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Abstract

Quantitative FRET-based imaging methods rely on the determination of an apparent FRET
efficiency (Eapp) as well as donor and acceptor concentrations, in order to uncover the identity
and relative abundance of the oligomeric (or quaternary) structures of associating
macromolecules. Theoretical work has provided “upwards” relationships between the
experimentally determined Eap, distributions and the quaternary structure models that underlie
them. By contrast, the body of work that predicates the “downwards” dependence of Eap, On
directly measurable quantities (i.e., fluorescence emission of donors and acceptors) relies largely
on plausibility arguments, one of which is the seemingly obvious assumption that the fraction of
fluorescent molecules in the ground state pretty nearly equals the total concentration of
molecules. In this work, we use the kinetic models of fluorescence in the presence and absence
of FRET to rigorously derive useful relationships between Eap, and measurable fluorescence
signals. Analysis of these relationships reveals a few anticipated surprises and some unexpected
explanations for known experimental FRET puzzles, and it provides theoretical foundations for

optimizing measurement strategies.
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[. INTRODUCTION

Forster Resonance Energy Transfer (FRET) (1-3) is, without doubt, a very useful physical
phenomenon that enjoys broad popularity among researchers in various science areas (4-8).
Defined as the transfer of energy from an excited fluorescent tag to an unexcited one, both of
which are attached to macromolecules of interest in vivo or in vitro, FRET has become an
indispensable tool in a gamut of applications ranging from estimation of intra-molecular
distances within a protein or DNA molecules (2, 9), through probing the structure of oligomeric
complexes (10-13) and to the determination of the proportion of various oligomeric species and
their dissociation constants in living cells (11, 14). Fully quantitative analysis has been facilitated
by the use of the kinetic theory of FRET (15, 16) as well as the availability of multiphoton
microscopy with spatial and spectral resolution (7, 10, 12, 17, 18).

A relevant quantity in FRET is the efficiency of energy transfer (E), which depends on
the sixth power of the ratio between the Forster distance, Ry, and the distance between the
chromophores of the fluorescent tags (1, 19, 20). Customarily, E is connected to the lifetimes of
the excited state of the donor in the presence (z°4) and absence (z?) of acceptors in fluorescence
lifetime imaging (FLIM) measurements, as well as to the fluorescence emitted by the donor in
the presence (FP4) and absence (FP) of acceptors in steady-state intensity-based measurements
(17, 20, 21).

In typical FRET experiments, FP4 or tP4 are measured separately from F? or 7P, although
preferably they should be measured from the same sample after FRET is somehow abolished,
such as by inducing separation of the molecular complexes. The latter is rarely, if ever, possible,
and several methods have been devised, which provide different degrees of approximation to the

true values of FP and 72, and therefore of E. Such methods rely on various corrections (for
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example, for spectral bleed-through and acceptor photo-bleaching), as reviewed by Jares-Erijman
and Jovin (22). Alternatively, one avoids use of corrections or additional measurements
altogether by using spectral resolution to quantify a reduction in the donor emission as well as
acceptor sensitized emission simultaneously, thereby separating the donor and acceptor signals
upon a single sample scan (10, 23-25). This latter approach has led to the introduction of
different variants of FRET-based imaging, including FRET spectrometry (12, 14, 26), fully
quantitative spectral imaging (FSI) (11, 13) and, more recently and only theoretically for now,
FRET-induced color contrast shift (FiCoS) spectrometry (27).

It is generally recognized that, when a single excitation wavelength is used, it is possible to
determine the FRET efficiency and the donor concentration, but not the acceptor concentration
(11, 12, 14, 27). Experimentally determined distributions of apparent FRET efficiencies (Eapp)
comprise one or more peaks, each of which can be simulated using a certain proportion of donor
and acceptor molecules within an oligomeric complex with a certain size and geometry (20, 28).
The model that correctly predicts the number and position of each peak in the E,p, histogram is
taken as the quaternary structure of the protein of interest. This method is known as “FRET
spectrometry.” When used in conjunction with a second excitation wavelength it also provides
the acceptor concentration in addition to Eapp and donor concentration (7, 11, 12, 14, 17), which
could be used to monitor any dependence of the oligomer size or geometry on concentration (12,
14).

The relationships between the experimentally determined Eyp and the theoretical models
incorporating the geometry and size of the oligomer as well as the different possible proportions
of donors and acceptors within each complex are termed in this paper “upwards relationships”

and are based on the well-tested (16, 29) kinetic theory of FRET (15). By contrast, “downwards
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relationships” which allow one to compute Eayp from donor and acceptor signals, without
making arbitrary assumptions about the probabilities to find molecules in excited or ground
states, have not been rigorously derived from the kinetic model of FRET until now. The work
presented in this report starts from suitable kinetic models for fluorescent molecules in the
presence and absence of FRET to derive expressions for Ep as well as donor and acceptor
concentrations from fluorescence emission of acceptors and donors, some of which have been
introduced and used but not rigorously derived in previous publications (10, 15, 20). It is shown
that some of the assumptions that were implicit in some of the downwards relationships used by
all of us in the FRET community, are not automatically valid and could lead to systematic errors
if not carefully considered in the context of the experimental protocol used. Detailed analysis of
those assumptions allows us to provide long-sought explanations for some known experimental
puzzles. In addition, it provides the theoretical basis for identifying and refining the experimental
conditions for quantitative FRET methods based on intensity measurements with no temporal
resolution. A possibility is also suggested for using temporally resolved measurements for

computing Eapp distributions needed in FRET spectrometry analysis.

[I. THE KINETIC MODELS OF FLUORESCENCE AND FRET

II.1. The kinetic equations

The relationships between different de-excitation rates and probabilities of fluorescent molecules
to be in their excited states are obtained from the simple kinetic models presented in Figure 1.
According to these models, for donors in the absence of acceptors (Figure 1a) the rate of change

of the probability (pp+) to find a donor in an excited state (D*) is

ap
yex,DpD _ (yr,D + ynr,D)pD* — Z? , (1a)
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where p,, is the probability to find a donor in its ground state, y¢*? is the rate of excitation of
donors initially in their ground state (D), while y™"P and y™? are the rates of donor de-excitation
through non-radiative (e.g., internal conversion) and radiative (i.e., emission of a photon)
processes, respectively. Similarly, for acceptors in the absence of donors (Figure 1b) the rate of

change of the probability to find the j-th acceptor in an excited state (p,-« ;) is

dp *
Vex'ApA,j _ (yr,A + an'A)PA*,j — dt‘; J (1b)

where p, ; is the probability to find the j-th acceptor in its ground state, y¥4 is the rate of

excitation of acceptors in their ground state (A), while y™"4 and y"4 are the rates of acceptor de-

excitation through non-radiative and radiative processes, respectively.

