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We have simulated polymer translocation across the a α-hemolysin nano-pore via a coarse grained
computational model for both the polymer and the pore. We simulate the translocation process by
allowing the protein cross a free-energy barrier from a metastable state, in the presence of thermal
fluctuations. The deformation in the channel, which we model by making the radius of pore change
from large to small size, can be originated by the random and non-random (systematic) cellular
environment, drive out the polymer out of equilibrium during the transport dynamics. We expect
that in more realistic conditions, effects originating on the translocation phenomena due to the
deformability of the nano-pore can either decrease or increase the transport time of biomolecule
passing through the channel. Deformation in channel can occurred because the structure of α-
hemolysin channel is not completely immobile, hence a small pore deformation can be occurred
during translocation process. We also discuss the effects of polymer deformation on the translocation
process, which we achieve by varying the value of the empirical and dihedral potential constants. We
investigate the dynamic and thermodynamical properties of the translocation process by revealing
the statistics of translocation time as a function of the pulling inward force acting along the axis of
the pore under the influence of small and large pore. We observed that a pore with small size can
speed down the polymer translocation process, especially at the limit of small pulling force. A drastic
increase in translocation time at the limit of low force for small pore clearly illustrate the strong
interaction between the transport polymer and pore. Our results can be of fundamental importance
for those experiments on DNA- RNA sorting and sequencing and drug delivery mechanism for
anti-cancer therapy.

I. INTRODUCTION

The passage of a molecule through a biological pore,
the so-called translocation, is a fundamental process
occurring in a variety of biological processes [1], such
as virus infection [2], and gene expression in eukaryotic
cells [3]. The translocation process involves the exchange
of proteins, ions, energy sources, genetic information
and any particle or aggregate that plays a role in cell
functioning and living. For instance, translocation of
bio-polymer across membranes channel is universal in
biology and includes the passage of RNA strands inside
nuclear pores [4], absorption of oligonucleotides on suit-
able sites [5], transport of protein back and forth from
the cells [6], mitochondrial import, protein degradation
by Adenosine triphosphate (ATP)-dependent proteases
and protein synthesis [7, 8]. The transport can be either
passive or active. The passive transport involves the
movement of biochemicals from areas of high concentra-
tion to areas of low concentration and requires no energy
for transportation. The passive transport can take place
by diffusion or by interposition of carriers to which
the transported substances are bounded. On the other
hand, active transport are biological processes that move
oxygen, water and nutrients into cells and remove waste
products. Active transport requires chemical energy
because it is the movement of biochemicals from areas
of lower concentration to areas of higher concentration.
In active transport, trans-membrane proteins use the
Adenosine-Tri-Phosphate (ATP) chemical energy to
drive a molecule against its concentration gradient. A
mechanism of selection, based on the interaction between

signal recognition particles and relative receptors, allows
the trans-membrane proteins to detect the system to be
transported [9].

In the recent past, translocation processes of
biomolecules through nano-pores include interesting
experimental and theoretical issues at the core of an
intense research activities. Experimentally, the first
successfully voltage-driven DNA translocation through
a α-hemolysin channel (protein channel) embedded
in lipid bilayer membranes was obtained in 1996 by
Kasianowicz et al. [12]. In this device.one bio-polymer
is introduced on the cis-side, it crosses the pore driven
by thermal fluctuation and by the voltage and flows
into the opposite chamber, the trans-side. Its passage
temporarily clogs the channel and provokes a detectable
ion current drop, which strongly depends on the chemical
and physical properties of the molecule that occupied the
pore. Moreover, the duration of current loop is a direct
measure of the translocation time, which is in turn used
to characterize a single transport event, along with the
intensity of the blockage itself. Since then, translocation
phenomena have been used to characterize single objects
like single-stranded or double-stranded DNA, proteins,
or even cells [11, 13–20]. In addition to biological pore,
solid-state nanopores have also been used for detection
and characterization of protein [21, 22], DNA/protein
[23] or nano-materials/nano-particles [24–29].

