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Abstract

A correct understanding of the DNA evolution of drug resistance is critical in developing
strategies for suppressing and preventing this process. The Kishony Mega-Plate Experiment
demonstrates this important phenomenon that occurs in the practice of medicine, that of the
evolution of drug-resistance. The evolutionary process which the bacteria in this experiment are
doing is called a Markov Process or Markov Chain. Understanding this process enables clinicians
and researchers to predict the evolution of drug-resistance and develop strategies to prevent
this process. This paper will show how to apply the Markov Chain model of DNA evolution to the
Kishony Mega-Plate Experiment and why the experiment behaves the way it does by contrasting
the Jukes-Cantor model of DNA evolution (a stationary model) with a modification of the Jukes-
Cantor model that makes it a non-stationary, non-equilibrium Markov Chain. The numerical
behaviors of the stationary and non-stationary models are compared. What this analysis shows
is that DNA evolution is a non-stationary, non-equilibrium process and that by using the correct
non-stationary, non-equilibrium model that one can simulate and predict the behavior of real
evolutionary examples and that these analytical tools can give the clinician guidance on how to
use antimicrobial selection pressures for treating infectious diseases. This in turn can help
reduce the numbers and costs of hospitalization for sepsis, pneumonia and other infectious
diseases.
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Introduction

The Kishony Mega-Plate Experiment is described in the paper “Spatiotemporal microbial
evolution on antibiotic landscapes” [1]. A description of how to make a Mega-Plate Experiment
can be found in reference [2]. Many videos of the experiment can be found on the internet, a
good example can be found here [3]. The next paragraph gives a simple explanation of the
experiment.

The experiment consists of the following. A large petri dish is constructed. Growth media is
placed on this petri dish, and in this growth media, different concentrations of an antimicrobial
agent are placed in bands in the growth media. In the left and right-hand bands in the petri dish,
no antimicrobial agent is used. In the next adjacent bands to these zero concentration bands, the
lowest concentration of the drug is used. As one move to the center of the petri dish, increasing
concentrations of the drug are placed in each band until in the middle of the dish that contains
the highest concentration of the antimicrobial agent. Then a motile “wild-type” bacteria
(founder) is introduced into the petri dish that has no resistance initially to the antimicrobial
agent used and is only able to grow in the drug-free region. As these colonies in the drug-free
regions grow, mutations occur in some members of these colonies. Occasionally, some member
gets a beneficial mutation that enables it to grow in the next higher drug-concentration region.
That new variant with the first resistance mutation now forms a new colony that can grow in the
lowest drug concentration region. As that new colony grows, one of its members gets another
beneficial mutation that allows it to grow in the next higher drug-concentration region. This
process continues until finally there is a variant that can grow in the high drug-concentration
region.

For this experiment to work in this size petri dish, the increase in concentration for adjacent
bands must be limited so that it only requires a single beneficial mutation to occur on some
member of the drug-sensitive variant population in the next lower drug-concentration band to
grow in the next higher drug-concentration band. As the population increases in a particular
band, descendants are getting mutations in their DNA as replications occur. This is a random
walk process where the number of members taking their particular random walk increases as
the population grows in number and as different variants occur. Some variants on their own
particular random walk accumulate particular mutations that give improved fitness to the
antibiotic selection pressure allowing these variants to grow in the higher drug-concentration
regions. This process can be mathematically modeled as a Markov Process. A variety of different
Markov Models of DNA evolution have been proposed. One of the earliest models is the Jukes-
Cantor model presented in 1969 [4]. Many derivative models have been proposed such as the
K80 [5] and K81 [6] (1980 and 1981 Kimura models respectively), the F81 Felsenstein model [7]
presented in 1981, HKY85 model [8] (Hasegawa, Kishino and Yano 1985) model, the T92 model
[9] (Tamura 1992), and the TN93 model [10] (Tamura and Nei 1993). The Jukes-Cantor and
derivative models are commonly used in an attempt to compute the evolutionary distance
between different sequences of homologous genetic code. Some recent examples of applications
of the Jukes-Cantor and derivative models can be found in the following references, [11-15]. The
main difference between the Jukes-Cantor model and the derivative models listed above is
derivative models allow for different mutation rates for the different elements of the transition
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90 matrix, for example, to address the fact that base transversions can have a different mutation
91 rate than for base transitions. However, the transition matrix is still constant over time.

