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Abstract:

A simple mechanical model of sound propagation in the human ear from the entrance to the ear canal
up to the round window membrane is outlined. The model shows the outer, middle and inner ear as
two waveguides connected by a lever mechanism. The case when a sound wave from a sound source
at a given frequency and intensity goes into the ear is considered. The sound as a plane elastic wave in
the air of the ear canal is partially reflected from the eardrum and after relocation by a lever of the
ossicles; it runs as a plane elastic wave in the cochlea fluid to be finally damped at the round window
membrane. The basilar membrane excited by the running sound wave in the cochlea is taken as a chain
of separate fibers. The power of the sound reaching the ear is compared with the power of the sound
carriers in the ear. As a result, simple rules for the amplitude of the stapes footplate as well as for the
amplitude and pressure of the forced acoustic wave in the cochlea are obtained. The formulas for the
amplitudes of the membrane of the round window and the basilar membrane are also shown. The
results of calculations based on these rules were compared with the measurements made on temporal
bone specimens. The tests were done for the level of the sound source intensity of 90 dB and a set of
frequencies from the range of 400-10,000 Hz. The amplitudes of the stapes-footplate and the round
window membrane were measured. A mean difference, between the calculated and the measured
values, for the stapes-footplate reached 31%, and for the round window membrane, it was 21%. A
ratio of the basilar membrane velocity to the stapes footplate velocity as a function of the frequencies
was shown. The obtained graph was close to that got by others as a result of the measurements.

1. Introduction

Over the past years, the problem of the perception of sound by the human ear enjoys great
interest of researchers [1]. In order to properly describe the process of sound perception, the
sound wave pressure acting on the ear sound receptors must first be determined. To do it, one
needs to have the right, but relatively simple, model of sound propagation in the human ear
[2]. In this work is considered the case when a sound wave from a sound source at a given
frequency and intensity goes into the ear. One can find the numerical models that study this
problem in detail [3-5]. But our goal is to give some simple analytical rules for the amplitude
of the sound pressure and amplitude of the sound wave running in the ear.

For this purpose the human ear is imagined as built of two waveguides connected by a
mechanical set. The sound is transmitted by a plane elastic wave in air of the ear canal and
then by the lever ossicles. After passing through the ear canal and reaching the tympanic
membrane, there is a partial reflection of the sound wave. Part of the energy absorbed by the
ossicles causes their vibrations, which in turn generate a sound wave propagating in the
cochlea fluid. The sound wave flows around the basilar membrane, causing its waving, and
finally is damped on the membrane of the round window.

To describe this process, the sound power transfer in the human ear is analyzed [6-7].
The sound power, reaching the ear in a unit of time is compared with the power of sound
carriers in the ear. The air in the ear canal, the ossicles with the stapes footplate and the fluid
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in the cochlea are taken as the successive transporters of the sound energy. Some of the sound
energy is absorbed by the basilar membrane. The last one is assumed to be a chain of
independently vibrating fibers. The energy transfer ends at the round window membrane,
which absorbs the energy of the running wave. One can determine parts of the sound energy
transferred by each of these transporters. The sum of the determined parts of the sound energy
must be equal to the input energy. In that way, the all parameters which describe the sound
propagation in the ear can be shown as functions of the sound intensity level and the sound
frequency that comes to the ear.

To validate the model, some of the got results were compared with the results of
measurements. The values of the stapes footplate amplitudes, based on the received rule were
compared with the measurements made on temporal bone specimens [8]. The tests were done
for 90 dB and a set of fifteen frequencies from the range 400-10000 Hz. A mean difference,
between the calculated and the measured values did not exceed 31%. The round window
amplitudes were compared with the test results done for 90 dB and a set of four frequencies
from the range 1000-8000 Hz [9]. A mean difference, between the calculated and the
measured values did not exceed 18%. At the end, a ratio of the basilar membrane velocity to
the stapes footplate velocity as a function of the frequencies was found. The obtained graph
was close to the result of the measurements shown in [10] by Stenfelt et al.

2. Method

Assumptions
To form a model of the outlined process, we introduce the following assumptions.

1. The outer ear is treated as a straight-line waveguide filled with air. The length of the
waveguide is the length of the ear canal. The area of the waveguide cross-section change
along its length. In the waveguide runs an elastic plane wave at the given level of sound
intensity B and frequency f ;. The waveguide ends with an elastic tympanic membrane
from which the sound wave is partially reflected.

2. The reduction of the sound intensity caused by the sound wave reflection is due to only the
difference between the wave resistance of the air Zo in the ear canal and the wave
resistance of the fluid Z, in the cochlea.

3. The middle ear is a lever system formed by a set of flexibly joined, stiff ossicles ended
with a stapes footplate. The last one is suspended on a viscoelastic membrane of the
annular ligament [11].

4. The inner ear is treated as a waveguide of changing cross-section filled with fluid, in which
runs an elastic plane wave forced by vibrations of the stapes footplate. Its length 2L¢ is a
double distance from the oval window to the cochlea apex measured along the spiral axis
of the cochlea. The axis of this waveguide is straight, but at the middle of the waveguide it
changes direction to the opposite one. In this way, the waveguide is divided on two parallel
connected parts, but which direct the sound wave in the opposite directions. The both parts
of the waveguide are symmetric in relation to its center. There are no wave reflections on
the transition between two parts of the waveguide [12].

5. Between two parts of the last waveguide lays a chain of uncoupled fibers of length Lgy
which replaces the basilar membrane These viscoelastic fibers vibrate under the pressure
of the sound wave running in the cochlea. The fibers have variable stiffness, high at the
beginning of the chain and much smaller at its end. Because the stiffness and viscosity of
the fibers are known, then one can find their resonant frequencies [13-14].
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6. A waving of the chain of the fibers has no influence on the amplitude of the running sound
wave. It will be shown that this effect really can be neglected. A justification for this
assumption is given in the Appendix B. This fact is confirmed also by a numerical
modelling of the process [12].

7. The other end of the above waveguide is closed by an elastic membrane of the round
window, which absorbs all the energy of the running sound wave [15].

Consequences

1. The damping of the sound wave amplitude in the cochlear fluid with respect to the
amplitude of the wave in the ear canal is caused only by two factors. The first is the
partial reflection of the wave from the tympanic membrane, and the second is the
viscosity of the annular ligament. All other factors, such as wave reflections from the
cochlea walls, basilar membrane waving, or flow through the basilar membrane opening
are neglected.

2. The local increase or decrease of the sound wave amplitude in the cochlear fluid is caused
only by the change in the cross-sectional area of the cochlea. As it travels, the wave grows
up in amplitude, reaching a maximum at the cochlea apex, and then it goes down, when it
comes on to the round window membrane.

