerthanthe physicaldistancesincethe last SNP, the restis
assumedo be missing.This encodingof missingdataneglectanformationaboutthe exactpositionsof missingbasesbput simply gives
the total numberof them ssincethe last called site. In practice,we assumehat all missingbasessincethe last called baseform a
contiguousblock right after the last called base.This way we only needto apply the recursionin the forward- andbackwardvector
twice: oncefor the block of missingdataandoncefor the block of homozygougalledbasesTheerrorin this approximatiorshouldbe
negligible, sincethe forward- and backwardvariableswill typically changeon much larger genomiclengthscaleshan between
individual SNPs suchthatthe exactdistributionof missingbasedetweertwo SNPsshouldnot affecttheinference.

In our implementatioron github, we provide scriptsthat facilitate the generatiorand processingf theseinput files from e.g.BAM
files or CompleteGenomicsVCF files. We alsoprovideadditionaldocumentatioraboutthe softwareasa README on github.

10. Relationship to Island-Migration models

In derivingthe transition-andequilibrium probabilitiesfor timesof first coalescencese haveparameterizedur modelusingeffective
coalescenceatesbetweenall pairsof lineages) "HL This parameterizatioiis very generalandallows us to modela) scenariosn
which all haplotypesaresampledrom onepopulation| "IHL» | HL, with no differencesbetweerratesbetweendifferentlineagesand
b) scenariosith haplotypessampledrom differentsubpopulationsin thelatter case,t is interestingto askhow our parameterization
relatesto amodelwith two separategopulationsandtime-dependenhigrationbetweerthem.

Considerthe caseof two populationswith time-dependenpopulationsizesN;HL and N,HlL, and a time-dependenand symmetric
migrationratemHL betweerthem.We believethat sucha parameterizatioiis equivalentto a parameterizatiomsingcoalescenceates
within populations) 11HL and| 2?HlL, anda crosscoalescenceatel 1?HL, wherethe indicesheremeanpopulationsnot lineagesWe
meanby Oequivalent@at for everytwo-islandmodelwith symmetricmigration rates,parameterizedby 8\;HL, N,HL mHis, there
existsamapping

A\ HL NHL mHL<™ 9 1HL | 12HL | 22HL=
suchthatthedistributionof first coalescencémes,qoHiL, is the samein bothmodels.

We canindeedshowthis for the specialcaseof two haplotypesdrawnfrom different subpopulationsas shownbelow. We further
hypothesizehatthe equivalencénoldsfor moregeneraisland-migratiormodelstoo, butwe emphasizeéhatwe cannotprovethis.

It is importantto highlight the fact thatwhatwe term Orelativesross-coalescencateOdefinedasgHiL= 21 2HiLs H 1 1HL+ | 22HILL in the
article, is not equivalentto the migrationrate. The exactrelationshipis more subtle,evenfor the specialcaseof two haplotypeqsee
below) andin principle would involve numericalsolutionsto differential equationsHowever,intuitively, it may helpto imaginethe
migrationratemHL asbeingcloselyrelatedto the rate of changeof the relative cross-coalescenaategHlL: Considera situationin
which two populationshavebeenseparatedgincetime T, but thattherewasa brief periodof relatively strongmigrationbetweerthem
aroundtime T, < T, wheretimesarecountedbackwardsn time. The expectedelativecrosscoalescenceategHlL would thenbe:

0 fort< Tn
gHL= { 0<gn<1l forTp<t<T
1 fort” T,

i.e. astep-likefunction,in which the brief pulseof migrationwould increasegHlL to someintermediatesalueg,, beforeit would reachl
at the split time T. Clearly, if migrationis more ongoingratherthenshortandstrong,gHL would increasemore steadily,in a well
definedway whichis howeverdifficult to deriveanalytically.

Y Constant migration rate, two haplotypes

Considertwo haplotypesgachof which drawnfrom two separatg@opulationsLet usfirst considerconstanparameterd\;HL» N; anda
constantmigrationratemHlL» m. As shownin [9] the distributionof first coalescencémesqgHlL canin thatcasebe computedrom the
matrix exponentialbf a Markov rate matrix. The five statesof the Markov processarethen:S;;, both genesarein populationl; S,,
both genesarein population2; S;,, onegeneis in populationl andthe otheris in population2; S;, the geneshavecoalescedndthe
singlegeneis in populationl; andS;, the geneshavecoalescedndthe singlegeneis in population2. It is straightforwardto write
downthe5S5 ratematrix,! , for this processusingthethreeparameterdl;, N, andm, asshownin thereferencedrticle. The probabit
ity densityof first coalescencémescanthenbe expressea@sthe probability thatstartingwith stateS,, the systemwill eventuallybein
oneof theabsorbingstatesS; or S;, which canbe expressedhy a matrix exponential:

PsHL= @M s,

wheretheindicesdenotethe endandthe startstate . The probability densityof coalescentimes,dg opornHl is then

1 1
Qo HobolthtiL= —— Ps HL+ —— Pg HL
2N; 2N,
We cannow very easily showthat a single time-dependenparametet °HL, which denotesthe effective rate of cross-coalescence
betweenthe two lineagesjs sufficentto parameterizehis probability density.As definedin chapterl, the equilibrium probability of
first coalescencémesin this specialcasecanbe expresseas
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t
QoHL=1 CHiLex;{- a | CI-ﬂ'Lét').
0
We canrewritethis as

aLHL

QoHL= expH HLHL- LHOLLL

at
with LHL beingdefinedasthe anti-derivatived LHLs&t = | °HL. It is thenclearthat the function LHL which solvesthe differential
equation

aLHL

expH HHIL- LHLLL= G popornHIL
at
leadsdirectly to thedesiredsolutionfor | HL. This showsthatfor this specialcase both parameterizationareequivalent.