92

93  Huelsenbeck and his co-authors wrote: “At present, a universal assumption of model-based

94  methods of phylogenetic inference is that character change occurs according to a continuous-

95 time Markov chain. At the heart of any continuous-time Markov chain is a matrix of rates,

96 specifying the rate of change from one character state to another. For many phylogenetic

97 analyses using DNA sequence data, it is assumed that there are four states (the nucleotides A, C,

98 G, T/U) with a 4 x 4 matrix of rates among the 12 possible nucleotide substitutions. A few

99 standard models of DNA substitution have been proposed. These include those first described by
100  Jukes and Cantor (1969), Kimura (1980, 1981), Felsenstein (1981, 1984), Hasegawa, Yano, and
101  Kishino (1984, 1985), Tamura and Nei (1993), and Tavare’ (1986).”[16] The intention here in
102 this paper is to give a proposed modification of the heart of the Markov chain model that is
103  demonstrated to correlate with the experimental model, the Kishony Mega-Plate experiment.

104

105 The Jukes-Cantor and derivative models listed above have a property in common. These models
106  assume that the elements of the Markov transition matrix are constant with each replication. It
107  is shown this implicit assumption gives a model constrained to constant population size, and

108 that constant population size is 1. This assumption gives a model that fails to correctly model the
109  evolution of antimicrobial resistance. A modification of the Jukes-Cantor model is presented that
110  allows for modeling DNA evolution in different population sizes and that the population can vary
111 ateach evolutionary transitional step (replication). The mathematics for these two Markov

112 models are described in the next section. The results are compared and the Markov model which
113  takes into account population size is shown to compare favorably with the experimental results
114  of the Kishony Mega-Plate experiment.

115 Materials and Methods

116 Statistical Analysis

117  The statistical analysis used in this study is based on the Markov process. A Markov process is a
118 stochastic or random process where future outcomes can be predicted based solely on the

119 present state of the system. A Markov process for discrete events is called a Markov chain. When
120 formulated correctly, a Markov chain that models DNA evolution gives the theoretical

121 distribution of frequencies of the different variants in a growing population based on the

122 population size, the mutation rate, and the known initial state of the population. The formulation
123 of such a model consists of the following steps.

124

125 The first step is to identify the possible states in which the system can be. When modeling DNA
126  evolution, a given site in a genome can be in one of four possible states (one of the four possible
127 DNA bases). When considering two sites simultaneously in a genome, those two sites can be in
128 16 possible states (42 possible combinations of bases). When considering three sites, the number
129  of possible states for the system is 64 possible states (4° possible combinations). As one

130  considers more sites in the genome, the number of possible states goes up exponentially. Once
131 the number of sites that are to be considered is determined, the number of possible states for

4
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132  each of those sites and the number of transitions between one state and another needs to be
133  determined when a replication of those sites occur.

134

135 When DNA is replicated, it is not a perfect process, occasionally errors occur. The frequency of
136  error can be based on a single replication, and for this analysis, that is how the mutation rate is
137  considered. Upon replication, the base at a given site can be replicated with fidelity giving the
138 same base as the original copy, or the base can be replicated incorrectly and replaced with a
139 different base, a mutation has occurred. Each of those possible transitions on replication has a
140 probability associated with that transition. When considering a single-site DNA evolutionary
141  process, each state will have four possible transitions, and since a single-site DNA evolutionary
142  process has four possible states, it will have 16 (4°) possible transitions. When considering a
143 two-site DNA evolutionary process, the 16 possible states will have 256 (162) possible

144  transitions. And when considering the three-site DNA evolutionary process, the 64 possible
145  states will have 4096 (64?) possible transitions. Once the number of sites in the genome is

146  determined to be analyzed, the number of states and state transitions can be determined, and
147  the states and transitions can be organized into matrices. The state matrix is a 1 x number of
148 states matrix where the elements of this matrix are the frequencies of each of the possible states
149  of the system at a particular time. The matrix of transitions will be a square dimension equal to
150 the number of possible states where each element of this matrix is the probability of transition
151 from one state to another possible state. These transition probabilities depend on the mutation
152 rate but also depend on the population size. If one assumes that the population size remains
153  constant, the transition matrix will remain constant over time and, a “stationary” transition
154 matrix is obtained and, the transition probabilities remain constant over time. However, if the
155 population size is changing over time, a “non-stationary” transition matrix is obtained and, the
156 transition probabilities will change over time as the population size changes. This is

157 demonstrated by the derivation of the one and two-site DNA evolutionary models for a

158 stationary Markov chain (the Jukes-Cantor model) and the non-stationary variable population
159 model. The evaluation of these Markov chains over time to obtain the frequencies of the

160 different states after each replication is done by simple matrix multiplication.