3. A waving of the basilar membrane is caused by a difference in the sound wave pressures
which take place in two parts of the waveguide separated by this membrane [12].

Proceeding

A study of the sound propagation in the outer and middle ear gives the amplitude of the
stapes footplate vibrations Agp. At first, we calculate the power of the sound wave at the
entrance to the ear canal, which allow us to find amplitude of the pressure acting on the
tympanic membrane. An analysis of partial reflection of the sound wave and some its
reinforcement due to the ossicular lever gives us the force Ngp acting on the stapes footplate.
A value of this force shows amplitude wgg of static displacements of the stapes footplate.
Taking N as amplitude of the force which causes the vibrations of the stapes footplate, one
can find the dynamic amplitude Ag of the stapes footplate.

The analysis of the inner ear is based on two assumptions. The first one is that the
power of the sound wave after getting by this wave the round window is absorbed by the
vibrations of its elastic membrane. From it yields a direct connection of the amplitude of the
round window displacements Agy, With the amplitude Agp of the stapes footplate. The second
assumption is that a waving of the basilar membrane has no influence on the amplitude of the
sound wave in the cochlea. From it yields that the power of the running wave P (x) must be
equal to the power of the vibrating stapes footplate Pgr. And this in turn enables to state the
amplitude of the sound wave in the cochlea A;(x) as a function of the stapes footplate
amplitude Agr. A basal membrane movement depends on the sound wave pressure. Therefore
its amplitude Agy (y) is a function of the amplitude of the sound wave Ac(x), and finally a
function of the amplitude of the stapes footplate Agg. It is shown that when the sound wave
front begins to run in the scala vestibuli, the drop of the sound wave amplitude due to the
basilar membrane waving is the order of 10°°.

Relations between the wave amplitude, the sound pressure amplitude and the sound
wave power are given in the Appendix A. The effect of the basilar membrane waving on the
sound wave amplitude is estimated in the Appendix B. The list of the symbols with the basic
relations as well as the calculation data one can find in the Appendix C.
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3. Results

3.1. Sound wave in the outer ear

Assume that the sound reaches the ear with a given frequency f; [1/s] and a fixed sound
intensity level B [dB]. Then the intensity of sound at the inlet to the ear I [%] IS

B
Io=1I"-1010 1)

where I* = 10712 [%] = 10715 [N/(mm - 5)] is the reference sound intensity.

If Fo [mm?] is the cross-sectional area of the inlet to the ear canal, then the power of the
sound wave P, [N - mm/s] which reaches the ear is given by the rule

Py=1,-F, (2)

According to our assumptions, P does not change in the whole auditory canal.

B, fo F el
po}@ {OHT@ — N+

Fig. 1 Sound wave propagation in the outer ear.

Let f) [1/s] be a set frequency of the sound wave, po = 1.2 - 106 [#] - the air
density and ¢, = 0.3438 - 10° [";—m] - the sound wave velocity in the air, at 20° C.

Then the amplitude of the wave at the inlet to the ear canal 4, [mm] takes the form (see Eq.
(A6))
1 Io

Ay =— |— 3
0 7ef i)\ 2PoCo (3)

and the amplitude of sound pressure p, [N/mm?] corresponding to this wave is (see Eq.

(A9)).
Po = v/ 2poColo 4)

Let us go to the end of the ear canal. Suppose that Fry [mm?] is the cross-sectional
area of the ear canal at the base of the tympanic membrane. Thus the sound intensity just
before the tympanic membrane Izy_ [N/(mm - s)] is.

F
ITM—:IOF_O (5)

™
If the value of Iry,_ is known, one can determine the correlating power of the sound wave and

its amplitude. Here, we need only to determine the amplitude of the acoustic pressure
pru [N/mm?] acting on the tympanic membrane
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Prm =+ 2poColrm- (6)

The resultant force Nppy_ [N] of the pressure prp, is amplitude of harmonic force acting from
the side of the ear canal on the tympanic membrane. Its value is determined by the fixed
sound intensity Iy, namely

Nry- = PruFrm = Fruy2poColrm- = PoFo = Fo/2poColp (7)

3.2 Sound transfer in the middle ear

Here, we will determine the amplitude Agr [mm] of the stapes footplate vibrations caused by
the sound of frequency f ;) with the initial power P,. We will do it in three steps.

1. First, considering the reflection of part of the sound wave from the tympanic membrane,
we will find the amplitude Ngr of harmonic force acting on the stapes footplate. It will
enable us to get the static amplitude wgp of the stapes footplate pulsations.

2. Next, an equation of damped forced vibrations, for the stapes footplate which vibrates with
a given frequency f ;) , will be solved. It will enable us to find the dynamic amplitude Agp
of the stapes footplate vibrations.

3. Finally, we compare the values of Agp with the measured amplitudes of the stapes
footplate dgr got from the temporal bone specimens [8]

Y= IMalleus . IIncus =13

IMalleus

NTM-

Fig. 2 Sound transfer in the middle ear.

Ad 1. The static amplitude wgg of the stapes footplate

The partial reflection of the sound wave from the tympanic membrane implies a damping of
the stapes footplate vibrations. This results in the o-fold reduction in the sound intensity
between the ear canal and the cochlea. The reason for this is a difference between the wave
resistance in the air Zy = 0.429-10°° [N-s/mm°] and in the fluid Z, = 1.480-10" [N-s/mm>]. The
quantity e is the absorption coefficient of the sound wave power

4702,

= etz " 1.1588-10° (8)

and it has the greatest impact on the attenuation of sound in the middle and inner ear. Due to
the partial reflection of the sound wave, the sound intensity Iy,_ drops in the middle ear to
the value

Ity = alry- %)
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Thus, the maximum force Npp. [N] with which the tympanic membrane acts on the ossicles
IS

Nry+ = Fru2poColrm+ = FTM\/ZPOCOa Iry- = Npy- - Va (10)

The malleus-incus pair creates a lever increasing the y = 1. 3-fold force acting on the stapes
footplate. Denoting this force by Ngg [N], one can obtain

Ngp = YNrus+ = YFTM\/ZPOCO“ “Irm- = YFo/2pocoa- Iy (11)

Assume for a moment the quasi-static pulsations of the stapes footplate. In this case,
the viscosity of the annular ligament has no influence on the stapes footplate amplitude wg.
The amplitude wgr depends only on the force Ngr and the stiffness of the annular ligament

Rgr [T:—m] According to [9], we assume Rgr = 0.12 [nllv—m] =0.12-10° [S%]. So, the static
amplitude wgg has the form
N
Wgp = R_;i (12)

Note that the quasi-static amplitude wgy does not depend on the frequency f ;) of the
force with the amplitude N, which moves the stapes footplate. In the Appendix C, one can
find typical dimensions of the external and middle ear. For these dimensions and a level of the
sound intensity from the range 10dB < B < 120dB, the values of the quasi-static
amplitude wgg are shown in Tablel.