Many research group has discussed the controlled
unfolding and translocation of proteins through the
α-hemolysin pore using AAA+ unfoldase ClpX [30–40].
AAA+ machine unfold and translocate polypeptide into
associated peptidases. ClpX (an unfoldase) generates
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mechanical force to unfold its protein substrate from Es-
cherichia coli, alone, and in complex (with combination)
with the ClpP peptidase. ClpX hydrolyzes ATP to gen-
erate mechanical force and translocate polypeptide chain
through its central pore [36]. AAA+ unfoldases target
structurally and functionally diverse proteins in all
cells. Also, AAA+ target proteins not only in a folded,
soluble conformation, but also in hyperstable mis-folded
or aggregated states. These molecular machines must
use efficient mechanisms to unravel proteins with a
wide range of thermodynamic stabilities, topologies,
and sequence characteristics. These results shows that
ClpX(P) is able to generate and apply mechanical forces
sufficient to unfold most target proteins.

Recently, some theoretical and experimental work
has been done on translocation processes where the
cross-section of the pore changes during the passage of
biomolecule through channel. In such translocation pro-
cess, the dynamical nature of the pore enable the poly-
mer chain to translocate more efficiently as compare to
the translocation of polymer in static pore [47]. On the
experimental side, it has been shown that the translo-
cation of DNA through a nanochannel can be modu-
lated by dynamically changing the cross-section of an
elastomeric nanochannel device by applying mechanical
stress [48–52]. Time-dependent driving force are also
used in the translocation process [53–58]. There are
some biological examples of such fluctuating environment
in translocation are the nuclear pore complex, which
plays an essential role in nucleocytoplasmic transport
in eukaryotes [59]. Another example is the exchange
of molecules between mitochondria and the rest of cell
which is controlled by the twin-pore protein translocate
(TIM22 complex) in the inner membrane of the mito-
condria [60]. Moreover, using an alternating electric field
(time-dependent driving force) in the nanopore has been
implied as a source for DNA sequencing [61]. It is worth
to mention an interesting results of Menais et al [64] and
Fabio et al [65], where interplay between thermal fluc-
tuations and the deformability properties of the channel
play an important role in characterizing the translocation
process of polymer and proteins.

Here we discuss the translocation of a polymer through
a α-hemolysin pore. The work is based on Langevin
molecular dynamics simulations exploiting the so-called
Gō-like model [66, 67]. We address the issue that how
the deformation of channel, and polymer affects the
translocation process. We coarse-grained molecular
dynamics simulations for both proteins and pores. The
simulations results are interpreted by comparison using
the drift-diffusion Smoluchowski equation with radiation
boundary conditions to understand the phenomenology
of proteins translocation. The motivations to understand
the effects of fluctuating environment in protein translo-
cation are: (a) Fluctuations of the membrane pore (b)
Thermal fluctuations of environment (normal modes),
(c) Fluid density variation, (d) Cycles of ATP concen-

tration, (e) Alternating electrical potential in voltage
driven experiments, (f) Systematic (non-random) effects
in chemical conditions. All these elements prompted to
consider translocation process across a fluctuating pore.
In particular we consider translocation of bio-molecules
under the influence of deformation of the channel, and
polymer.

The paper is organized as follows: sec.II we describe
the computational model used to simulate polymer in
a confinement cylindrical geometry. We used coarse
grained Gō model both the polymer and confinement
geometry. In sec.III we discuss the results of polymer
translocation through a dynamical nanopore. Sec. IV is
devoted to the conclusion.

II. COMPUTER MODELING OF STRUCTURED
POLYMER CHAIN AND NANOPORE

We used a coarse-grained computational model to sim-
ulate numerically the translocation process for the poly-
mer through a channel. We consider the Gō-like model as
a natural approach to access the impact of the molecules
structural properties on translocation. Below we show in
detail the importing mechanism, pore and particle inter-
action potential, numerical integration scheme and equa-
tion of motion for the material points constituting the
system.