161 The Markov Process

162 A Markov chain is a stochastic or random mathematical model describing a sequence of possible
163  events where each event depends only on the state attained in the previous event. Continuous-
164 time Markov chains are called Markov processes and are named after the Russian

165 mathematician Andrey Markov [17]. The relationship between this mathematics and the

166  Kishony Mega-Plate experiment is that with every replication of the bacteria, the offspring

167  potentially get a random mutation that in some cases will allow that variant to make a transition
168 and grow in the next higher drug-concentration region. A well known Markov model of DNA

169 evolution is the Jukes-Cantor Markov Chain model of DNA evolution.[4] There are many

170  derivative models based on the Jukes-Cantor model but none of these models correctly describe
171  the Kishony Mega-Plate experiment. The reason is that the Jukes-Cantor model is based on a

172  stationary transition matrix that gives a Markov process that rapidly reaches equilibrium. The
173  DNA evolutionary process is a highly non-stationary process which does not readily reach

174  equilibrium. An alternative non-stationary transition matrix based on a small modification of the
175 Jukes-Cantor model is presented and the results contrasted with the Jukes-Cantor model.

176 The State Transition Markov Model for a single-site in a Genome
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177 DNA evolution can be mathematically modeled as a discrete Markov Chain. The way this is done
178  for the Kishony Mega-Plate Experiment is as follows. Ej, E>, Es,... are the states of the Markov
179  Chain. The way to understand these states for this experiment, consider the first evolutionary
180  step. The wild type bacteria do not have any variants with a mutation which would give them
181 some resistance to the drug these bacteria are challenged. Some site in the bacterial genome
182  lacks the correct DNA base at that site. Replication of a bacterium is the random trial at each
183 transitional step of this Markov process. There are four possible bases for that site, adenine (A),
184  guanine (G), cytosine (C), and thymine (T). Each of those possible bases represents a Markov
185  state. Figure 1 is a diagram of the possible state transitions for this Markov process. The letter p
186 isthe mutation rate that is assumed constant for each of the possible transitions. The state

187  transition diagram for this Markov process is illustrated in Figure 1.

lllustration 1: State Transition Diagram for
a single mutation at a particular site in the
genome.

188  When replication of the bacterium occurs, if the base at the particular site is T, its descendant
189 cangetaT at that site, no mutation occurs, or an A, C, or G base can occur at that site, a mutation
190  occurs. If the base at that site isnot a T (that is A, C, or G), then any of the possible bases at that
191 site can be mutated to give a T for that descendant at that particular site. A transition matrix that

192  describes the evolutionary change in time t is:

Pan Pac Pac Par
P(t)= Pca Pcc Pccg Per
Poan Poc Pacc Por
193 Pra Prc Prc Prr (1)
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194 P =(p;) where the p; gives the probabilities of change from the state E; to E;,; at time t + At where
195 Atis areplication (for the Jukes-Cantor stationary model, it is also a generation). If insertions,
196 deletions, transpositions, and other types of mutations are neglected (that is substitutions only),
197  the transition matrix would look as follows:

I—u wl3 uwl3 wul3
| u/3 1=p ul3  ul3
wl3  wl3 1—p wul3
198 wl3 ul3  wl3 1—pu 2)

P

199  The subscripts on p represent each of the possible transitions. For example, an AA subscript
200 means on replication, the adenine base was replicated by another adenine base, no mutation
201  occurs. A CG subscript means that on replication a cytosine base was replaced by a guanine base
202  (a mutation has occurred) and so on. Based on the assumption that the mutation rates are

203  constant, the p; elements in terms of the mutation rate can be written as follows and gives the
204  Jukes-Cantor stationary model:

205 Implicit in the Jukes-Cantor model is the assumption that only a single member of the population
206 is considered. That bacterium replicates, and the Jukes-Cantor model is correct for that first

207 replication. However, for the next replication there are two members of the population, and

208 because of that increase in population size, the change in the relative frequency of the variants
209 must decrease, and that decrease in probabilities for a transition to a different base will not

210 follow the pattern presented by the Jukes-Cantor model. The distribution of variants for the

211 single drug is written as:

212 nap/n+n¢/n+ng/n+nr/n=1 (3)

213 Where n4, ng, ng, and nr are the number of members (replications) with the A, C, G, and T base at
214  the particular site in the population respectively, and n is the total number of members

215 (replications) in the population. For example, if A is assumed to be the variant with the