yex,DT ly nr,D Y r,D v ex,AT ly nr,A y r,A
@ D b A
A ., D

yex\ynr\yrﬂ ]y/y yr,A

(©) DA

Figure 1. Kinetic models of fluorescence and FRET for (a) donors, D, in the absence of
acceptors, A, (b) acceptors in the presence of donors, as well as (c) donors and acceptors in the
presence of each other (i.e., FRET). Asterisk denotes excited species. All other symbols are
defined in the text.
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For single donors associated with n acceptors, if the acceptors are excited both directly by
light and through energy transfer from the donor, the kinetic model of FRET (Figure 1c) gives:

ex,D

dp *q
Poa = 7P + ¥ PIppra = X1V (1 = Para) Poa = — 2% (o)

14 dt

_ dpA*d,]

v = para) + v A = ParajIPora — O + ¥ DDgea; = — (1d)

where yj” is the rate of energy transfer to each of the n acceptors, while ppq, Pp*a: Pag,j» and
Pa+q,j are the probabilities to find donors and acceptors in their unexcited or excited states in the

presence of each other. These probabilities obey the relations: ppq + pprg =1 and pyq; +

Pasaj = 1.

For single photon excitation, the excitation rates of donors and acceptors depend on the
light irradiance, I (in W/m?), and the wavelength-dependent extinction coefficient of each
fluorescent species, £%(A,,), according to the expression
YK = 1E% (Aex), )
where X stands for A or D, and £X = £X(1,,)In(10)4,,(hcN,) ™1, with 1., being the excitation
wavelength, h Plank’s constant, ¢ the speed of light, and N, Avogadro’s number. An
instrumental multiplicative factor also may be incorporated, to account for changes introduced
by the optics, but this almost invariably leads to a change in the excitation light intensity at the
position of the sample, and so it can be safely absorbed into I, for simplicity.

As it is well known, for two-photon excitation, the extinction coefficient depends on the
second power of the light intensity. We are not going to consider that particular fact herein, since
from the point of view of this research, the effect of two-photon excitation is only to change the

value of the excitation rate and not the kinetics behavior.

II.2. Particular forms for long integration time and no temporal resolution
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Taking Eqg. (2) into account and integrating Egs. (1) with respect to time, we have:

EPMy — (y"P +y" )Py = [77 ) dpy, (3a)
EATL, — (YA +y APy =[P4 dp,, (3b)
EPMpg — (v™P +y™P)Pprg — Z;'l=1 thTPD*AJ fpp;*a((t?) Pp*as (3c)
EA g + thrPD*A,j — Ay )Py = f:: dd((tto)) Pa*a,j (3d)

where we have used the following notations for the various integrals: I1, = fttopDI(t)dt,
t t t t t
Pp+ = fto pp-dt, Iy = fto pal(t)dt, Py = fto Pardt, Ip, = fto Ppal (V)dt, Ppeq = fto Pp*adt,

pg; = ftto Daa,jl(0)dt, Pyrq = fti) Paradt,and Pp+y j = ftto Pp*aPaq,jdt.

The probability to find donors or acceptors in their excited states is always less than
unity, while the excitation and de-excitation rates are all greater than 10* s (with de-excitation
rates being some three to five orders of magnitude higher). As a result, for integration times of 1
us or greater, the values of the integrals on the left-hand-side of Egs. (3) far exceed the values of
the integrals on the right-hand-side, which are always < 1. This applies both to the case of
steady-state intensity measurements employing continuous-wave light sources, where the
probabilities are constant, and to measurements employing ultra-short light pulses that change
the excited state probabilities from zero to some higher value and then back to zero. In either

case, the integrals on the right hand side of Egs. (3) vanish, and we have:

EPIT, = (y"P +y™P)Pps, (4a)
EALy = (™A + Yy ) Py, (4b)
EPllpg = (¥"P +y™P)Ppiq + X1y VjtrPD*A,jl (4c)
EMMyaj + [ Ppraj =@+ 7Py (4d)
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11.2.1 Continuous wave excitation and long integration time
If continuous wave (CW) lasers are used, the light intensity, I, is constant on timescales larger

than those corresponding to the statistical fluctuations of the photons of light, and Egs. (4)

become

EPIP, = (y"P +y™P)Pp-, (52)
EAIPy = (Y™ + Y™ )Py, (5b)
EPIPpg = (y™P + ¥ P)Ppq + 274 )/jtrPD*A,j’ (5¢)
EAPy; + ¥ Ppaj = ™ + ¥y )Py ). (5d)

where the probabilities on the left-hand-side of these equations, Pp = fOtdet, P, = fOtpAdt,

Py, = fot Ppadt, Pagj = fot Paa,jdt, are now constant. These equations will be used later on in
this paper to express the emission intensities of donors and acceptors as a function of rate
constants and other experimental parameters for continuous wave excitation, i.e., steady state

studies.
11.2.2 Pulsed excitation and long integration time

If the excitation consists of trains of light pulses that are much shorter than the excited lifetime of
the fluorescent species, the intensity may be, to a good approximation, described by

I =15(t—ty), (6)
where ¢ is a dimensional coefficient, and §(t) is Dirac’s delta function. Using this formula and
the sifting property of the Dirac delta function® in the IT integrals defined above, Egs. (4)

become:

EPwpp(ty) = ("P +y™P)Py-, (7a)

! The sifting property of the Dirac delta function provides that f:op(t)d(t)dt =p(0) fort, <0 <t and
ffo p(t)6(t)dt = 0 for any other integration limits.
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EApa(ty) = (Y™ + ¥ )Py, (7b)
EPppa(te) = (7P +y™P)Ppig + Z}l=1 ]/jtrPD*A,jv (7¢)
EApaq;(to) + yjtrPD*A,j ="+ Yy P g . (7d)

The interpretation of the assumption used in the derivation of Egs. (7) is that the
ultrashort pulse applied to a sample at the initial time t, brings a fraction of the donors or
acceptors into their excited states within a time much shorter than the lifetime of the donor, i.e.,
well before any de-excitation process starts. The excitation/de-excitation cycle repeats itself at
the repetition rate of the laser light pulses for the entire duration of the data collection (or
integration time). If each pulse arrives at the sample a long time after the previous one (relative
to the fluorescence lifetime of the molecules), it finds all the molecules in their ground states. In

this case, we may assume that p, (ty) = ppa(to) = pa(te) = paa(ty) = 1, and Eqgs. (7) become:

€0y = (y™P 4 y"PYp,., (8a)
€4, = (y7A + y" AP, (8b)
EPL=(y"P +y"P)Ppq + X} ¥/ Pprajs (8c)
EA+ Y Ppa; =™+ YD) Pyq;. (8d)

Equations (8) will be used later to express the integrated emission intensity of the differing
fluorescent species in the case of pulsed excitation and acquisition times much longer than the

repetition rate of the light pulses, i.e., in the absence of temporal resolution.