A. Polymer numerical model: The Gō-like
approach

The model polymer we have considered is flexible and
presents a base structure mimicking a folded protein
at the coarse-grained level. A linear polymer chain is
organized into a space-filling, compact, and well-defined
3-dimensional structure. The monomers in the polymer
lie in the same plane, and successive planes defined an-
gels φ and ψ. The conformation of a chain of n polymer
can be defined by 2n par. The approach presented in our
numerical work is adopted from reference [66–74, 76, 77].

Using the Gō-like approach for the numerical simula-
tion, we used the following potentials acting on the ma-
terial point of the polymer: (1) Peptide potential (or
bond potential) Vp, (2) Bending angle potential Vθ, (3)
Twisted angle potential Vφ, (as shown in Fig. (1)) and
(4) Non-bonded interactions (Lennard-Jones potential or
barrier) Vnb. These interactions are the simplest poten-
tial energy function that can reproduce the basic feature
of protein energy landscapes at a mesoscopic level of de-
tail, and it has proved to give insight into a remarkably
broad range of properties. The combinations of a poten-
tial energy function and all the parameters that go into
it constitutes a so-called force field.
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FIG. 1. Panel a: Peptide bond schematic representation. Panel b: Sketch of the bending angle interaction. Panel c: Schematic
view of the twist angle formed by two planes determined by four consecutive material points of the protein structure.

Let ri(i = 1, ...,m) be the position vector of the m
monomer, and r0

i (i = 1, ...,m) be the position vector of
m residue in the current configuration. The peptide po-
tential, responsible for the covalent bonds between the
beads of the polymer chain, has the following expression:

Vp(ri,i+1) =
kp
2

(
ri,i+1 − r0

i,i+1

)2
, (1)

where ri,i+1 = ri − ri+1, r0
i,i+1 = r0

i − r0
i+1 are the posi-

tion vector between the bonded residues i and i+1 in the
instantaneous and native configuration respectively. The
norm of position vector is the bond length. The empiri-
cal constant kp = 1500ε/d2

0 is in term of the equilibrium
length parameter d0, and is in the unit of energy pa-
rameter ε. In our simulation, d0 = 3.8 Å is the average
distance between two monomers and ε sets the energy
scale of the model. The bond potential is nothing more
than a simple harmonic potential with spring constant
kp.

Mathematically, the angular potential Vθ equivalent
to peptide potential Vp by replacing the relative displace-
ment by angular difference, that is

Vθ(θi) =
1

2
kθ
(
θi − θ0

i

)2
, (2)

where kθ = 20ε rad−2 is the elastic constant expressed in
term of the energy computational unit ε, and θi, θ

0
i are

bond angles formed by three adjacent monomers in the
simulated (time-dependent) and native conformation, re-
spectively.

The dihedral potential (torsion) is 1-4 interaction, and
are expressed as a function of the twisted angles φi and
φ0
i , again refereed respectively to the actual and crys-

tal configuration. The twisted angle is the angle formed
between the two planes determined by four consecutive
monomers along the chain. The definition of twisted an-
gle potential Vφ is

Vφ(φi) = k
(1)
φ

[
1− cos(φi − φ0

i )
]

+k
(3)
φ

[
1− cos 3(φi − φ0

i )
]
, (3)

where k
(1)
φ = ε and k

(3)
φ = ε/2 are dihedral constants

expressed in term of energy unit ε.