Table 1

B lext Pext Nint Nsr Wsp

[dB] [N/mm-s] [N/mm?] [N] [N] [mm]

10 10 9,0836-10™"" 1,0809-10™° 1,4052-10™"° 1,1710-10°
20 10" 2,8725-10™"° 3,4183-10™"° 4,4438-10"° 3,7031-10°
30 10" 9,0836:10™"° 1,0809-10” 1,4052-10” 1,1710-10°°
40 10 2,8725-10° 3,4183-10° 4,4438-10° 3,7031-10°
50 10™° 9,0836:10° 1,0809-10°° 1,4052-10°° 1,1710-10”
60 10” 2,8725-10° 3,4183-10° 4,4438-10° 3,7031-10”
70 10° 9,0836-10° 1,0809-10” 1,4052-10” 1,1710-10°
80 10”7 2,8725-10" 3,4183-10” 4,4438-10” 3,7031-10°°
90 10° 9,0836-10” 1,0809-10° 1,4052:10° 1,1710-10°
100 10° 2,8725-10°° 3,4183-10° 4,4438-10°° 3,7031-10°
110 10" 9,0836-10°° 1,0809-10° 1,4052-10° 1,1710-10"
120 10° 2,8725-10° 3,4183-10° 4,4438-10™ 3,7031-10"
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Ad 2. The dynamic amplitude Agp of the stapes footplate

For a fixed level of the sound intensity g = 90 dB, one can get that wgp = 11.7 nm =
1.17 1078 m. The obtained value is close to that obtained from measurements of the stapes
footplate amplitude for #=90 dB and the sound frequency f;) = 1000 Hz [8]. It is the value
of dgr =10.2nm =10.2107% m. One can show that f(;) = 1000 Hz is the natural
frequency of the stapes footplate, so in the absence of damping, a resonance should take
place. In the case of damping, for kgr = 27f ;), the dynamic amplitude of vibrations Agy is
the largest one and close to the static amplitude wgr. Then, one can take an additional
assumption:
Asrlwgy=ksp = WsF (13)
Denote by Mgp the mass of the stapes suspended on the annular ligament. Recall, that
the stapes footplate is subjected to the vibrations forced by a harmonic force N(t) =
Ngp sin(w(,-)t) and damped with a parameter Dgp. Here, w;) = 21 f ;) [1/s] is the circular
frequency of the tested vibration frequency f;. The equation of vibration of the stapes
footplate has the form

MSF a2 + DSF dt + RSFE NSF Sln(w(,) t) (14)
where & = & (t) [mm] - the position of the front of the footplate with respect to the equilibrium
position. It may be written as

d*
+2n SFd £y (ksp)?& = wsp(ksp)? sm(w(,)t) (15)

dat?

where 2ngp = % [s71] is a damping factor and kg = /% [s~1] — the resonant angular
SF SF

frequency of the stapes footplate. A solution of the last equation gives rules for the footplate
displacements
(ksp)*

2
((ksp)z—w%,-)) +(2nsrw())

&) = WSFJ - sin(wt — £sr) (16)

for
-1 Znspwi

= tan + —*~*1-
Esp = tan G

(17)

Thus, the following expression for the dynamic amplitude of the stapes footplate is given by
the fixed sound frequency

(ksp)®
Asp =Wgp = - (18)
J |tesm2— (@)’ +(2nsrow)”
Notice that (Asp)ng=0 = %, When w; = kgp =6.283 10° s and fa@ =--=1000 Hz, it
take place:
k
W = (ASF)w(i)=kSF = Wgr 2::}7 (19)
Thus, the damping factor 2ng is equal to:
2ngy = kg = 6.283 - 103 [s71] (20)

And because kg = /;ﬂ the corresponding mass of the stapes is equal to 3.04 - 1073 [g].
SF

This value is known as the average measured mass of the stapes.
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Now, the expression for the dynamic amplitude of the stapes footplate takes the form:

1 1
= WgF (21)

WsF w(.)zz (i) 2 foo 272 Fon\2

TGt et

The effect of dynamics on the amplitude of the stapes shield shows the function
2010g4o((Asr(f@))/(wsr), which is given for 0 < f;) < 20000 Hz at Fig. 3.

A

Agp =

20 logso (Ask (fy)) / Wsr)

-60
10 10°

10 kHz

Fig. 3 Function In(Agr/wsp) vs sound frequency f ;).

Comparison of the amplitude Agr with the measurements results dgg

Values of the measured amplitudes of the stapes footplate are given in [8]. The tests were
done with help of human temporal bones by exposing the tympanic membrane to the fixed
sound intensity level of 90 dB. The amplitudes of the stapes footplate dgr were measured for
a set of frequency from the range 400-10000 Hz. The results are shown in Table 2.

Table 2

Test Frequency Measured amplitude Calculated amplitude Relative difference
i Acp—d
fw:[Hz dgp [mm] Agp [mm] SZSFSF'IOO [%]

1 400 1.64-10% 1.2576-10% 23
2 500 1.53-10% 1.2980-10% 15
3 630 1.90-10% 1.3415-10% 29
4 800 1.97-10% 1.3337-10% 32
5 1000 1.02-10% 1.1700-10% 15
6 1250 8.92-10 8.5351-10% 4
7 1600 7.12-10° 5.2354-10 27
8 2000 4.93-10 3.2448-10 34
9 2500 2.84-10 2.0120-10 29
10 3150 6.40-10" 1.2364-10 93
11 4000 7.73-10" 7.5362-107 2
12 5000 8.36-10" 4.7722-10" 43
13 6300 6.14-10" 2.9845 10" 51
14 8000 1.69-107 1.8422-10" 9
15 10000 7.57-10 1.1757-10" 55
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Note that the differences between calculated and measured values vary from 2% to
93%. A mean difference does not exceed 31%b. Taking into account the difficulty in taking
measurements, the differences seem to be acceptable. Due to the more low accuracy of the
measured values, these differences seem to be acceptable.

3.3. Round window membrane behavior as a response to the stapes footplate vibrations

A travel of the sound wave ends at the elastic membrane of the round window. The round
window membrane vibrates due to the pulsation of the sound wave pressure (see Fig. 4).
Now, dynamic amplitude of the vibrations of the round window is looked for. To do it, one
need to determine the membrane parameters and use of the assumption that it absorbs all the
energy of the sound wave.