[1.3 Particular forms for pulsed excitation and temporal resolution

If an ultrashort pulse, which may be described by Eq. (6) is applied to the sample, and then the
fluorescence emission is measured repeatedly for integration times much shorter than both the
lifetime of the fluorescent molecules and the time elapsed between arrival of two successive

pulses, fluorescence decay curves may be acquired for each fluorescent species, such as donors

10
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only or donors in the presence of acceptors. Typical values are: 10 to 100 ps for integration
times, a few ns for the excited state lifetime, and ten or more ns for the repetition rate of the laser

pulses.

11.3.1 Case A: acceptors are not excited by light
If the ultrashort pulse has a center wavelength that only matches the excitation maximum of the

donor and does not excite the acceptor to any significant extent, then p,, ; = 1. Under these

conditions, using Eq. (2) and separation of variables, Egs. (1a) and (1c) become

cb, PD(t) 2o _s()de — (v 7.D _l_ynr,D)dt — w, (9a)
pp(t) Pp*
eP: ”D“(?t)a(t)dt (7P +y™mP 4 Ty )t = 2 (9)

Upon integrating the left side of Egs. (9) from 0 to t and the right side from pp-(0) [or pp+,(0)]
to pp+(t), the sifting property of the Dirac delta function now provides that the first terms on the

left-hand-sides vanish (since the lower limit of integration is not less than zero), and we therefore

obtain:
t) dpprq
—(P Ay [y de = PSP (108)
( r.D 4 nr.D +Z )f dt = pr a(®) dPp*g (10b)
y V j= 1]/] pD*a(O) Pp*a '

Since each ultrashort pulse brings a fraction of donors in their excited state well before any de-
excitation occurs, we have pp-(t), pp+q(t) = pp+o When t — 0 for all the donors regardless of
whether there are any acceptors nearby. In addition, the probabilities that donors are in excited
states tend to zero, i.e., pp+(t), pp+4(t) — 0, for very long times, t — oo. This upper limit is only
infinite by comparison to the donor lifetime and is in fact equal to the time elapsed between the
arrival of successive light pulses. With these boundary conditions, Eqgs. (10) admit the following

solutions:

11
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pp+(t) = pp-oexp(—t/t°), (11a)
Pp-a(t) = Pproexp(—t/t"%), (11b)
in which

™= (@"P +ymP) (12a)
and

70a = (7D 4 ynrd 4 Z?:ﬂ’fr)_l (12b)

are the donor lifetimes in the absence and presence of acceptors, respectively, while

poro = (¥"" +v™P + X1 v )Ppra, (12c)
is the total number of excitations, which is equal to the sum of excitations lost through all de-
excitation pathways. Eq. (12c) may be derived by integrating Eq. (1c) (assuming puq; =

1) from 0 to a very long time, and the probability limits of p,-, and 0.

11.3.2 Case B: acceptors are directly excited by light

When a light pulse described by Eq. (6) excites not only the donors but also the acceptors,
competition occurs between energy transfer and laser light for exciting the acceptors, and hence
Paa,j < 1. Under this condition and following the procedure described in Case A, integration of
Eq. (1c) gives:

P +y™P) fot dt — Xj_1v)" fot(l ~ Para,)dt = pp;?((ot)) %' (13)
This type of equation has the following analytical solution for p,-4 ;(t) functions that have the
Property pacq,j = ParoPa*a,j(t):

Ppa(t) = Pp*o€XP [— t/TP% + Do Xjea ¥VfT fot Para,j (t)dt]’ (14)
where p 4+ is an initial amplitude and ¢4+ ; is an arbitrary decay function (which would take the

form of an exponential decay when there is only direct excitation of the acceptors). The integral

12
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in the exponent may be evaluated numerically from experimentally determined acceptor
fluorescence decay, and

Ppo = "P +y"PIPpiq + X, )/frPD*A,ja (15)

is the total number of donor excitations, expressed as the total number of excitations lost through
different de-excitation pathways. Equation (15) may be derived rigorously by integrating
equation (1c) over time from 0 to very long time, which corresponds to the probability limits of
Pp+o and 0. Obviously, Eq. (14) reduces itself to Eqg. (11b) when there is no direct excitation of

the acceptor by light, i.e., for ps«q = 0.

II.4 Fluorescence emission in the presence and absence of FRET

11.4.1 The fundamental equations of FRET

The quantities of interest in FRET are the quantum yields of the donor in the absence (QP) or
presence (QP%) of acceptors, and the efficiency of energy transfer (or FRET efficiency, E) from
donors to acceptors, namely the fractions of the number of excitations lost through radiative
processes in the absence and presence of acceptors, and through energy transfer to the acceptor,
respectively. In general, the quantum yield is defined as the number of photons emitted divided
by the total number of excitations, while the FRET efficiency is defined as the number of
excitations transferred from donors to acceptors divided by the total number of excitations of the
donor. The total number of excitations equals the sum of excitations lost through different de-
excitation pathways (regardless of whether the excitation light is continuous-wave or pulsed, or
detection is with or without temporal resolution), and it may be computed by integrating Egs. (1)
over different time intervals and under different excitation conditions. Thus, expressions may be

written for the donor and acceptor quantum yields in the absence of FRET,

13
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ft yT’DpD*dt
D=0 16a
¢ Ji, (P +y P )p - dt’ (162)
PO s Vi, 16b
= Jg Ay A)p et (160)
for the donor quantum yield in the presence of FRET,
ftt yr'DpD*adt
QDa =t 1.D 4 nr,D f L tr(1—p vy : N ! (16C)
fto[(y +YO)ppra+ o1 V; (1=Pa*q,j)PD a]dt

and the FRET efficiency,

t vn T
fto 2]'=1V]F Pp*qPAd,jdt (16d)

- ftto[(Vr’D+Vnr'D)pD*a+Z?=1 y}r(l_pA*d,j)pD*a]dt.
Since the rates of de-excitation are all constant, making use of the notations for the integrals of

the probabilities from section |1, these equations may be rewritten as

r,D

D _ )4
O = -
gh=_1" .
yr,A+V‘nT,A
e Y PPpig Y
Q (7D +ynT’D)PD*a+Z?=1 Y};TPD*A,j ( )
> ytrP *4 7
—_— (17d)

T OO 4 S Y Ppa)

It is noteworthy that Eqs. (16c) and (16d) as well as (17c¢) and (17d) depend on the
probabilities Pp+4 ; and Pp-,, which means that, in the most general case, they also depend to
some extent on the excitation intensity as well as the extinction coefficients of the donors and
acceptors. This is a departure from the widely used expressions for Q°¢ and E, in which these
probabilities are assumed to be equal to one another and therefore cancel out, leaving the two
quantities dependent on de-excitation and transfer rates only. The net effect of such a

dependence on experimental conditions is negligible, if the probability to find acceptors in their

14
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ground state, p,q ;, is close to unity when the donor is in an excited state. This occurs when the
acceptor is not directly excited by laser light. In that case, definitions (17c) and (17d) reduce
themselves to the classical ones, according to which QP and E depend only on the de-excitation
rates (15). If, by contrast, the acceptor is also excited directly by laser light, as it is the case in
many FRET approaches, the probability p,q ; is smaller than unity when the donor is in an
excited state, which has some consequences, as detailed in sections Il and I11.