Non-bonded (nb) interactions between nonconsecutive
monomers are modeled with Lennard-John 12-10 poten-
tial. In Gō-like model a distinction is made among the
pairs of residues that interact following a potential that
has also an attractive part, in addition to a repulsive
part. The criteria for this distinction is made on the ba-
sis of the native distance with respect to a parameter of
the model, the so-called cut-off radius, Rc. Native con-
tact [78] are identified by the cut-off distance Rc to be
chosen such that two residues i and j form a native in-
teraction if their distance rij in the native state is less
than cut-off distance Rc. When two residues are not in
native contact rij > Rc, they interact only through the

Lennard-Jones repulsive tail (σ/rij)
12, where σ = 4.5 Å

is a free length parameter correlated with the extension
of the excluded volume (self-avoiding polymer chain). In
other words, such residues in the polymer chain will in-
teract attractively if brought to a distance greater than
the native one and repulsive otherwise. We used Rc = 3
Å in our simulation. The expression for Lennard-Jones
potential is:

Vnative(rij) = ε
[
5
(r0

ij

rij

)12

− 6
(r0

ij

rij

)10]
, (4)

where all the symbols have been already defined. When
r0
ij > Rc, the purely repulsive contribution Vnonnative

is assigned to the pair of monomers considered. This
term enhances the cooperativity in the folding process
and takes the form of a Lennard-Jones barrier

Vnonnative(rij) =
10

3
ε
( σ
rij

)12

. (5)

The non-bonded potential Vnb summarized the possible
long range interaction just described above and reads as

Vnb(rij) =

 ε
[
5
(
r0ij
rij

)12

− 6
(
r0ij
rij

)10]
r0
ij ≤ Rc

10ε
3

(
σ
rij

)12

r0
ij > Rc.

(6)

The total potential acting on all the residues of the
polymer is then :
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FIG. 2. The confinement effect inside the pore is model by a step-like [0, L] cylindrical soft-core repulsive potential. A constant
force Fx in the direction of x-axis is used to drive the protein inside the channel. The force is always applied to the foremost
residue inside the pore.

VGō(rij) =
m−2∑
i=1

Vp(ri,i+1) +
m−2∑
i=1

Vθ(θi) +
m−3∑
i=1

Vφ(φi) +
∑

i,j>i+3

Vnb(rij).

B. Pore Model

The confinement effect on polymer dynamics can be
represented by a step-like soft-core repulsive cylindrical
potential. The cylinder axis of symmetry is set adjacent
with the x-axis of the frame of reference used for polymer
translocation simulation. The same x-axis direction is
used to develop the mechanical pulling of the protein by
using a constant force Fx applied to the foremost beads
inside the confinement. The constant force is used in
analogy with the electrical potential in voltage driven
translocation experiment. The schematic representation
of the system, the potential and the pulling mechanism
are shown in Fig. (2).

The expression of the pore potential is given by:

Vc(x, y, z) = V0

(
ρ

Rp

)2q

Θ[x(L− x)], (7)

where V0 = 2ε and Θ(s) = [1 + tanh(αs)]/2 is a smooth
step-like function limiting the action of the pore potential
in the effective region [0, L]. L and Rp are pore length

and radius respectively. Also, ρ =
√

(y2 − z2) is the
radial coordinate. The parameter q tunes the potential
(soft-wall) stiffness, and α modulates the soft step-like
profile in the x-direction; the larger the α, the steeper
the step. In our simulation, we consider q = 1 and α = 2
Å2. The driving force Fx acts only in the region in front
of the pore mouth x ∈ [−2, 0], and inside the channel
[0, L]. Pore length L = 100 Å and radius Rp = 10 Å are
taken from αHL structure data [79].

C. Equation of Motion: Langevin dynamics

The equation of motion which governs the motion of
material point is the well-know Langevin equation which

is usually employed in coarse-grained molecular dynamics
simulation. Consequently, numerical investigations are
performed at constant temperature. The over-damped
limit is actually implemented (r̈ = 0) and a standard
Verlet algorithm is used as numerical scheme for time
integration [80]. The Langevin equation is given by

M r̈i = −γM ṙi + F confi +Wi (8)

where F confi is the sum of all the internal and external
forces acting on residue i. Here γ is the friction coefficient
used to keep the temperature constant (also referred as
Langevin thermostat). The random force Wi accounts
for thermal fluctuation, being a delta-correlated station-
ary and standard Gaussian process (white noise) with
variance 〈Wα(t)Wα(t′)〉 = 2γMRTδα,α′δ(t − t′). The
random force satisfies the fluctuation-dissipation theory;
the mean-square of W is proportional to the correspond-
ing friction coefficient γ.