216  beneficial mutation for the drug and the initial wild-type bacterium has T at that site, then,

217 initially, na nc and ng, are 0, and nr and n are 1. However, with the first replication, there is a
218 small probability that na, ne, or ng, is 1, a much higher probability that nr is 2, and n will be 2.
219  With each additional replication, there will be a small probability that n,, nc, or ng, will increase
220 by 1, but a much higher probability that nr will increase by 1, and n will increase by 1. With each
221 additional replication, the frequencies of the A, C, and G variants will slowly increase while the
222 frequency of the T variant will very slowly decrease. This effect is not taken into account in the
223  standard Jukes-Cantor stationary model. The probabilities for a variable population model is
224 written:

225 py=W/(3*n),i#j where n=1,2,3,... (4)
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226 nis the total number of replications (the total population size) in the colony of bacteria. The
227  expected number of members with the mutation A is na=A*n where A is the frequency of the A
228  variant after the population has done n replications and so on for the other possible variants.
229  And the corresponding non-stationary Jukes-Cantor transition matrix becomes:

1—uln  wl(3%n) wl/(3xn) wl/(3%n)
p= wl(3%n) 1—pln  wl(3%n) wl(3%n)
wl(3%n) wl(3%n) 1—uln ul(3%n)

wul(3%n) wl/(3%n) wl(3xn) 1—uln

230 (5)

231 The initial state for either the stationary Jukes-Cantor model or the non-stationary Jukes-Cantor
232 model is written:

233 Ey= (Ao, C(), Go, To) (6)

234 Where the Ay, Co, Go, To terms are the frequencies of the particular variant in the initial state.
235 (When A, C, G, or T are italicized indicates the frequencies for the particular variants with that
236 base at that site.) And the state of the system at the time t; is:

237 E=(A,C,G,T) (7)

238  Attime t; the Markov Chain is in state E; then the state of the system at time ¢t; + At, where Atis
239  one replication, it will be in state E;.; depends only on i, and t. The state of the system at time t.;
240  is computed by doing the matrix multiplication using the following equation:

241 Ei+1 = E,P (8)

242 The matrix multiplication for the Jukes-Cantor model is:

l—p wl3 uwl3 ul3
wl3 1—u wl3 ul3
wl3  wl3 1—p ul3
wl3  wl3  wl3 1—u

(Am Ci, Gy, Ti+l):(Ai’ C,, Gi’Ti)

243 9)

244  And the matrix multiplication for the non-stationary version of the Jukes-Cantor model
245 is:

1—uln  ul(3%n) wl(3%n) pl(3*n)
Cot G T )= wl(3xn)  1—puln  ul(3%n) ul(3%n)
(ot Con. G, Tra}={4,, €. G T) wl(3%n) wl(3%n) 1—w/n  ul(3%n)

wl(3%n) wl(3xn) wl/(3%n) 1—uln

246 (10)

247  Carrying out the matrix multiplication gives us the four recursion equations which describe this
248  evolutionary Markov process for the stationary and non-stationary models respectively:

249 Ai+1 =Ai(1'|.l) + C,*},l./?) + Gl*l,l./3 + T,*IJ./3 (11)
250 Cui=AFu/3 + C(1-1) + GHu/3 + Tu/3 (12)
251 Gui= AFu/3 + CHu/3 + G(1-p) + Tu/3 (13)
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252 Tii=A¥u/3 + CFu/3 + G*p/3 + Ti(1-p) (14)
253 And

254 Aui = A(1-p/n) + CHu/(3*n)+ G*p/(3*n) + T*u/(3*n) (15)

255 Cni=Ap/(3*n) + C(1-p/n) + G*p/(3*n) + T*p/(3*n) (16)

256 Gy =A*p/(3*n) + C*p/(3*n) + G(1-p/n) + T*p/(3*n) (17)

257 Tur=A¥u/(3*n) + C*u/(3*n) + G*u/(3*n) + T,(1-p/n) (18)

258  The initial condition for either version using equation (6) is:

259 Eo = (Ao, Co, Go, To) = (0,0,0,1) (19)

260 Itis assumed that for the Jukes-Cantor model, T is the base at the particular site and for the

261 Kishony Mega-Plate experiment that the initial inoculate at time = 0, the bacterium has a T base
262  where an A base is needed to give resistance. The fundamental difference between the

263 stationary and non-stationary models is that as the population size grows, n is increasing in the
264 non-stationary model. The stationary process assumes that the population size is constant (n=1)
265 for all time.