Let gy be the radius of the round window membrane, Rgyy — its stiffness and Agy —
the amplitude of its vibrations. To find the stiffness Rgy, of the membrane, the following
reasoning is done. Let us assume that the deflected round window membrane has the shape of
paraboloid with static amplitude wgy,. Note that the volume of fluid contained in it is half the
volume of the cylinder with the height wgy, .

Assume that a quasi-static force Ngr moves the stapes footplate on a distance wgp.
Then the fluid in the cochlea will push the center of the round window membrane, with the
same force, on a distance wgy (see Fig.4).

\

n

RW

Wsr

]
B B
]

For =

Fig. 4 Motion of the round window membrane.

Comparing the volume of the fluid pushed through the stapes footplate with the volume of the
fluid contained in the deflected membrane, one can get a relation between wgy, and wgg,
namely
1F
Wsr _ 2TRW (22)
wpw 2 Fsp

At every point inside the cochlea, the static pressure caused by the given force Ngf is the
same and equal to p; = Ngp/Fgp. Thus, on the round window membrane acts the force

F
Ngw = Ngr —FRW (23)
SF
Because Ngr = Rgr wgr and Npy = Rpw Wrw, ONe can obtain
1 Frw) 2
RRW = ERSF (%) (24)

For parameters Fgp and F gy, given in the Appendix C, we have:
Rew = 0.01226 [£] || = 0.01226 - 10° [£].

N
mm
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Recall that in each cross-section of the cochlea, the total power transmitted by the stapes
footplate is the same and equal to Pgg. Thus, the power of the round window membrane P gy,
is equal to this quantity

PRW = PSF (25)

» The power of the stapes footplate Pgg
The power P of the stapes footplate can be defined as the work done by during the time T ;

'y =

of one vibration cycle. The work done by the footplate intime 0 < t < T 2o
@

during Y

of the vibration cycle is

3

w;j d
Wsp = [ Rop¥dE = [* Rp L dt (26)

and the power of the stapes footplate is the work 2W g done in the time T(;y. Then, we have:
_ 2WsF

Psp = —2 = f i Rsp(Agp)?

= 27
T @7)

* The power of the round window membrane P gy,

The power of the membrane Py is calculated in the same way as the power of the vibrating
stapes footplate, namely

Prw = fiyRrw(Agw)? (28)
Comparing Eqg. (27) and (28) one can get
’R
ARW = ASF ﬁ = 2 2124’ - ASF (29)

Values of the measured amplitudes of the round window membrane are given in [9].
The tests were done with help of human temporal bones by exposing the tympanic membrane
to the fixed sound intensity level of 90 dB. The amplitudes of the stapes footplate dgy were
measured for a set of four frequencies from the range 1000-8000 Hz. The results are shown in
Table 3.

Table 3
Frequency Amplitude of Amplitude of Measured Relative
No fi stapes round window dynarrric RW | difference
[Hz] footplate Agp membrane Agy amplitude [%]
[mm] [mm]
1 1000 1.1700-10"" 2.5886-10% 2.5:10% a4
2 2000 3.2448-10° 0.7180-10% 1.0-10% 28
-06
3 4000 7.5362-10" 1.6674-10% 1.6-10 4
-06
4 8000 1.8422-10"” 0.4076-10 0.6-10 32

3.3. Sound wave travel in the inner ear

Geometry of the assumed model of the inner ear is shown at Fig. 5. The dimensions of the
cochlea which appear in the derived rules are marked there. Their values used for the
calculations are given in Appendix C.

10


https://doi.org/10.1101/571034

bioRxiv preprint doi: https://doi.org/10.1101/571034; this version posted August 11, 2020. The copyright holder for this preprint (which was
not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Fig. 5 Geometry of the inner ear.

Recall that the inner ear is a waveguide of the length 2L, with a variable cross-section F (x)
filled with fluid, with the stapes footplate at the inlet and with the round window membrane at
the end. The x-axis of the waveguide is straight, but at the middle of the waveguide it changes
direction to the opposite one. In the fluid runs an elastic plane wave forced by the vibrations
of the stapes footplate with the amplitude Agp. After reaching the membrane of the round
window, the sound wave is completely suppressed by it. In place of the basilar membrane we
take a chain of uncoupled viscoelastic fibers that move under the pressure of the running
wave. The y-axis of the fiber chain up to half of the double channel waveguide overlaps the
x-axis. It begins at the base of the fiber chain, at a distance x, from the oval window and ends
with a hole just before the cochlea apex. The width a(y) and the thickness h(y) of the basilar
membrane as well as its average density pgp and viscosity dgp (y) are known.

Scala Vestibuli

Pe (x)

¥ ' | ¥ y

X f———_e—_—=te = — 1—
A

Scala Tympani t Pe(x) t i i i i /
g Pew -

< > >
A LC »

Fig. 6 Sound wave propagation in the inner ear.
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Let Aq(x) is amplitude of the sound wave and Agy (x) — amplitude of the chain of the
fibers. The expression of these values by the frequency f ;) and the intensity level g of the
sound wave reaching the ear will be done in two steps.

1. Dependence of the sound wave amplitude on the stapes footplate amplitude

Because the basilar membrane motion has no influence on the amplitude of the sound wave,
one can state that

Pc(x) = Pgp (30)

* The power of the running wave P (x)

Consider a wave front which runs in the cochlea with an amplitude A¢(x) and frequency f ;.
A position of the wave front at time t is x = x(t) = c4t, with ¢, as the wave velocity in the
fluid of density p4. The cross-section of the waveguide on the wave front is F(x). Using the
Eqg. (A6), one can formulate the expression for the wave power P.(x) as a function of the
distance x from the oval window

Pc(x) = %P1C1Fc(x)(Ac(x))2w%i) = 2m?p1c1 Fe(X) (Ac(0)*f G (31)

The above expression is valid for 0 < x < 2L, and so both in the scala vestibuli and in the
scala tympani. Comparing Egs (31) and (27), one can show the sound wave amplitude A;(x)
as a function of the stapes footplate amplitude Agr, namely

_Asr | Rsr
Ac(x) = T 4| 2p1c1Fc(0)f i) >

Notice that each point y of the basilar membrane has a coordinate xo < x’ < x¢ +
Lgy wWhen viewed from scala vestibuli and the coordinate xg + Lgy < x" < x¢ + 2Lgy
when viewed from scala tympani. The corresponding cross-sections of the scala vestibuli and
the scala tympani are Fo(x") and F.(x"), respectively. Thus

n _ n FC(x")
At the oval window the sound wave amplitude is A2V#¥indow s equal to Asr |__Bsr
m ~2p1c1Fsef

One can see that A2v@window s mych smaller than Agp. Going forward along the scala

vestibuli, at the basilar membrane base, one can find the sound wave amplitude A2%seSV,
Passing through the cochlea apex to the scala tympani, one can observe a step change in the
cross-section, which results in a slight increase in the amplitude of the sound wave equal to

APaseST | fact, taking into account the loss of energy of the wave due to the movement
resistances, the amplitude increase should be smaller.