III. RESULTS

We used Langevin molecular dynamics simulation to
transport polymer across a static α-hemolysin pore, as
shown in Fig. (3). The total number of beads in the poly-
mer is N = 50. We carry out Langevin molecular dynam-
ics simulations using Verlet integration scheme [80]. The
folding temperature occurred at T ∗ = 0.77 in reduced
temperature units R/ε, corresponding to the experimen-
tal denaturation temperature T = 338 K. This defined
the energy scale to the value ε ' 0.88 kcal mol−1. Us-
ing the time scale tu = σ(M/120ε)1/2 we can obtained
the physical time unit from the simulation time. With
ε ' 0.88 kcal mol−1, σ = 4.5 Å, and assuming the average
mass of monomer is M ∼ 136 Da, we get tu ∼ 0.25ps. In
computer simulation the time step and friction coefficient
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FIG. 3. Conformation of polymer pulled across a α-hemolysin pore from CIS (left) to TRANS (right)-side, computed via a
reduced-model simulation. The green solid circles represent the polymer on CIS-side moving towards the TRANS-side of the
channel, while the red empty circle describe the polymer on the TRANS-side. The mechanical stretching reaction coordinate
is the component of the end-to-end distance vector in the direction of the external force Fx along the x-axis. The translocation
coordinate is the displacement of the chain end along the axis of the cylindrical pore, relative to the pore entrance .

used in the equation of motion (Langevin dynamics) are
h = 0.001tu and γ = 0.25t−1

u , respectively. Further, the
unit of force is defined as fu = ε Å−1 ∼ 6 pN.

The simulation was run until the polymer was fully ex-
pelled out from the cis to tans-side. However, the translo-
cation may fail at low external force F within a large
assigned waiting time tw; in this case, the run stops, dis-
cards its statistics, and restarts a new trajectory. The
probability of translocation PTr can be defined as the
number of translocation successes over the number of to-
tal runs, within the time tw ' 104tu.

The effect of nanopore deformation play an important
role on the translocation process. Recently, P. Fanzio,
et al., [49] has shown that the DNA translocation pro-
cess through an elastomeric nanochannel device can be
altered by dynamically changing its cross section. In such
experiment, the deformation in nano-channel is induced

by a macroscopic mechanical compression of the poly-
mer device. It has been demonstrated that it is pos-
sible to control and reversibly tune the direction of a
nano-channel fabricated using elastomeric materials, so
to fit the target molecule dimensions. The opportunity
to dynamically control the nano-channel dimension open
up new possibilities to understand the interactions be-
tween bio-molecules and nano-channels, such as the de-
pendence of the translocation dynamics on the channel
size, and the effects of moving walls [47]. Nano-pores
embedded in thick synthetic membranes are also consid-
ered as barely deformable. Pore defromation properties
may also play important role when tranlocating biologi-
cal molecule (DNA, proteins) through graphene or other
2-dim crystals like MoS2.

Here we consider the situation where we change the
radius of the pore from R = 10 to R = 7.5. We fo-
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FIG. 4. Average translocation times,τ with small (R = 7.5 Å, red dashed line ) and large (R = 10 Å, blue solid line) nanopores
for the structured polymer of size N = 50, as a function of the pulling force F . Decreasing the size of the nano-pore slows
down the translocation process at fixed F . At large F change are limited, whereas at low forces the size of the pore strongly

influences the translocation. Here, we used kp = 1500ε/d20, kθ = 20ε rad−2, and dihedral constants k
(1)
φ = ε and k

(3)
φ = ε/2 .