Y Time dependent migration rate

If populationsizesand migrationratesaretime-dependenthe approachfrom [9] needsto be modified. In that case the Markov
transitionmatrix is itself time-dependengxpresseds! HL, andthe formulafor the equilibrium densitycanstill be expressedsa

matrix exponentialputwith anadditionalintegral:

t
! I-H'Lét')F ,
S

Stz

PsHL= Bax;{a
0

which still canin principle be parameterizegtia a singleratel °HL asshownabove.

Y More general cases

In the moregeneralcasef morethanonehaplotypeis sampledrom eitheror both of the two populationsjf morethantwo popula
tionsarepresentor if recombinatiorcomesinto play, we still hypothesizeahat effective coalescenceateswithin andbetweerpopula
tions aresufficientto modelanyisland-migratiormodelwith symmetricmigrationrates.But aslong aswe lack a formal proof of this,
we acknowledgehatit is not entirely clearwhetherour parameterizatiofis exactly mappableo anisland modelor whetherit only
approximatest in themostgenerakase.

11. Normalization Proofs

Y Helpers
We define the antiderivativef "iHL with %f MHL= | "THL Also we defineF'HL= UM, f "JHL suchthat i FHL= L'HL andsimilarly
FHL= Ui, f ML suchthat & FHL= L HL
We thenhave

[2 mj mj
L™Hy: tL= ex;{- 3 L™HiLE n) = gl Pl
t

and

t
LHy; toL= ex;{- a3 LHLA n) = gl PRl
t.

1

We thenhave:
t t FHL
a3 LHILLK; uLdu=3 FrHLE™MEFLE = g™y azgz=aMa ™o a P 1o Lo (10)
s s FHL
andsimilarly
t
3 LMHILLMH; uldu=1- L™k tL (12)

S

Y Normalization of the equilibrium probability
The equilbriumprobabilityis
gH, j, tL=1 "THLLH; tL

We checknormalizationby integrating
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M 1 1 M 1
a a gt j,tLat=3 a |"HLLH;tLAt=3 LHLLH;tLAt=1- LH;! L=1
i<i O 0 ._. 0
] <]
usingequationlO.

Y Normalization of the conditional transition probability

In a bit moreformal style, the total transitionprobability canbe expressedisingKronecker-Deltasndthe Heavyside-functior. We
have

gH, j, t|k, I, s, u, m=
|G + OmjM THLL™H; tLQH - uL for ta's

t
dH - SLdl K dj |(a | m'mHkLLmHl; kLak+I11- dm le - dm|M_mHl; tl_) + L
NG, ’ ’ Ik + Gy M THLL™HE SLLIS EL for t> s

Now the normalizatiomneedgo hold for thetotal parametespaceof thetriple H, j, tl:

M |
a a OH j tik 1 s u mLat
i<j O
Mo t
=a a dHl - SLdi'k d”(a Im'mHtLLmH]; kLak+ 11 - dm’le' dm’|M_mHl; tl_)ét
.0 u
i<j

- (12

+3 a4 0mi + O M THLL™H; tLQH - uLAt
i<j O
Moo .

+8 3 dp+ dy M THLL™H; SLLK; tLEL =

i<j s

We computeall threetermsseparately:
First Term:

M ! t
aa OH- SLdi'kd“(a | ™THE L™ KLAK + 11 - dhy MLy MHE, tl_)ét
.0 u

i<j
S
=3 | ™R KLEK + 11 OhyyyML - chy M. h; sL
u

Secondlerm:

M S .
a4 a I0mi + dyyjM"THLL™HI; tLOH - uL&t
i<j 0
M S -
=4 3 lOpj+ dn;M"HLL™H; tLAt
i<j u
S .
=a 3 |™HLL™H; tLAt
itm Y
S
=a HHL- | ™MTHILL™H; tLat

u

Third Term:

M '
A a Idpy+ oM HLL™H; sLLK; tLAE
i<j S

= 10y + Oy M sl L HLLK tLAT
S

Thesumof all terms:

S
a | ™MHLL™H KLAK+ 11 - dhyy M- dy MH; SL

u

S
+3 HLMHL- | ™MHLLL™H; tLAt

u
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1y + Gy MM SLy L HLLH tLAT
S

S 1
=11- OpyML- Oy M."H; SL+ 3 L™HLL™H; tLAT + Iy + dy M™Hi sLy - L HLLE; tLAt
u S

=11~ OpyML- Oy M"HE SL+ HL - L™ UL+ Iy + Oy MU™HEG SLHL- LH | LL
= L™ sL+ M- L™Hb; slL
=1
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