Using the cochlea dimensions taken in the Appendix C, one can show differences

between Agp, Avalwindow  pbasesV  papexSV . gapexST ang pbaseST |n the Table 4 the
suitable values are shown for a set of four frequencies from the range 1000-8000 Hz.
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Table 4
No f oL ASF Aocval window AléaseSV Agpexs 4 AgpexST AIC)aseST
[Hz] [mm] [mm] [mm] [mm] [mm] [mm]
1 | 1000 | 1.1700-10%° | 4.7749-10% | 2.6958:10° | 6.4577-10% | 7.7680-10°" | 3.1173-10""
2 | 2000 | 3.2448:10% | 9.3638:10%° | 5.2866:10%° | 1.2664:10° | 1.5233-10” | 6.1131-10%
3 | 4000 | 7.5362:10% | 1,5378-10% | 8.6822:10%° | 2.0797-10% | 2.5017-10%® | 1.0040-10®
4 10000 | 1.1757-10% | 15173-10% | 8.5665-10™° | 2.0521-10%° | 2.4684-10* | 9.9058-10™°

2. Dependence of the basilar membrane amplitude on the stapes footplate amplitude

The chain of fibers with the length of Lg,,, taken as the basilar membrane, runs along the y
axis, which partially overlaps the x-axis. Its base lies at a distance x, from the oval window
and ends before the cochlea apex. Thus, the relationship between the x and y axes is as
follows
_ x—xo,foerSxSxo-I—LBM 34
y_{xO+2LBM—x,f0rx0+LBMstxo‘i‘ZLBM ( )
Let us consider a point y of the basilar membrane. This point has a coordinate x’ in the
scala vestibuli and a coordinate x" in the scala tympani. One can see that x" = x’ + AX,

where
AX =2(xg+ Lpy —x') = 2(x" —x9 — Lpy) = 2(Lpy — ¥) (35)
Xo Lem
AX/[2
x O 3 |
O >
-+-—O
X" AXI2
Xo Lam

Fig. 7 Assumed model of basilar membrane.

The sound wave acts on the basilar membrane at the point y due to a difference between the
sound wave pressures at this point in the vestibuli scala and scala tympani. Let us consider a
point y of the basilar membrane with a coordinate x’ in the scala vestibuli and a coordinate x"
in the scala tympani. The wave front passes through the coordinate x’ in the scala vestibuli at
time t. A deflection of the fluid particle over the coordinate x' is equal to the amplitude
Ec(x',t) = Ac(x). After the time At = AX(x")/c; the wave front reaches the coordinate x"
in the scala tympani. Now the deflection of the particle below the coordinate x" is equal to the
amplitude &c(x", t + At) = Ac(x™). In the meantime the deflection of the particle over the
coordinate x" will drop to the value &q(x',t + At) = Ac(x") p1ciw(;) sin(w;AX(x")/cq)
(see Eq. (Al)).
Thus, the sound pressures at the point y and at the time t + At is equal to (see Eq. (A8))
p(x") = Ac(x") preiwy (36)

when the wave front runs through the scala tympani, and
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p(x') =Ac(x") P11 sin(w;AX(x")/cq) (37)

for the wave running in the scala vestibuli. Here p; is the cochlea fluid density, ¢4 is the
speed of the sound wave, w; is the circular sound frequency and

AX(x’) = Z(X() + LBM - x’) (38)

Concluding, one can state that at each point 0 < y < Lp,, of the basilar membrane
acts a differential pressure

Apc(¥) =pc(xo + 2Ly —¥) — Pc(Y + x0) (39)

Takin into account Eq. (33), one can introduce a differential amplitude at the point y

" F -
AMc(y) = Ac(x )(1 — fFCE sin(2w; Bch y)) (40)
for
xX'=y+xy and x"=xg+2Lgy—y (41)

Because the sound wave amplitude depends on the stapes footplate amplitude as it is stated by
Eqg. (32), Eq. (40) takes the form

_ Asr RsF _ [Fe&") . Lpm-y
M) =7 | oeree . (1 TG Sin(2w; = )) (42)
Thus, Eqg. (39) takes the form
2 p1c1Rsrg Fc( L
Apc) = BADa = Asp |20 (1 - [ sin(an 202 g ) (43)

Now, consider a single fiber of width Ay cut out from the membrane, fastened at both
ends and loaded on the surface a(y) - Ay by the sound wave differential pressure Apc(y).
Resultant force acting on the fiber with unite width is equal to Ngy(y) = Apc(y) a(y) Ay.
Because the properties of the fiber are known, one can find its static deflection uqy(y), and
next the normalized with respect to Ay, rigidity of the fiber gy (y) = Apc(y) a(y) /ue(y).
Notice that, normalized mass of the fiber is mgy (y) = ppya(y)h(y), and its normalized
damping factor is equal to the viscosity of the basilar membrane dg ().

The equation of the vibrations of the mass mg,,(y) suspended in the middle of the fiber is in
the form

M (1) %+ A (D)% + 1) u = Ape(y) a@) sin(wt)  (44)

where u = u(y, t) is a dynamic displacement of the mass mgy (y).
Having Eq. (42) one can write

2N G+ Ky (u = 28 A (y) (45)
Here 2ngy(y) = % is damping coefficient of the fiber at the point y for 0 < y < Lgy,

and kgy (y) = /% is its resonant angular frequency.
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A distribution of the resonant frequencies of the fibers of the basilar membrane along
its length is shown by the function fgu(y) = kgy(y)/(2m).

Notice that the function fg (y) can be found if the dimensions and the mechanical properties
of the basilar membrane are known. It is also possible to use the form of fgu () given in the
literature [16]. Here, this second option will be used.