In either case, by rewriting Eq. (16d) as

ft YRy )y L dt ft y"Pp «gdt
E=1- tO( t L T . nD tr ' (18)
Jeo Y"Prprat fto[()’r'D YOI ppr gt V] (1_pA*d,j)pD*a]dt
and using Egs. (16a) and (16c¢) to replace the first and second terms, we obtain
Da
E=1-% (19)

QD
This is a fundamental relation of FRET (15), from which all expressions for the FRET
efficiency, in terms of both temporally resolved and steady state fluorescence emission, may be

derived, as it will be shown below.

11.4.2 Time-integrated fluorescence emission

Using Egs. (4a) and (4b), the notations for the integrated probabilities used in Egs. (4), and the
definitions of quantum vyields [Egs. (17a,b)], we can now introduce the steady-state integrated
emission of D or A per molecule in the absence of FRET:

oL = y"Pp,. = EP1,QP, (20a)
o4 = ym4p,. = E411,Q4. (20b)
Successive use of Egs. (4c) and (17¢) gives the integrated emission per donor in the presence of
FRET,

®P¢ = y"PPy., = EPMH,QPY, (20c)

15
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which, using Eq. (19), becomes

oPa = 211, QP — £P11,,EQP. (20d)

Finally, using successively Egs. (4d), (17d), and (4c), we obtain for A in the presence of D,

DAL = Yy AYT  Paraj = EAQATT Tagj + EP I EQA. (20e)
These equations will be used later on in this paper to derive various expressions for

FRET efficiency as a function of measurable quantities.

11.4.3 Time-resolved fluorescence emission

In the absence of acceptor direct excitation, from Eqgs. (11), we obtain for the emission intensities
of the donors in the presence or absence of acceptors,

P () =y"Ppp-(t) = y"Ppp-oexp(—t/TP), (21a)
PU(t) = v"Pppra(t) = Y™ ppeoexp(—t/T°%), (21b)
for temporal resolution higher than the fluorescence lifetime (i.e., 6t > 7). When Eqgs. (21) are
integrated over a time (8t) much longer than the lifetime of the excited state of the donor, but

shorter than the repetition time of the laser pulses, we obtain

®P = [T $P(t)dt = ppeoQ”, (222)

®Pe = [ pPe(t)dt = ppeeQ@PY, (220)
The results embodied by Egs. (21) are customarily used to interpret the fluorescence

decay of donors in FRET studies based on fluorescence lifetime imaging (FLIM). The results

expressed by Egs. (22) are formally similar to those of a steady-state situation [Egs. (20)],

whereby a continuous-wave light source is used and fluorescence emission is integrated over

periods of time much longer than the excited lifetime of the donors and acceptors. This similarity

provides a welcome consistency check of the kinetic theory outlined in this work.
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Similarly, mathematical expressions may be obtained for the emission intensities of

donors in the absence or presence of acceptors for the case of acceptors being directly excited by

light,
P () = y"Ppp+(t) = ¥y"Pppoexp(—t/TP), (23a)
$PUE) = ¥ PPpalt) = V" Pppoexp |~ /7% + pao Tiy Vi fy Para (O], (23b)

where 7% is as defined above — the donor lifetime in the presence of acceptors but in the
absence of direct acceptor excitation. The integrals of these expressions depend on the particular

form of -4 ;, as we have discussed in section 1.

[ll. RESULTS

lll.1. FRET efficiency expressions for pure oligomers

To obtain relationships between the efficiency of energy transfer and experimentally measured
quantities, we rewrite Eq. (19) in different ways. By inserting the quantum yields of the donor in

the presence and absence of FRET from Egs. (20a) and (20c) into Eq. (19), we obtain,

Da
E=1-2_1o (24)

oD mpg’
which for constant excitation intensity [see Egs. (5)] becomes

Da
F=1-2_1o (25)

oD pp,’

and for ultrashort-pulse excitation [see Egs. (8)] becomes

(pDa

E=1-

D" (26)
The last equation has been widely employed, together with various experimental schemes
that allow the determination of ®° (e.g., acceptor photo-bleaching or use of two different

excitation wavelengths (22, 24)), to compute the FRET efficiency from steady-state fluorescence
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intensities. Nevertheless, now we see that Eq. (26) should be used with caution, as it only applies
to pulsed excitation and is expected to give somewhat erroneous results when used in
conjunction with continuous-wave excitation, as is the case with confocal or wide-field
microscopes. In addition, the use of photo-bleaching or two different excitation wavelengths to
determine the donor emission in the absence of FRET leads to loss of pixel-level information in
FRET imaging due to the fact that diffusion causes the molecular makeup of an image pixel to
change during the long time it takes to acquire all the needed data.

To avoid the use multiple measurements or acceptor photo-bleaching, one can combine
Eq. (20d) with the particular case of Eq. (20e) for the absence of acceptor direct excitation to

obtain

D
QD _ 1 ((pDa +Z_A¢Ad), (27)

B SDnDa
which inserted into Eq. (19) together with Q°¢ from Eq. (20c), gives

-1

E=(1+520) (28)

QD pAd

Equation (28) has been proposed previously and used successfully in many practical
applications (10, 20, 28). Remarkably, it does not depend on probabilities and hence it is
independent of the excitation level regardless of whether excitation is performed using CW or
pulsed lasers. In addition, with this formula E may be determined upon a single excitation of the
sample and does not rely on either multiple excitation wavelengths or acceptor photo-bleaching,
as do other methods. This eliminates the need for strong approximations often used in FRET
studies employing steady-state fluorescence emission and allows one to accurately compute E.

Using again the assumption that the acceptor is not directly excited by laser light (which

leads to p,4; = 1) and using the definitions of the lifetimes introduced by Egs. (12), from Eq.

(19) we obtain immediately:
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Da

E=1-". (29)
This equation is very popular with FLIM-FRET researchers, as it allows one to determine E from
the fluorescence decay curves described theoretically by Egs. (21) and which are obtained from
FLIM experiments. Unfortunately, it is very difficult to extract with accuracy more than two
different lifetimes from fluorescence decay curves, which makes this particular method
applicable to probing interactions between only two molecules (i.e., dimers). This problem may
be elegantly circumvented using the following approach.