266 FORTRAN computer programs were written to evaluate both stationary and non-stationary
267 versions and compared for two different mutation rates, p=1E-5and u = 1E-9 and, are

268 presented in the Results section. An equivalent calculation was carried out based on two-site
269 models for stationary and non-stationary Markov processes.

270 The Markov Process for Two Sites, the Jukes-Cantor stationary model and the Modified Jukes-
271 Cantor non-stationary model.

272  The analysis for the DNA evolutionary process for two sites begins with the construction of the
273  state transition diagram for the evolution at two sites (Figure 2). This diagram is much more
274  complex in that there are 16 possible states. (Note that only the transition lines to and from state
275 A1AZ2 to the other states are included in this figure. Transition lines from the other states would
276  appear similarly). In Figure 2, the possible state transitions are drawn for a member of the

277 population which has an A base at site 1 and an A base at site 2 and the possible transitions that
278  can occur on replication. An A1A2 member can replicate and produce another A1A2 member, or
279 an A1C2, or a C1A2, or any of 13 other possible transitions.
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+—V l

A1A2 «—» A1C2 | A1G2 A1T2

—» T1A2 TiC2 | T1G2 T1T2 |

lllustration 2: The two-site Transition
Diagram, only A1A2 transition lines shown,
similar transition lines for other states apply
but not shown.

280  The illustration in Figure 3 gives the diagram for a single state with the understanding that
281 equivalent states exist for the other possible combinations of bases. The number following the

282  Dbase letter indicates the site.

Paiaza1a2

PAlAZA] c2

Priazaice

P
ALATIT2

Prisomian Parazaim

Paiazmica — Patazciaz
Pa1azmiaz Painzcic
Palazciaz Prlazcio

Paimcic2 PriazciT2

PA]A2G1 G2

Priazeim

lllustration 3: Possible state transitions for two sites from an A
at site 1 and an A at site 2 to all other possible transitional
states.

10
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283  In contrast with the single-site model which has 4 possible states and 4 possible transitions from
284  each state, the two-site (second-order) model has 16 possible states with 16 possible transitions
285 from each state to the other possible states. The list of possible transitions for the A state for the
286  single-site model gives 4 probabilities, paa, pac, pac, and par. The transition probabilities for the
287 A1A2 state for the two-site model is, Da1a2a1A2, PA1A2A1C2, PA1A2A1G2, PA1A2A1T2, PA1A2C1A2, PA1A2C1C2, PA1A2CIG2,
288 Dai1az2c1T2, PA1A2G1A2, PA1A2G1C2, PA1A2G1G2) PA1A2G1T2, PA1A2T1A2, PA1A2T1C2, PA1A2T1G2, and Da1A2T1T2- Similar

289 probabilities are obtained for the other 240 possible state transitions in the two-site model. A
290  paiszaiaztransition means that an A base is at site 1 and an A base is at site 2 in the parent, and
291 that on replication, the descendant will also have an A base at site 1 and an A base at site 2, no
292  mutation has occurred on replication at either site. A paiazaic2 transition means that an A base is
293 atsite 1 and an A base is at site 2 in the parent and that on replication, the descendant will also
294  have an A base at site 1 but a C base at site 2, no mutation has occurred on replication at site 1
295 buta C mutation has occurred at site 2. A paiazcice, transition means that an A base is at site 1 and
296 an A base is at site 2 in the parent and that on replication, the descendant will have a C base at
297 site 1 and a G base at site 2, a C mutation has occurred on replication at site 1 and a G mutation
298 has occurred at site 2. And so on for the other possible transitions.

299  For the evolution of two sites, a 16x16 transition matrix is obtained which is partially displayed
300 inequation (20).

); P P P P P P P Py ); P P P P P P
Poomes P P P P P P P P P P p p )
301 Prowe Punves Pooe Ponee Prooe Pusec e Puser Pooox Posec Pumae Pomar Puene Pamne Pumme P

303 Ifnisassumed constant and equal to 1, the first row of the two-site transition matrix in terms of
304 the mutation rate give the Jukes-Cantor stationary version of the two-site model:

305 paiazaiaz= (1-p)(1-p)
306 panaatce= (1-p)*p/3
307 pawmenica= (1-p)*p/3
308 pawzrz= (1-p)*/3
309 panzciaz= (1-p)*p/3
310 patecica= p/9
311 pawmecica= W2/9
312 paazcir2= 1?/9
313 patazciaz= (1-W)*u/3
314 pamcica= /9
315 paazeice= 1?/9
316 paincirz= 12/9

317 paweriaz= (1-p)*p/3
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318 Daiazricz = Mz/g
319 DaiazTi62 = le/9
320 DaiazriT2 = |J-2/9

321 The other rows of the transition matrix from the 240 other possible state transitions will have
322 similar probabilities. These values are substituted into the two-site transition matrix for the
323  Jukes-Cantor two-site stationary model. This 16x16 matrix is partially displayed in equation

324 (21).