The general form of the solution sought for equation (45) is as follows.
u(y,t) = Agy(y) sin(wyt — epu(y)) (46)

where Agy (y) is an unknown amplitude of the basilar membrane, and €y () is an unknown
phase shift. The real solution of the equation (44) is

P1C10(j) 1
pemh(y) \/[

u(y,t) = Ac(y) sin[w;t — egy(y)] (47)

K )-02)| +2nsmoop)’
for
—12ngy()wg

klzm(J’)“"%i) (48)
From Egs (46) and (47) yields the relation between the amplitude of the basal membrane
Ay (y) and the differential amplitude of the sound wave AA.(y).

epm(y) = tan

P1C1W (i) 1

h 2
P [y )-y [+ 2mam o]

Apy(y) = A (y) (49)

Using Egs (42) in Eg. (49), a dependence of the basilar membrane on the stapes
footplate amplitude takes the form

A 2p1c1Rsrf (i . Lgm—y
Agy(y) = I 1- sin(2w; =22-=)) (50
BM\Y) = VFe) [kzzm(y)—w%i)]z+[2nBM(y)w(i)]2( @ (y) sin(2w; o )) (50)
where
— [Fcx") _  [Fc(xo+2Lpm—y)
¢() = \/ Fe@) \/ Fe(ro+y) (51)

3.4. Basilar membrane behavior

Boundary conditions
The displacements of the basilar membrane u(y, t) should meet the conditions [14]:

u(y,t) =u(lgy,t) =0 (52)

From Eq. (51) yields that the conditions (52) will be satisfied if instead of the thickness of the
basilar membrane h(y), it will be assumed the function h(y)x(y)x(Lc — y), where

x(y) = 1o-mLy%’ +1 (53)
Here, it is taken m =3 and n = 1. The new thickness function tends to infinity in a

surrounding of the basilar membrane ends. So, the displacements u(y, t) tend to zero at these
points.
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Resonant frequencies distribution

[HZ] 4
25 2410 . 1 : : : .
o
2 +
Equation (56)
1.5
Greenwood (1990)
o
1t o Kwacz etal. (2014)
0.5+
0 L L I I R b - TT":‘
0 5 10 15 20 25 30 33
Oval window [mm]

Fig. 8 Resonant frequencies of the basilar membrane.

As resonance frequencies fgu(y) = k"%’fy) one can take the function proposed by Greenwood
in [16]

f g =165.4 - (10°0635-») — 1) (54)
or by Kwacz et al. [8]

oy @) = 165.4 - (10006327 — 1) (55)

for 0 < y < Lgy, measured in millimeters. Here, the following function is taken (Fig.7)
fem(¥) = 20000e~0175Y (56)

Level of cochlear amplification

Consider a fixed point y* of the basilar membrane with the coordinate in the tympanic duct
x* =2Lgy + xo — ¥y~ (see Eq. (41b)). The front of the sound wave reaches the point y* at the

time t* = :— Thus, the amplitude of the basilar membrane displacement at this point (Eqg.
1

(51)) may be shown as a function of the sound wave frequency f ;, and the fixed parameter y*

Agu(fayy") =Asp- U (f(,-)iy*) D(fay") (57)
where
. J2p.c1R fa
U(fw:y') = —— TG ;  (58)
pamh ) [Fe@Lam+xo-y") | [Kou0)-@nfw)’] +tmnsmtr )
and
o) Fc(Lpy+X0—y*) _. Lgu-y”
D (f(i),y ) =1 —J Fo Oy o) sm(4-7tf(l.) - ) (59)
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Let us consider the ratio of the amplitude of the basilar membrane Ay (f;);y*) at the

fixed point y* to the amplitude of the stapes footplate Agr(f(;)) for the time t* = :—1 The
function

0(f.;¥") =20logy (%) =201logqo (U(f(i); y) P (f(i); }’*)> (60)
®

shows a level of cochlear amplification at the point y*.

The results of measurements of the velocity of the basilar membrane in the tympanic
duct are shown in the work [15]. The tests were done at the point located at y* = 12 [mm]
from the oval window for different sound wave frequencies. The results were given in dB and
normalized with the velocity of the stapes footplate. To compare them with those given by the
rule (60), one can use the data from Appendix B (see Fig. 9).

30

25

Cochlear amplification [dB]
4]
|1

Stenfelt et al. 2003 —— \f
Equation (60)  -------
1 1

100 1000 10000
Frequency [Hz]

Fig. 9 Level of cochlear amplification.

4. Conclusions

The shown rules link the values which describe the transfer of the sound within the human
ear, when the sound wave with a given intensity and frequency reaches the ear. These values
are the amplitude of the stapes footplate, the amplitude of the membrane of the round
window, the amplitude of the sound wave in the cochlea and the amplitude of the basilar
membrane. The calculations based on these rules give the results close to those received by
measurements done by others. The tests were made up of the measurements of amplitudes for
the stapes footplate, the round window and the basilar membrane.

Using the given rules, one can do a fast simulation of the ear behavior under an impact
of the sound wave. The results should be correct when the sound intensity level lies in the
range of 10-120 dB and the frequency in the range of 1-20 kHz. The parameters describing
the geometry of the ear can be changed in a wide range. One can use the proposed rules to
describe the sound propagation in the ears of the mammals. In that case, one can get more
appropriate measurements.

The presented work deals with the process of the sound propagation in the ear. To
describe the process of the sound perception, a proper model of the sound receptors inside the
cochlear duct should be given. Here, the cochlear duct is reduced to the basilar membrane.
However, the found sound pressure acting on the basilar membrane may be used to predict the
motion of the sound receptors.
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Appendix A. Power of sound wave

A plane sound wave runs along the x axis in a waveguide filled with fluid (liquid or gas) with
density p. Imagine an element B with the cross section area F(x) and the width Ax, cut from

the waveguide by the wave fronts at times ¢t and t + At. This element has the mass pF(x)Ax
and moves along the x axis at the speed of sound ¢ = Ax/At.

Consider the energy AE(x, t) of the particles in such a fluid layer which at the time ¢
covers with the element B. The position and velocity of each of these particles with respect to
the wave front at time t is given by the variables

§ =3¢ = A(x) sin(w;t — ¢) (Al)

where w;, is the circular frequency and 4 is the amplitude of the sound wave. In addition, ¢
is a position of a given particle at the time t = 0.

The potential energy AE,(x, t) of the above particles is the work of their inertia forces on the
way of length A, namely

1 d? 1 .
AE,(x,t) = — EpF(x)Ax . d—tf cA(x) = EpF(x)Ax - A%(x) w%i)sm(w(,-)t —¢@) (A2)
The potential energy AE (x, t) of these particles has the form
1 e\ 1
AE;(x,t) = 5 pF(x)Ax (d—i) =2 pF(x)Ax - A? () wfycos? (wyt — @) (A3)

Thus, the total mechanical energy of the fluid layer of the width Ax is as follows

AE(x) = %pF (X)Ax - A2 (X)) (A4)

Note that AE(x) depends on the width Ax of the layer, but does not depend on the time t.