When the acceptors are also directly excited by light, if the excitation light intensities are
equal between the measurements of donors only and donors in the presence of acceptors, the
denominators in Egs. (16a) and (16¢) cancel each other out once these expressions are inserted

into EQ. (19). Thus, in our usual notations, we obtain:

F=1-Fpa_q_1Ppa (30)

Pp* 0 ppxo’
where pp+, may be interpreted as the amplitude of the fluorescence decay curve (i.e., its height at
t = 0). Further, by explicitly writing P+, as an integral, we obtain

0
1 fo pD*adt
D

E=1- (31)

Pp*o
where pp+, may be replaced by the fluorescence decay curve of the donor in the presence of
acceptors, which may be then integrated numerically over the time interval between two
excitation pulses to compute the FRET efficiency. By using the expression of pp+, from Eq.
(14), it may be easily seen that Eq. (31) reduces itself to Eq. (29) if there is no direct excitation of
the acceptor (i.e., for p4o=0).

Equation (31) not only removes an approximation inherent in Eq. (3), but also promises

to provide a means to compute the FRET efficiency for systems of oligomers of unknown size —
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and hence unknown number of lifetimes —, using time resolved fluorescence measurements. This
feature could be exploited in the context of FRET spectrometry to determine the quaternary
structure of macromolecules from distributions of FRET efficiencies obtained from pixel-level

fluorescence measurements (20).

lll.2. FRET efficiency expressions for mixtures of oligomers and free monomers
111.2.1. Fluorescence of mixtures of interacting and non-interacting molecules
Up to this point in our derivations, fluorescence emission, whether expressed as photons emitted
per unit of time (and denoted by ¢) or integrated over a longer time (denoted by upper case @),
has implicitly referred to single molecules. This is indicated by the fact that we used probabilities
of having the molecules in certain states, instead of concentrations of molecules in those states.
To describe emission intensities for ensembles of excited donors or acceptors, we
multiply the previous results for @ by the total concentrations of donors or acceptors in the
sample volume, as appropriate. Additionally, we now consider the more general case that
includes free donors and acceptors, as well as D-only and A-only oligomers, and we also replace
the probabilities by concentrations. In light of these considerations and proceeding along the

lines of reasoning surrounding Egs. (19) from reference (15), Egs. (20d) and (20e) are replaced

by
FPe = SDQD{[D] + [D]d}HD + ‘SDQD[D]aHDa - SDEoligoQD.uoligoHDav (323-)
FAd = SAQA{[A] + [A]a}HA + gAQA[A]dHAd + gDEoligoQAﬂoligoHDai (32b)

where [D], and [A], are the concentrations of donors in oligomers with acceptors, and the
concentration of acceptors within oligomers with donors, respectively, the term 2Q?{[D] +

[D]4}1, accounts for the emission of free donors and donors in complexes with other donors
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(but no acceptors), and e4Q4{[A] + [A],} is the emission of free acceptors and acceptors in
complexes with other acceptors (but no donors).

To simplify these expressions, we introduce the notations
FP" = €PQP{[D] + [D]a}Ip + €PQ[D]allpa, (33a)
FA = EAQM[A] + [Ala}Ia + E4Q4 Al aTaa, (33b)

for the fluorescence of donors and acceptors, and

FI?RET = SDEoligoQD.uoligoHDaa (33C)
and
Flf‘qRET = gDEoligoQA:uoligonDaa (33d)

for the loss or gain due to FRET. We also introduce the concept of apparent FRET efficiency,
Eapp, Of @ mixture of free as well as associated donors, some of which may be involved in FRET

with acceptors, which is expressed by (12, 15):

— Holigo ) — Holigo )
Eapp - [D]+[D]d+[D]a EOllgO - [D]T EOllgO' (339)

This is the quantity of interest in FRET experiments and provides the connection to the
oligomeric size and configuration (i.e., quaternary structure) (20).
With these notations and definitions, Egs. (32) become

FDa = FD, - FF[')RET, (34&)
FAd = pA 4 & pp (34b)
- QD FRET:

as it has already been proposed before (10, 15). Note that we used “prime” to denote FP’ and
F#', because, according to Egs. (33a) and (33b), they are only equal to the donor-only and
acceptor-only fluorescence emissions if the probabilities follow the relations: 1, = I1,,, and

I, = Il,4. In that case, Egs. (33a) and (33b) become
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FP' = €PQP[D],1I, = FP, (35a)
FA = g4Q4[Al I, = FA, (35b)

The generally accepted definition of FRET efficiency in terms of integrated emission
intensities (over entire emission spectra), by analogy to Eq. (26), is given by the equation:
FDa

FD
E — _FRET _ 1-—
app = " gD 7D

(36)
If the donor and acceptor are chosen such that the acceptor is not directly excited by light at a

wavelength at which the donor is excited, then F4’ = 0, and combination of Egs. (34) gives
' QP
FP’ = FPa 4 Q—AFAd, (37)

which is equal to F? for pulsed excitation light, but not for CW excitation. Inserting Eq. (37) into

Eqg. (36), we obtain an equation,

Fo = (1+550) " =

QP 7Ad
which has a similar form to Eq. (28), which applies to pure systems of oligomers.
Since we used F?’ and not FP to derive Eq. (38), it is necessary to verify that it actually
gives the correct result. By inserting Eqgs. (34) (with F4' = 0) into the right-hand-side of Eq.
__ Holigo

(38), this equation reduces itself to the correct expression, E',,,, = WE(,UQO = Eqpp, but only

for pulsed and not for CW excitation, since in the former case I1,, = II, = 1, as mentioned
above and further discussed below.

When y¢¥4 % 0, we have F4 = 0, and Egs. (34) may be solved only if a second
excitation wavelength is used, since the system of Eqgs. (34) is otherwise underdetermined. This
problem has been previously tackled and its results successfully applied to probing

oligomerization of membrane receptors (11, 12, 14).

111.2.2 Determination of E,pp and concentrations using two excitation wavelengths
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If, in addition to the donor concentration and the FRET efficiency, the acceptor concentration
also needs to be determined (11, 14), the theory of the method has to incorporate the direct
excitation of the acceptor as well as additional equations by adding a second excitation
wavelength.

In the case of two excitation wavelengths, one may write the following variants of Eqgs.