(=) (1=p0)  (V=)eur3 (V= )epd3 (1=p)x@d3 (1= pheul3 i©19 i 19 ) (1= u)ul3 ) i©19 L19 (1=ppeul3 ) ) )
P:( (—)ul3 (=) (1=p) (= peped3 (1—p)xd3 w719 (1—u)wuld 419 ) W19 (1=p)eul3 (19 ) W19 (1 =) #pl3 ) ©19 )

325 ) i©19 ) (l=u)xdd3 419 ) W19 (—u)xdd3 @19 ) ©19 (l—p)eud3 (=ppul3  (1=p)xus3  (1=p)sal3  (1=p) (1= )

327  The Jukes-Cantor two-site non-stationary model has the following transition probabilities based
328  on the same reasoning for the single-site model. The probabilities for the A1A2 state are written

329 as:

330 paiszaiaz= (1-p/n)(1-p/n)
331 pauenicz= (1-p/n)*u/(3*n)
332 pamzatez= (1-u/n)*u/(3*n)
333 pamzarrz= (1-p/n)*p/(3*n)
334 paizciaz= (1-p/n)*u/(3*n)
335 pawmzcica= W?/(3*n)?

336 painzcice= P*/(3*n)?

337 pawzcirz= W¥/(3*n)?

338 pawmcinz= (1-p/n)*p/(3*n)
339 pameicz= 12/ (3*n)’

340 paazercz= 12/(3*n)?

341 pameirz= 12/ (3*n)?

342 paizriaz= (1-p/n)*p/(3*n)
343 pawerice= W¥/(3*n)?

344 pammicz= 1/ (3*n)?

345 pamemir= 1/ (3*n)’

346  The other rows of the non-stationary transition matrix from the 240 other possible state

347 transitions have similar probabilities. These values are substituted into the two-site transition
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matrix for the Jukes-Cantor two-site non-stationary model. This 16x16 matrix is partially
displayed in equation (22).

(1=pln)(1=pln) (1=pln)xpl(Gen) (1—an)epl(3xn) (1—uln)el(3cn) (1=pineul(3xn)  (@l(3%n))  (ui(3n))  (@/(3%n))  (1=dn)sul(3en)  (wl(3%n))  (ul(3%n))  (ul(3%n)) (1= pln)sul 3

(1= peul3 (1=l n)(1=pln) — (1=pln)xu3 (1=l npul3 (ul(3%n)) (1= phn)xul(3xn) (al(3%n))  (ul(34n)) (W(3%n)) (L=geln )l (3%n)  (ui(3%n)) (ul(3%n)) i©19

P=

(ul(3%n)) (ul(3xn)) (ui(3%n)) (1=pin)sul(3xn)  (ul(3%n)) (ul(3%n)) (ul(3%n)) (=pln)e@3  (ul(3%n)) (ul(3%n))’

(22)
In a similar manner as with the single-site model, the state transition equation is:
Ei+1 = Ei P (23)

Equations (21) and (22) are used for the stationary and non-stationary models (and the 15 other
equivalent transition equations) and the two-site transition matrix to compute the Markov chain
recursion equations.

(Note that when X1Y2 where X and Y can be A, C, G, or T are italicized indicates the frequencies
of those variants with X at site 1 and Y at site 2.) The recursion equation for the A1A2 state
Jukes-Cantor stationary model is:

A1A2:; = ATA2F(1-0)? + (A1C2; + A1G2; + A1T2; + C1A2; + G1A2; + T1A2)*(1-p)*u/3 + (C1C2: +
C1G2: + C1T2; + G1C2: + G1G2; + G1T2; + T1C2, + T1G2; + T1T2)*1?/9 (24)

Equivalent equations are obtained for the other 15 states. The equivalent recursion equation for
the A1A2 state Jukes-Cantor non-stationary model is:

A1A2:; = ATA2#(1-u/n)? + (A1C2: + A1G2; + A1T2; + C1A2; + G1A2; + T1A2)*(1-u/n)*u/(3*n) +
(C1C2;+ C1G2;+ C1T2; + G1C2:+ G1G2; + G1T2; + T1C2; + T1G2; + T1T2)*(1/(3*n))? (25)

Similar equations for the other 15 possible states give the full definition of the Markov
transformation for the non-stationary model.