cus on the effect of the membrane deformability on the
polymer translocation time τ . The translocation pro-
cess can be characterized by studying the statistics of
translocation times. The time statistics of translocation
events is accessible to experiment [11] in which current
loop drops signal the occupation of the channel by the
passing molecule, for this reason, these times are also
called the blockage times. In the simulation, the translo-
cation time can be measured as first arrival time t at the
channel end x = L of the protein center of mass.The av-
erage translocation time τ as a function of pulling force
F , acting along the axis of the pore, are shown in figure
(4). The blue line represent the average translocation
time τ when tranlocating polymer through α-hemolysin
nanopore having radius R = 10 and length L = 100 com-
pare with the result of small pore with radius R = 7.5,
red dotted line in figure (4). At the high pulling force
regimes, the average translocation time τ is not effected
much. However, the translocation time increase at the
low force regimes. As expected, stronger effects were ob-
served for smaller pores when the pulling force is small.
The average translocation time data points τ(F ) as a
function of pulling force F are consistent with an expo-
nential behavior τ(F ) ∝ exp(−βF ). A decrease of the
pore size implies the expected slowing-down of the aver-
age translocation time at fixed F . This effect, however,
depends on the value of F , amounting to a modification

of the overall shape of τ(F ) mainly due to the presence of
membrane-polymer interactions. From figure (4) it can
be shown that only in the large force regime does it follow
an Arrhenius-like law

τ(F ) ' τ0 exp(−βFL) (9)

where τ0 being the Kramer’s time in the absence of the
filed F , i.e F = 0, and L is the length of the pore.

To increase direct interaction between polymer and
pore, we induce the deformation effect in polymer by
changing the value of empirical constant kp, and dihedral

constants k
(1)
φ and k

(3)
φ , while keeping the elastic constant

kθ unchanged, i.e. kθ = 20ε rad−2. Figure (5) illustrate
the average translocation time as a function of pulling
force for small pore of radius R = 7.5 and large pore of
radius R = 10 with empirical constant kp = 3000ε/d2

0,

dihedral constants k
(1)
φ = 2ε and k

(3)
φ = ε. We observed

significant increase in translocation time at the limit of
low force for small pore. This clearly illustrate the strong
interaction between the transport polymer and pore.

Figure (??) describes the plot of typical unfolding tra-
jectory as a function of time of GFP model when the
force is applied to the C-terminal. Based on the topol-
ogy map of GFP, an unfolding intermediate with the N-
terminal residues still folded would require part of the
beta-strand to be unstructured. As shown in Fig. (??),
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kθ = 20ε rad−2, and dihedral constants k
(1)
φ = 2ε and k

(3)
φ = ε and force F = 1. The dashed line represents the fit via Gaussian

.

the folded intermediate stage enter as a loop inside the
channel and translocates in double file conformation. Un-
folding trajectory of the GFP molecule shows mainly one
or two rips, each one followed by translocation of un-
folded polypeptide chain [44].

Figure (7) shows the time distribution plot obtained by
collecting the histogram from MD simulation in about
5000 numerical experiments of polymer translocation
through a pore of radius R = 10 and length L = 1000
with pulling force F = 1 at temperature T = 198K. The
distribution is not Gaussian as it presents a small degree
of skewness. The green dotted line the fitting with Gaus-
sian distribution. The analytical determination of the
time distribution required the complete Smoluchowski
problem to be solved (see appendix-A for more detail).
Only approximately the data can be fitted via the func-
tion

ψ(t) =
L√

4πD0t3
exp

(
− (µ0Ft− L)2

4D0t

)
(10)

which is the distribution of first arrival time to the posi-
tion L of biased random walkers starting from the origin
in the assumptions of constant drift ν0 = µ0F , semi-
infinite channel [−∞, L], and absorbing boundaries at
x = −∞ and L.