(34) for the donor and acceptor emission in the presence of FRET:

FP% = FP' — FRrer1, (392)
F1Ad = F{" + g_zFprET,l’ (39b)
FP% = F?" — Firpr) (39¢)
Ff = P+ & Flera, (3%0)

where the subscripts “1” and “2” stand for the first and second excitation wavelength,
respectively. In addition, using the notations given by Eqgs. (33), we introduce the following

notations for the ratios of the various terms in Egs. (39):

D
Dr Dr __ 5_1{[D]+[D]d}nD1+[D]anDa1 — ~ex,D
Fl /FZ B €D {[D]+[D1a}1p2+[Dlallpaz P ' (408.)
A
ar ypAr _ €1 {[Al+[Ala}Ta1+[AlalTad1 —  ex,A
AR = A (A1 Al ao+Alallaaz P (400)

For mixtures of molecules in different oligomeric states, p®*P and p®*4 may be easily

determined, though only for the case of pulsed excitation (for which I1, = I, =11, = Iy =
D A

1, and therefore pé*P = Z—}, and p®4 = Z—;), by measuring separately the relative fluorescence
2 2

emission following excitation at the two wavelengths of samples containing only donors or only

acceptors.
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After dividing Eq. (39a) by QP and (39b) by Q4 and adding up the resulting expressions,

we have:
D L o
e Tt ar e

Similarly, we obtain the following expression by combining Egs. (39¢) and (39d):

FDa FAd FDI FAI
5—D+QZ—A=QZ—D+QZ—A. (41b)
Then, substituting FP’" and F{" from Egs. (40a) and (40b), respectively, into Eq. (41a), and

dividing the resulting equation by p®*P we obtain

FPa 1 Ff4 1 FP' ' pexA
QD pex,D QA pex,D QD QA pex,D'

(42)

Subtracting Eq. (42) from Eq. (41b) and rearranging the terms, we obtain:

A A
Ff = (Ff = Fpd— 4 PP S5 — PP —500) (1 — pond /pex) 2, (43)

pex.D QP pex.D oD
For pulsed excitation, I1, = II,, = 1 and therefore Eqgs. (32a) and (40a) provide that

FP%/FP% = p®*P in which case Eq. (43) becomes

1

Fit = (B = R ) (= o o), (43

Further, by solving Eq. (41a) for FP and using Eq. (40b) to substitute for F/*’, we obtain

FDI — FDa FAdi _ FAI ex,AQ 44
1 1 trq 0d e P ga (44)

where F§" is determined from experiments via Eq. (43).

Finally, by inserting FP’ from Eq. (44) into Eq. (36), we obtain:

: P oA\
Eapp = (1 +WQ—D) ; (45)

where F4 is connected to experiment via Eq. (43). For pulsed excitation, we may substitute F5"

from Eqg. (43’) and obtain:
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-1

FlDa(l_pex,A/pex,D) ﬁ]
Ffld_Fé‘ldpex,A QD

Elapp = |1+ (45%)

Equation (45°) as well as similar or approximate forms of it have been used previously by
us or other researchers (11, 12, 17, 24) to determine the FRET efficiency for pure or mixed forms
of molecular complexes of different sizes (11, 24). By inserting the particular forms taken by
Egs. (32) and (33b) for 1, =II,, =11, = I1,4 = 1 into the right-hand-side of Eq. (45°), we

find that this equation reduces itself to the correct expression, E';,, = %Eoligo = Egpp. By
T

contrast, the more general Eqg. (45) combines integrated probabilities of donors and acceptors to
be in excited states for two different wavelengths — all of which take unknown values. Therefore,
for CW excitation, the FRET efficiency is subject to systematic errors. These errors could be
corrected for (see the Supplementary materials), but that process requires time-resolved

measurements in addition to CW-based measurements.

IV. DISCUSSION

IV.1. Determination of E from time-resolved measurements

As discussed above, if the acceptor is already in an excited state when the donor is excited, as a
result of acceptor direct excitation by laser light, quantum mechanics rules prevent the donor
from transferring its excitation to the acceptor. The magnitude of this effect is estimated by
evaluating the integral in the exponent of Eq. (14) using the approximations that the acceptor
fluorescence follows the same exponential decay curve as it would in the absence of FRET,
®a-q,;(t) = exp(—t/t?), and that all acceptors are equally excited, whether by laser light or via
FRET. As shown in Figure S1 of the Supplementary Results, the change in the donor excited
lifetime is rather small, even for tetramers consisting of three acceptors and one donor. To

estimate the contribution of the acceptor direct excitation to E, assuming again that the acceptor
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fluorescence follows an exponential decay, after performing the integration in the exponent of
Eq. (14) and inserting the resulting probability into Eq. (31), we obtain:

E=1- Tiofooo eXP[_t(l/TD + 27]'1=1 )’jtr) + P4 ot?(1 — e_t/TA) 2?:1 Vjtr]dt- (46)
By inserting into this expression the parameter values used for simulating the fluorescence decay
curves in Figure S2, we obtain E = 0.783 in the absence and E = 0.768 in the presence of 10%
acceptor direct excitation, respectively. This overestimate of E when acceptor direct excitation is
taken into account is rather modest (~2%), although it may play some role in the interpretation of
the results from high-precision experiments.

Regardless of whether the competition between energy transfer and laser light for
exciting the acceptors produces measurable effects, Eqg. (31) suggests a simple alternative way of
computing the FRET efficiency in mixtures of monomers and oligomers with different
proportions of donors and acceptors, which are expected to generate a superposition of several
exponential decay curves with different lifetimes. As we have mentioned above, such situations
may not be tackled using Eq. (29). Even if it were possible to extract several lifetimes from a
fluorescence decay curve, one would need to know a priori the number and sizes of the different
types of oligomers present (in order to know how many lifetimes to extract), which is the very
piece of information that one actually needs to extract from FLIM experiments. This creates a
vicious circle, which may be avoided by integrating the fluorescence decay curves — rather than
resolving them into multiple exponentials —, and then using Eq. (31) to compute the FRET
efficiency.

This proposed method, which is different from FLIM and which we tentatively name

“time-resolved intensity measurements” (TRIM), should be useable in conjunction with FRET
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spectrometry, which allows determination of quaternary structures but has so far been

implemented using average-intensity-based fluorescence measurements only (20, 28).

IV.2. Estimating and testing systematic errors introduced by CW excitation

We have suggested in section IV that assuming that the probability of the donors to be in their
ground state in the absence of FRET is equal to that corresponding to the presence of FRET —
i.e., Il = Ilp, (or P, = Pp,) —, may lead to errors in computing the FRET efficiency using the
standard expressions for FRET efficiency and CW excitation light sources. To estimate the errors
in the FRET efficiency when using Eq. (25) for systems of pure oligomeric complexes, we first

rewrite Eq. (25) in terms of the true FRET efficiency, E, given by Eq. (26), as
E=1-(1-E)22, (47)
Ppq

Replacing the integrated probabilities by their corresponding expressions [Egs. (S1) and (S2)]

derived in Supplementary Results, Eq. (47) becomes:

1+16P¢Pa
1+1EDD

E'=1-(1-E) (48)
Assuming that a laser beam with an average power of 1 mW and a wavelength of 433 nm
is focused to a diffraction limited spot of radius 200 nm onto a sample containing dimers
consisting of single Cerulean (30) fluorescent proteins (with extinction coefficient £© = 4,300
M™ m™) fused to some other fluorescent protein to form FRET dimers, the excitation rate for a
donor molecule given by Eq. (2) is y®*? = [EP = 2.85 x 10% 5. The lifetime of Cerulean in the
absence of FRET is approximately 3.2 ns (31). Its lifetime in the presence of FRET with a true
FRET efficiency value of, let us say, E = 0.28 is estimated from Eq. (29) to be 2.3 ns. By

inserting these values into Eq. (48), we obtain a FRET efficiency E’' = 0.38, which is some 34 %

larger than the true FRET efficiency, E, of our assumed dimers. The excitation power of 1 mW
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used in our estimates above is not atypical in experiments involving fluorescent molecules
detection (32), and so this kind of errors in the FRET efficiency could not be considered as
exceptional. Nevertheless, even if the excitation power decreased by an order of magnitude to
0.1 mW, the error in FRET efficiency predicted by Eq. (48) for CW excitation would still be 6%.