The initial state for either two-site system is written:

Eo = (A1A20, A1C20, A1G20, A1T20, C1A20, C1C20, C1G20, C1T20, G1A20, G1C20, G1G20, G1T20, T1A2,,
T1C20, T1G2,, T1T20) (26)

The A1A2,,..,T1T2, terms are the frequencies of the particular variant in the initial state. The
state of the system at time ¢, is given by equation (23).

[t is assumed that in the initial state, the wild type variant inoculated on the plate for a two-drug
experiment has bases T at site 1 and at site 2 such that T1T2,=1 (that is the frequency of that
variant is 1) and the other 15 possible states A1A42,,..,T1G2,= 0 gives an initial condition of:

Ey,=(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1) (27)

The stationary and non-stationary two-site models were evaluated similarly as the single-site
models and compared for two different mutation rates, u = 1E-5 and p = 1E-9, and presented in
the Results section.

Results

The Numerical Calculation of the Jukes-Cantor single-site Stationary and Non-stationary
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382 Models

383  FORTRAN computer programs were written to compute the values for equations (11-14)

384 stationary model and equations (15-18) non-stationary model for two mutation rates, 1E-5 and
385 1E-9. The FORTRAN source code is supplied in the supplemental documentation as well as the
386 data derived from these programs. The results are shown in the graphs below for the Jukes-

387 Cantor stationary and non-stationary models for two mutation rates. The first two figures are for
388 the single site stationary systems (mutation rates 1E-5 and 1E-9 respectively.

Base Frequencies (Probabilities)

— A frequency T frequency

mutation rate 1E-5

0.8

0.6

Base Frequency

04

0.2 /
0.0

ﬁ,[]E+[] 2.0E+5 4.0E+5 6.0E+5 8.0E+5 1.0E+6 12E+6

Replications

lllustration 4: Base frequencies for A and T variants, Jukes-Cantor stationary model, single-
site, as a function of number of replications and mutation rate 1E-5

389 The base frequencies for the C and G variants are not included in Figure 4 because these base
390 frequencies are identical to the A frequency curve. This is because of the symmetry of the Jukes-
391 Cantor model. The mutation rate for base transitions is the same for base transversions. Each
392  Markov transition in the Jukes-Cantor stationary model is both a replication and a generation.
393  Each element in the transition matrix is the mutation rate for a particular mutational change in a
394  single replication for a single member of a lineage. Therefore, each replication is also a

395 generation.

396 The way to correlate the curves in Figure 4 to the genetic transformation is to consider some
397 founder bacterium of a lineage in the population with a T base at a particular site in the genome.
398 That bacterium replicates, and its descendant will have a slightly reduced probability of a T base
399  atthatsite and a slightly increased probability of having an A, C, or G base (mutation) at that site.
400 When that descendant replicates, its descendant will have another slight decrease in the

401 probability of a T base occurring at that site and another slight increase in the probability of
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402 having an A, C, or G mutation at that site. Each replication of the following descendants will

403 decrease the probability of T occurring at that site and increase the probability of an A, C, or G
404 mutation at that site until the evolutionary process reaches equilibrium where the probability of
405 any of the four possible bases occurring at that site will be 0.25. For the mutation rate of 1E-5,
406 this occurs at about 4E5 replications (generations). After 4E5 replications, the probability of
407 finding any of the four bases at that site remains constant at the value of 0.25. This evolutionary
408 model has reached equilibrium.

Base Frequencies (Probabilities)

—— A frequency—— T frequenc
mutation rate 1E-9 quency quency

08
06
04
02 /
00

0.0E+00 2.0E+09 4 0E+09 B.0E+09 8.0E+09 1.0E+10 1.2E+10

Base Frequency

Replications

lllustration 5: Base frequencies for A and T variants, Jukes-Cantor stationary model, single-
site, as a function of number of replications and mutation rate 1E-9

410 Figure 5 demonstrates the result of the Jukes-Cantor stationary model similar to Figure 4 except
411 with alower mutation rate. As with Figure 4, Figure 5 does not include the C and G frequency
412 (probability) curves because these base frequencies are identical to the A frequency curve. The
413 same Markov DNA evolutionary process described in Figure 4 is occurring with the case whose
414 resultisillustrated in Figure 5. The only difference is that the lower mutation rate (1E-9 vs. 1E-
415 5)results in a slower approach to equilibrium (4E9 vs. 4ES5 replications), but either case