IV. CONCLUSION

We have used coarse-grained computational model to
simulate polymer translocation across α-hemolysin. In
this simplified model translocation process we import
a small polymer via a finite size channel by a uniform
pulling force acting inside of the channel only. The molec-
ular dynamics simulations at the coarse-grained level of
protein translocation is compare to its theoretical inter-
pretation by drift-diffusion Smoluchowski equation ex-
ploiting the first passage theory and radiation boundary
condition. We examine the kinetic and thermodynamical
characteristic of the process by studying the statistics of
blockage times as a function of the pulling force F act-
ing in the pore. As shown in the Fig. (4) and (5), the
average translocation time translocation decrease when
the importing force exceeds towards low limit. In con-
trast to large channel, the polymer takes longer time in-
side the channel and hence reveals strong interaction be-
tween polymer and pore. The results is further extended
by varying the value of the bond and dihedral constant.
Such deformation further increase the pore-polymer in-
teraction and as a result average translocation time de-
crease at the limit of low pulling force. We also described
the phenomenology of a coarse-grained computational
model of polymer translocation process by the analytical
formalism of the one-dimensional driven-diffusion Smolu-
chowski equation in the collective variable X. The the-
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ory reproduces the results of the average blockade times
as a function of force F . Our theoretical approach con-
tains almost all the information to describe the polymer
translocation as a first-passage time problem of a driven
diffusion stochastic process.
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Appendix A: Statistical Mechanics Description of
Polymer Translocation

In order to interpret the numerical results it is appro-
priate to build suitable analytical models of the physical
and chemical processes that occurred in real transloca-
tion and to define proper statistical observable quantities
to grasp and resume the essence of the phenomenon. The
translocation of a protein through a pore can be captured
by a one-dimensional first-passage problem of a reaction
coordinate X1, ...., Xk undergoing a driven-diffusion dy-
namics over a free-energy landscape. The dynamics of
Xj is stochastic in nature, so that we adopt a probabilis-
tic description. We study the probability P (X1, ....Xk; t)
of visiting a state X1, ...., Xk at time, t, given an initial
condition P (X1, ....Xk; 0). We consider a long rod-like
macromolecule of length L that translocates through a
narrow channel in a thin membrane under the action
of a constant force F [75, 77, 81–86, 88]. We are in-
terested in a coarse-grained equation for the probability
P (x, t) that a contour length x of the polymer’s chain
has passed through the pore at time t. We assume that
the polymer length L is much larger than the distance
d between successive amino acids. For such a hydrody-
namical description, we neglect the membrane thickness
and describe the translocation process as diffusion of a
point particle on an interval of length L in the presence
of constant driving force F . Position of the particle on
the interval at time t is equal to the length of that part
of the macromolecule that has passed through the mem-
brane by time t, as shown in Fig. (8). At time t = 0,
the particle is injected onto the interval at X = 0. The
equation of evolution for probability density P (X, t) of
the reaction coordinate X can be described by effective
Smoluchowski equation, defined as

∂P (X, t)

∂t
= D0

∂

∂X

{
e−βU(X) ∂

∂X
eβU(X)P (X, t)

}
(A1)

where, the potential U(X) = G(X) − W (X). Here,
G(X) is the free-energy profile in the variable X (po-
tential of mean force) of the unperturbed system and
W (X) = FX is the work done on the system by the im-
porting force F . Also in Eq. (A1), D0 is the effective

FIG. 8. Schematic description of 1D diffusion model for
translocation of a long rod-like macromolecule through a nar-
row channel in a thin membrane. Panel a: The entrance of
the long rod-like macromolecule at t = 0. Panel b shows the
molecule at an intermediate moment of time. Panel c shows
the escape of molecule at t = 0.

diffusion related to effective mobility µ0 at equilibrium
by the fluctuation dissipation relation: µ0 = βD0 and
β = 1/(kBT ). Through this way the phenomenology of
translocation process can be conveniently recast as the
motion of an effective particle of position X undergoing
a driven diffusion in a potential U(X). Trans-location
is considered completed when X(t) crosses a threshold
value Xth, corresponding to the protein outside the pore
from the trans-side. This concept clearly defines a first-
passage problem in a time window Tw with exit time tout
defined as tout = min{0 ≤ t ≤ Tw|X(t) = Xth}.