Moreover, if the wave front in time At is shifted by Ax, then at that time the fluid particles

obtain energy AE(x), so in the unit of time they get power

AE(x)
At

P(x) =572 = pF0) 5 A (D) why (A5)

Finally, the power of the sound wave is given by the formula

P(x) = ; pcF () A (X)w}y) = 2w pcF (D) A*(0)f (A6)

Let Ty = 1/fu) = 2m/w(;) be the period of the running wave, and A it is its
length. Consider the stream of fluid cut out from the waveguide by which the wave runs, and
whose length is equal to the wavelength 4.;). Assume that the particles lying on the initial
cross section of the stream have the displacement is & = 0, at the time ¢ = 0. In the fluid
stream the wave forms two pairs of self-balanced inertia forces N(x). The first pair of the
forces causes squeezing of liquid particles in the first half of the wavelength, and the second
pair of the forces stretches the other half of the wavelength.

In this way, the sound pressure p(x) can be defined as the force N(x)acting along the path
Ai/4 and per unit of the waveguide cross section area F(x):

s

20 (; .
pF(x)Ax = [ © A(x) wfysin(wpt) pedt (A7)

1 @dzf
P(x)——ﬁo FT)
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Then, the relation between the sound pressure p(;)(x) and the amplitude of the sound wave
A (x) is the following

T

Zw(i)
p(x) = —A(x)wypc- cos(wt) = A(x)w ) pc (A8)

0

From Eq. (A7), one can express the power of the sound wave P(x) by amplitude of the sound
pressure p(x), namely

P(x) = 5 2p*(x) (A9)

Appendix B. Effect of basilar membrane waving on sound wave amplitude

Our considerations base on the assumption that the basilar membrane motion has no influence
on the sound wave amplitude. Now, we want to get a relation between the amplitudes Agy (y)
and Ac(x) without this assumption. To do it, let us consider the case when initially the
cochlea fluid does not move. Due to vibrations of the stapes footplate, a front of the sound
wave begins its run along the y-axis from the oval window to the cochlea apex. The basilar
membrane begins to move under the influence of the sound wave pressure

Pc(x) = prc1wpAc(x) (B1)

for xo < x =y + xg < xo + Lgy. Notice that a conversion of AA;(y) to Ac(x) in Eqgs (45)
and 49 gives the relation
P1C1W(j) 1

pemh(y) \/[

Agy(y) = Ac(x) (B2)

2 2
km (y)—w%i)] +[2npy (@)

The principle of the power transmission

Using the principle of power transmission, one can express both Agy (y) and Agy(y) as
functions of the stapes footplate amplitude Agy. However, because the basilar membrane
motion may have an influence on the amplitude of the sound wave, instead of Eq. (30), we
should to put

Pc(x) + Ppy(y) = Pgp (B3)

Egs (27) and (31) show the powers Pgr and P.(x) as functions of the amplitudes Pgr and
Ac(x), respectively. Now, the power of the basilar membrane P g, () is derived.

The power of the basilar membrane Pgy (y)

Consider a single fiber at the point y of the basilar membrane of the width Ay. During 1/4 of
the vibration cycle, the fiber bends from the location uy = 0 to the position u; = Agy (y).
The work done by the fiber at time 0 < t < % = > is as follows:

@)
T

AWy (¥) = [;™ roy (D udu = [ (kpy (¥))*mpy (y)u e dt (B4)
thus

AW gy (¥) = 2 pauaMh¥)o o ken)*(Asu @)’ [7 sin{2[w @t — eu ()]} dt (BS)
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and finally
AW py(¥) = 1Py @R g (¥)*(Aeu»)” (B6)

After moving to the position u; = Agy, the fiber at the time T;)/4 <t < T /2
recovers elastic energy and returns to the position uy = 0. Next, the fiber is bent in the
opposite direction and come back to the starting position, at the time T ;) /2 < t < T ;, doing
the work given by Eq. (B6). Concluding, the power of the fiber APgy(y) is the work
2AW gy (y) done at time T;, namely

2AWgy (}’)

e : p ma(y)h(y) (kBM(}’))Z(ABM(y)) (B7)

APpy(y) =

Now, one can describe the power of this part of the basement membrane over which the sound
wave front has passed.

Pon) = esufe I (Asm(¥)) a0 (kou(»)) dy' (B89)

The interaction between the basilar membrane and the sound wave
From Eq. (B3) yields the following integral equation.

2 ZP1C1P1f(z) y k3 (y)-a(yn) ' Rsp 2
Acr(x)) + ——= Aq-(x dy =——(A B9
( ot )) suFc(x) f ( ol )) [kIZBM()”)—w%i)]Z+[2n3M(y1)w(i)]2 d anplchC(x)f(i)( s#) ( )

It can be changed into a differential equation for A¢(x) in which y = x — x,

-1d(Ac(x)) 1d(Fc(x) . picif) a(y) kBMO’)
Ac(x ——F¢(x)+-= =0 (B10
( C( )) dx C( ) 2 dx egm  h() [kBM(y) “’(z)] ZnBM(}’)w(z)] ( )
with a boundary condition:
Ac(xg) = Abaset (B11)
Eq. (B10) may be shown in the form:
@] | xyre(x) +2A(x) = 0 (B12)
where 8(x) = 22Ywa®) 1 (x) = ki (7) and A(x) = M

’ 2
esm  h() Fc() [ ) -w%)| +2nem 0w’

A general solution of Eq. (B12) is as follows.
InAc(x) = — [ 6y )x(y)dy —inJFc(x) + InQ (B13)

One can get the constant 2 from the boundary condition (B11):

— pbase+ _Asr | _Rsr
Q = A [Feg) = 2 | — (B14)
Finally, we have
Ac(x) _Asr | Rsr - [J8(ynk(yndyr (B15)

T [ 2p1c1Fc(O)f i)
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Comparing Egs (32) and (B15), one can see that the influence of the basilar membrane
motion on the amplitude A,(x) of the sound wave is due to the multiplier e~ Jo S0x()dy"
One can show that at the cochlea apex, where x = L., for the considered range of
frequencies, there is

_ (ke
1 — e Jx SOy 409 (B16)

Thus, one can state that the basilar membrane motion has no influence on the amplitude of the
sound wave. Concluding, Eqg. (B15) may be written in the form

~Asr | Rsr
Ac(x) = T 4| 2p1c1Fc(Of i) o

Appendix C. List of symbols and calculation data

Below is a list of the used parameters, their units, fixed values and basic relations, in the order
in which they appear. If a numerical value of some of these parameters is not given, then this
value can be got on the base of the other parameters.

1° Outer ear

p[dB] — level of sound intensity,
f i [1/5] — sound frequency.