Systematic errors in FRET efficiency measurements based on CW excitation light have
been noticed ever since Stryer’s introduction of the “spectrometric ruler” (33). In a somewhat
more recent paper, Deniz and co-workers (34) used di-nucleotides of the same lengths labelled
fluorescently at different positions, such that the tags were positioned at various distances from
one another, and performed single particle FRET measurements using CW excitation. By
plotting the FRET efficiency values versus distance, Deniz et al noticed a shift towards larger
distances in the experimental data plot compared to the plot predicted by Forster’s well-known
formula. In light of our discussion above, it is reasonable to assume that least part of those
discrepancies arose from implicit approximations concerning the integrated probabilities. To test

that hypothesis, we substitute 2% from Eq. (29) into Eq. (48) to obtain a relationship,

E=1-1-E)(1- i ).

1+1EDD (49)
that connects the measured efficiency £’ to that predicted by Forster’s formula for different
values of the inter-fluorophore distance, R. By reanalyzing Deniz et al’s data, we found that the
E’ vs. R curve predicted by Eq. (49) is significantly shifted to the right and better fits the
experimental data for the same Forster distance (Ro = 65 A) as in the work described above (see
Supplementary Figure S2). This confirms the validity of the theory described in this work.

As for the systematic errors affecting the output of Eq. (38) when using CW excitation,

we could only infer that they will be at least as large as those estimated in the paragraph above.

For reference, we estimate the values of the four integrated probabilities, using the expressions
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provided in the Supplementary Results section, for the experimental conditions described above
and, in addition, assuming that the acceptors consist of VVenus fluorescent molecules (35) with an
extinction coefficient ¢4 = 9,200 M m™ and a lifetime of 3 ns. For 1 ms integration time and 1
mW of excitation power, these values are, P,= 5.2 x 10* s, P,,= 6.0 x 10*s, P,= 3.5 x 107 s,
P,y= 2.2 x 10™ s, with the donor integrated probability being 13% smaller and the acceptor
integrated probability 58% larger in the presence of FRET compared to their respective values in
the absence of FRET. As seen, the acceptor integrated probability is lower in the presence of
FRET, compared to that in the absence of FRET, because excitation through both FRET and
laser light causes the acceptors to spend less time in their ground state. Since, in the expressions
for FP¢ and F4¢ in Egs. (32), each such integrated probability multiplies the concentration of a
different kind of donor or acceptor (i.e., free, as well as bound to their own or different kind of
molecule), taking the ratio of FP¢ and F4¢ to compute the FRET efficiency using Eqg. (38) would
lead to different values of £y, depending on the relative proportion of the differing fluorescent
species, with none of these values being actually equal to £ ap.

Following the same kind of reasoning as above, as well as the arguments made in section
IV, it may be concluded that for CW excitation the use of Eq. (45) also leads to systematic errors
in the FRET efficiency for mixtures of molecules in different states of association. Furthermore,
the same kind of errors affect the determination of the concentrations of donors and acceptors

using Eqgs. (43) and (44).

IV.3. Avoiding systematic and random errors in Eapp When using pulsed excitation

As mentioned above, for pulsed excitation light, Eqgs. (38) and (45°) correctly lead to E'y,,, =

£ [‘;’;g" Esiigo = Eqpp and are expected to provide values of FRET efficiency with arbitrary
T

accuracy, sine II,, = Il =1, as long as its underlying assumption of no acceptor direct
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excitation is valid. Therefore, proper use of Egs. (38) and (45°) allows one to determine the
quaternary structure of proteins using FRET spectrometry, which relies on plotting histograms of
frequencies of E,;;4, values for systems of oligomers with different combinations of donors and
acceptors (20). Additionally, it is possible to determine the donor concentration from Eq. (37),

using the same measurement performed for determining E as proposed previously (36).

app:

Nevertheless, either one of those equations may be affected by systematic errors,
depending on the particular experimental protocol used. For instance, Eq. (38) could
overestimate the FRET efficiency if the acceptor is directly excited by light to a significant
degree. At the same time, acceptor or donor photo-bleaching or photo-switching (37) could cause
Ff4, pe¥4 and p*P to change relative to the absence of photochemical effects. Specifically, if
the excitation at the first wavelength leads to photo-bleaching of a fraction of donors or
acceptors, the apparent concentration of the molecules detected upon excitation at the second
wavelength scan decreases. To take that into account, for pulsed excitation (i.e., Ilp = Ilp, =
1, = M,; = 1), using Eq. (32b), we rewrite F{£¢ in Eq. (45°) as
ngc =& QA[A]TZ + gzDEaprA[D]Tz = &5Q[Alr 1“ + & EaprA[ ]T,laD’ (50)
where the subscript “pc” stands for “photochemical” effects (which may include photo-bleaching
and photo-switching), a® = [A];,/[A]r1, and a® = [D]r,/[D]r4

When the determination of the p®*4 and p®*? values is done using the same sample
(e.g., cells), these quantities too will be affected by photo-bleaching (or photo-switching), as

illustrated by the following forms of Egs. (40) for the case of pulsed excitation:

D1

pg:CcD = _:D_D (518.)
A q

peat = g—;—A (51b)
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which depend on a# and aP. By inserting Egs. (5) and (51) into Eq. (45°) and also using other
relationships provided above as needed, it may be easily seen that a4 and a® cancel out in Eq.

(45°) and this equation still reduces itself to E’,,,, = E, as it is desirable.

app:

By contrast, when the FRET measurements are performed on cells, where the molecules
are less free to move than in a purely aqueous solution and hence are more susceptible to photo-
bleaching or photo-switching, while the determination of p®*4 and p®*P is based on
measurements of pure solutions, in which molecules diffuse freely (and therefore are less prone
to photo-bleaching or photo-switching), Eq. (45°) will depend on a4 and a®, and hence the final
computed FRET efficiency will be affected by the photochemical effects. This may explain why
the validity of the kinetic theory of FRET could not be confirmed in previous work (38).