Employing the radiative boundary condition for the
current, we can write the expression for survival proba-
bility, that is, the probability that the molecule has not
yet escaped the channel

S(t) =

∫ L

0

dXP (X, t). (A2)

The survival probability S(t) estimates the number of
systems whose X(t) is still in the interval [X0, Xth], cor-
responding to the polymer still in channel, where X0 is
the X-value at the pore entrance. The probability S(t)
is related to the distribution ψ(t) of the exist time via
the expression

S(t) = 1−
∫ t

0

dτψ(τ) (A3)
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hence, by simple differentiation, the expression for
translocation time distribution is

ψ(t) = −dS(t)

dt
. (A4)

Using Eq. (A1) and (A2) and the boundary condition,
the expression for ψ(t) becomes

ψ(t) = R0P (0, t) +RLP (L, t) = f0(t) + fL(t) (A5)

where f0(t) and fL(t) are the fluxes at the boundaries
whose expression are obtained by solving the boundary
value problem with the initial condition P (X, 0) = δ(X−
X0). Where R0 and RL represents the rate at which the
polymer expelled from the left and right side of channel,
respectively.. The probability of translocation PTr can
be defined by the integration of the flux fL(t) over all
time, that is

PTr = RL

∫ ∞
0

dtP (L, t). (A6)

The average time spent in the channel by the molecule is
given by

τ = 〈t〉 =

∫ ∞
0

dt tψ(t) =

∫ ∞
0

dtS(t). (A7)

We can obtained approximate solution P (Q, t) of Eq.
(A1) using Laplace transformation, define as

P̂ (x, s) =

∫ ∞
0

exp(−st)P (x, t) (A8)

where P̂ (x, s) is the Laplace transform of P (x, t). Using
this, the partial differential Eq. (A1) becomes an ordi-
nary differential equation

D0
d

dx

[
exp(βU(x))

d

dx
exp(βU(x))P̂ (x, s)

]
− sP̂

= −δ(x− x0)(A9)

with the initial condition P (x, t = 0) = δ(x − x0).
The translocation probability and translocation time

are obtained by the solution of Eq. (A9) for s = 0 and

P̂ (x, s = 0) (denoted by P̂ (x) for the sake of simplicity).
Using Eq. (A6) and (A7), one can write

τ =

∫ ∞
0

dt

∫ L

0

dxP (x, t) =

∫ L

0

dxP̂ (x). (A10)

Introducing the function Y (x) = exp(βU(x))P̂ (x), Eq.
(A9) becomes

D0
d

dx

[
exp(βU(x))Y ′(x)

]
= −δ(x− x0) (A11)

Using the theory of Green’s function, the solution of
Y (x) of Eq. (A11) with boundary condition Y ′1(0) =
RL/D0Y1(0) and Y ′2(L) = RL/D0Y2(L) can be written
as a superposition of two independent solution of Y1(x)
and Y2(x) of the homogeneous equation. The two solu-
tion are

Y1(x) =
D0

R0
exp(βU(0)) +

∫ x

0

dη exp(βU(η)) (A12)

and

Y2(x) = −D0

RL
exp(βU(L))−

∫ x

L

dη exp(βU(η)) (A13)

which provide the solution of Eq. (A9) for s = 0, in the
form

P̂ (x) =

{
−P̂1(x)P̂2(x0)/Wr(x0) 0 < x < x0

−P̂2(x)P̂1(x0)/Wr(x0) x0 < x < L
(A14)

where the Wronskian Wr(x) = [P̂1(x)P̂ ′2(x) −
P̂2(x)P̂ ′1(x)]. More detail on this method can be
found in reference [77].
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