W) = 21f E] — sound angular frequency,
Ty = % [s] — sound wave period,

=102 |Z| = 10-15 2| — reference sound intensity,
m?2 mm-s

B
Iop=1"-101w0 [ Al ] — sound intensity received by outer ear,

F, = 35 [mm?] — cross-sectional area of entrance to auditory canal,

Fyy = 9.85 [mm?] — cross-sectional area of tympanic membrane base,

Irp— = Loyt 1‘:‘;’; [ﬁ] —sound intensity just before tympanic membrane

po = 1.2+ 107 [==] —air density,

9
mm

co = 0.3438 - 10° [ms—m] — sound velocity in air (at 20°C),

Ay = — | [mm] — sound amplitude at ear canal inlet,
7f (i) \| 2PoCo
Ary = # ZIPT—’Z [mm] — sound amplitude just before tympanic membrane,
i oto

Po = +/200Co oxt [#] —sound pressure amplitude at ear canal inlet,

Prv = Po ;—"M [ml:'nz] —sound pressure amplitude just before tympanic membrane.
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2° Middle ear

Zy=0.429-107° [%] — wave resistance of air,

Z; =1.480-10"° [:7:3] — wave resistance of cochlear fluid,
= 2% _1588-10° - absorption coefficient of sound wave,
(Z1+75)?

Iy = alpy— [#] —sound intensity transmitted to middle ear,

Nyry— = pruFry [N] — maximal force acting on tympanic membrane,

Nyy+ = Ny — - Va [N] — maximal force acting on malleus,
¥ = 1.3 — malleus-incus lever transmission,

Ngr = yNry, [N] — maximal force acting on stapes footplate,
Rgr = 0.12 [r:—m] =0.12- 106[;%] — stiffness of annular ligament of stapes footplate,
Wgp = ’;’—z‘; [mm] — static amplitude of stapes footplate,

Mg = 3.04 - 1073 [g] — mass of stapes,

Dgp [%] — damping of stapes footplate,

2ngp = Z—z = 6283 [s~1] — damping coefficient of stapes footplate,

RsF

kgr = Mer 6283 [s~1] — resonant angular frequency of stapes footplate,
2

Agr = wgp ': - [mm] — dynamic amplitude of stapes footplate,

\/(kz—w(zi)) +(2n(;w(i))
ggp = tan™! —SEY_ __ phase shift of stapes footplate.

(ksF) Wy

2

E(t) = wgp (RSFZ) . sin(w;yt — &sr ) — stapes footplate displacement.

\/((ksp)z—w?i)) +(2nsrw ()

3° Round window

Fgp = 2.5 [mm?] — active area of stapes footplate,
Trw = 0.6 [mm] — radius of round window membrane,
Frw = mrgy? = 1.13 [mm?] —area of round window membrane,

Wew [mm] — static amplitude of round window membrane,

Rrw = Rsp=2£ = 0.01226 [niv—m] = 0.01226 - 10® [L] — stiffness of round window

WRrw 52
membrane,
R . .
Apw = Agr Ri [mm — amplitude of round window membrane.
RW
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4° Cochlea

L¢ = 34.5 [mm] — length of cochlea axis,

x [mm] (0 < x < 2L.) — distance along cochlea axis from oval window,

b(x) [mm] — width of cochlea,

b(xy) = 4.3 [mm] — width of cochlea at the base of basilar membrane,

b(L¢) = 1.7 [mm] — width of cochlea at the apex,

d'(x) [mm] — height of scala vestibuli,

d'(xy) = 2.0 [mm] - height of scala vestibuli at the base of basilar membrane,
d'(L;) = 1.0 [mm] — height of scala vestibuli at the apex,

d"(x) [mm] — height of scala tympani,

d"(xq) = 1.5 [mm] — height of scala tympani at the base of basilar membrane,
d"(Lc) = 0.7 [mm] — height of scala tympani at the apex,

F(x) [mm?] — area of cochlea cross section,

p1 = 1.0+ 1073 [<Z] - cochlea fluid density,

mm3

¢; = 1.46 - 10° [==] — sound velocity in cochlea fluid,
AsF Rsp . ]
A == |— — sound wave amplitude in cochlea,
c(®) T y|2p1c1f(pFc(x) [mm] P

p(x)— sound wave pressure in cochlea,
N

mm?2

Pc(x) = prciwpAc(x) [ ] —sound pressure amplitude in cochlea,

4° Basilar membrane

Lpy = 31.9 [mm] — length of basilar membrane,

xo = 2.6 [mm] — distance basilar membrane base from oval window,
a(y) [mm] (x, < x < 2Lgy) — width of basilar membrane,

a(0) = 0.1 [mm] — width of basilar membrane at the base,

a(Lgy) = 0.5 [mm] — width of basilar membrane at the apex,

h(y) [mm] (0 < x < 2L.) — height of basilar membrane,

h(0) = 0.075 [mm] — height of basilar membrane at the base,
h(Lgy) = 0.025 [mm] — height of basilar membrane at the apex,

peu = 1.20-1073 [ﬁ] — basilar membrane density,
meu(y) [m’;m] — normalized mass of basilar membrane fiber (per unit of fiber width),
mgy(0) =9-107° [n;im] —normalized mass of basilar membrane at the base,

mpgpy(Lgy) = 15-107° [T:;m] — normalized mass of basilar membrane at the apex,
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N
mm?2

rem(y) [—=] — normalized stiffness of basilar membrane fiber (per unit of fiber width),

deu(y) [mim] —normalized damping of basilar membrane fiber (per unit of fiber width),
dpy(0) =0.10 [mim] —normalized damping of basilar membrane at the base,

dgy(Lgy) = 0.50 [j;m] —normalized damping of basilar membrane at the apex,

dpm(y)

[s~1] — damping coefficient of basilar membrane fiber,
mpm(¥)

2ngy(y) =

2ngy(y) = 11111 [s~1] — damping coefficient of basilar membrane at the base,

2ngy (y) = 3.3333 [s~1] — damping coefficient of basilar membrane at the apex,

kgu(y) = /% [s~1] — resonant angular frequency of basilar membrane fiber,

Ap(y) [mfnz] — differential pressure acting on basilar membrane,
AA.(y) [mm] — differential sound wave amplitude,

P1C1@W ) 1
h z 2
pemMh(¥) \/[kf;M(Y)—w(zi)] +2nem W)

—1 2npM (V)W)
kgm (-l

Ay (y) = AAc(y) [mm] — BM amplitude,

egm(y) = tan — phase shift of basilar membrane,

w(y,t) = Agy () sin[wyt — egy (¥)] [mm] - basilar membrane displacement.
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