It is also possible that the effect of photo-bleaching is seen even during the first excitation
scan, which could in principle affect the output of both Eq. (38) and (45”). For pulsed excitation
(ie., My =1y, =1, =11,; = 1), we have
EPA = €PQP D]y pe — EPEqypQP[D]rpe = EPQP[D] P (1 — Eqpp), (52a)
FiP = €4QAlrpe + EPEappQ*[Dlrpe = E4Q*[AlB* + EPE4pp Q4D B, (52b)
where B4 = [A]r,c/[Alr, and B = [D]r,,c/[D]r. In the absence of direct acceptor excitation
(i.e., for €4 = 0), insertion of Egs. (52) into Eq. (38) leads correctly to E’,,,, = Egpyp, because
BP appears both in the denominator and the numerator and therefore cancels out. However, if
Egs. (52) are inserted into Eq. (45°), for which £4 may be different from zero, the beta correction
factors cancel out only if the calibration of p¢*4 and p®*P is performed using the same kind of
sample, as in the case of the alpha correction factors. Therefore, Eq. (45’) may be affected by
additional systematic errors, depending on the particular type of calibration used, when

compared to Eq. (38).
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The only systematic error affecting Eq. (38) that we could conceive of is the possibility
for the acceptors to be directly excited by light to a small extent. This is probably why in a
previous publication (29), any discrepancy between experiment and the kinetic theory of FRET
was seen to be small (~4%, see appendix C in that reference) compared to the discrepancy of
~15% registered in earlier work when an equation similar to Eq. (45”) was used. Errors possibly
affecting both approaches may exist, such as random errors and errors caused by sample

inhomogeneity (19).

IV.4. Optimization of the protocols for determination of molecular concentrations
Our analysis above has already revealed optimal strategies for determination of the FRET
efficiency using appropriate excitation wavelengths, equations, and calibration strategies, that are
both simple enough and free from systematic errors. At this point, it remains to identify robust
methods for determining the total concentrations of molecules.

The first method we identified involves determining the donor concentration from a first
scan of the sample using an excitation wavelength that does not produce any significant
excitation of the acceptor, and determining the acceptor concentration from a second scan at an
excitation wavelength that excites the acceptor most efficiently. A theoretical expression for the
donor concentration in the case of pulsed excitation light in the absence of acceptor direct

excitation is obtained, by combining Egs. (35a) and (37), as

1 QP
[D1r = gogoz (FP* + &2 Fi). (53)

in which the theoretical brightness (i.e., £2QP) has been multiplied by an instrumental factor, &,
which accounts for detection laser excitation power, detection sensitivity, etc. An expression for

the acceptor concentration is given by the equation
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[Alr = grgm (F ~ FA —55) (54)
which was obtained by dividing Eq. (43’) by the effective acceptor brightness (including the
instrumental factor &) and assuming that p¢*4 = 0. The total concentration in this case is
obtained as the sum between the donor and acceptor concentrations.

The second method for determining the total concentration of donor and acceptor
molecules has been suggested recently in a different context (27). In this method, the second
excitation wavelength is chosen such that the excitation rates of the donor and acceptor are equal
(ie., y£oP =y, which is equivalent to €2 = ££). With this, we obtain the following
expression by dividing Eq. (39¢) by £2QP and Eq. (39d) by £4Q4 and adding the resulting

expressions side by side:

D7 + [Alr = oz (R4 + F£2 L), (55)

~ ePope
For all equations in this paragraph, the effective brightness (E°QP¢ or £4Q4E) may be
determined experimentally using either calibration against fluorescent molecule solutions with
known concentrations (12) or, more elegantly and precisely, using fluorescence fluctuation

analysis (39-41) of cells expressing monomeric constructs (42).

V. CONCLUSION

We have derived equations expressing the fluorescence emission of acceptors and donors in the
presence of FRET [i.e., Egs. (33)] rigorously from the kinetic model of FRET using certain
assumptions regarding the de-excitation rates and probabilities of fluorescent molecules to be in
their ground or excited sates. We have found that those assumptions are not obeyed
automatically and require deliberate decisions by the experimentalist in using one expression or

the other, which is equivalent to choosing different sample excitation and detection conditions.
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Under those same assumptions, some known as well as some previously unknown expressions
are rigorously derived, which link the FRET efficiency to experimentally measurable parameters,
such as fluorescence lifetimes or integrated fluorescence intensities. Also interestingly, it was
found that in situations where excitation is produced by continuous wave sources, significant
systematic errors are introduced in the computation of FRET efficiency as well as concentrations
of molecules. By contrast, pulsed light sources, whether or not used in conjunction with temporal
resolution for detection of the fluorescence, provide means of extracting the values of all of these
quantities free from significant systematic errors. Nevertheless, systematic errors are still
possible if calibrations are not performed carefully or inadequate equations are used for given
experimental conditions.

Based on the present analysis, we are able to suggest an optimal strategy for quantitative
FRET spectrometric investigations. In the case of no temporal resolution, the following
procedure is recommended.

(i) Use pulsed excitation to avoid systematic errors caused by the dependence of all
equations on integrated probabilities (and, hence, on concentrations).

(i)  Use spectral resolution and unmixing to separate donor and acceptor signals from each
sample scan.

(iii) Perform a “FRET scan” of the sample at an excitation wavelength at which the acceptor
is minimally excited by light while the donor is excited maximally and use Eqg. (38) to
compute the FRET efficiency as well as the donor concentration [Eq. (44) with p¢*¥4 =
0]. If there is any direct excitation of acceptors by light and low errors are essential, scan
the sample at a second wavelength and use Eq. (45”) to perform careful corrections as

described in the discussion section.
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(iv) (a) Perform a “concentration scan” of the sample at an excitation wavelength at which
mostly the acceptor is excited and use Eq. (43°), assuming again p¢*4 = 0, to compute
the concentration of acceptors. The total concentration is computed as the sum of [D];
and [4] .
(b) Alternatively, perform a concentration scan at a wavelength at which the donors and
acceptors are excited equally well (i.e., €2 = &%), and use Eq. (55) to compute the total

concentration.

Some of the precautions outlined above have already been used to determine quaternary
structures of proteins as well as the relative proportion of the differing structures using large
numbers of acquired cellular images. When combined with certain experimental tools, this
approach will open the way for combining FRET spectrometry with FRET stoichiometry
measurements for each image pixel in the future (20, 28).

As suggested in the previous sections, it should also be possible to devise a FRET
spectrometry method based on time resolved measurements, in which analysis should be done by
integrating rather than unmixing the fluorescence decay curves into different lifetimes. In that
case, Eqg. (31) would have to be used for calculation of the FRET efficiency, while molecular
concentrations could still rely on the same equations used in the case of no temporal resolution.

This idea remains to be tested experimentally in the future.
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