416 converges on the same equilibrium values for the base frequencies, 0.25.
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Frequecies of A and T, Expected number of A
—— A frequency —— T frequency

mutation rate 1E-5 Expect A

1E+1
1E+0
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1E-2
1E3
1E4

1E-5
1E-6

1E7

Frequencies A and T, expecied number A

1E8
0.0E+0 5.0E+3 1.0E+4 1.5E+4 2.0E+4 2.5E+4 3.0E+4 3.5E+4

Replications

lllustration 6: Base frequencies for A and T variants and expected number of A, Jukes-Cantor
non-stationary model, single-site, as a function of number of replications and mutation rate
1E-5.

418 Figure 6 gives the result of the Jukes-Cantor non-stationary model of DNA evolution. It is this
419 model that is proposed to be the correct simulation of the Kishony Mega-Plate experiment. As
420  with the Jukes-Cantor stationary model, as described in Figures 4 and 5, the frequencies

421 (probabilities) for the C and G variants are not plotted because these base frequencies give

422 identical curves to the A frequency curve. In this case, each replication is not a generation. To
423  understand this graph (and mathematics) in the context of the Kishony Mega-Plate experiment,
424  consider what happens from the start of the initial condition of the experiment.

425 Initially, a non-drug resistant bacterium is inoculated into the drug-free region of the petri dish.
426 In this case, it is assumed that the base at the site of interest is T. Initially, the frequency of that
427 variantis 1, and the frequency of any variant with an A, C, or G base at that site is 0. That

428 bacterium double for the first generation. The Markov transition matrix for that single

429  replication gives a small probability that an A, C, or G mutation occurs, and the probability that a
430 T occurs is slightly less than 1. These two bacteria double for the second generation. It requires 2
431 Markov transitional steps to compute the frequencies of the different variants for this

432  generation. Each of these Markov transitional steps slightly reduces the frequency of the T

433 variants and slightly increases the frequencies of the A, C, and G variants. The next generation
434  consists of a doubling of these four bacteria to 8 bacteria that requires 4 Markov transitional
435 steps to compute the frequencies of each of the different variants for this generation. This DNA
436 evolutionary process continues until the frequency of A, and the total population size is

437 sufficient to give an expected occurrence of an A variant (n,=n*4). For a mutation rate of 1E-5,
438 this occurs at about a population size of 3E4 (about 15 doublings or generations).

439  Another consideration is that this Markov process is occurring at every site in the genome of the
440 bacteria used by the Kishony team. Two different antimicrobial agents were used (not

441 simultaneously) in the experiment, Ciprofloxacin, and Trimethoprim. The occurrence of

442  resistance mutations to either drug occurs in a single colony which is demonstrated by the use of
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443  either drug in the experiment. The experiment does not work when both drugs are used
444  simultaneously [18]. In order for the experiment to work with 2 drugs requires that a single
445  variant have resistance mutations for both drugs. The mathematical requirement for this to
446 occur is demonstrated by the 2 sites non-stationary Markov process.

Frequencies A and T, expect number A

—— A frequency —— T frequency
Expect A
mutation rate 1E-9

1E+1

1E+0

1E-1
z
2 1E-2
£
E 1E-3
2
& 1E4
@
S s
Iy
5 1E6
E]
H
= 1E7

1E-8

1E-9

0.0E+0 5.0E+T 1.0E+8 1.5E+8 2.0E+8 2.5E+8 3.0E+8 3.5E+8

Replications

lllustration 7: Base frequencies for A and T and expected number of variant A, Jukes-Cantor
non-stationary model, single-site, mutation rate 1E-9.

448  Figure 7 demonstrates the results of the Jukes-Cantor non-stationary model similar to Figure 6
449  except with a lower mutation rate. As with Figure 6, Figure 7 does not include the C and G

450 frequency (probability) curves because these base frequencies are identical to the A frequency
451 curve. The same Markov DNA evolutionary process that is described in Figure 6 is occurring
452  with this case whose result is illustrated in Figure 7. The only difference is that the lower

453  mutation rate (1E-9 vs. 1E-5) results in a slower approach to an expected occurrence of variant
454  Aequalto 1. (1.5E8 (about 28 doublings or generations) vs. 3E4 replications (about 15

455 doublings or generations)).

456  The following four figures show the results for the two site Jukes-Cantor model, the first two of
457 these four are for the stationary two sites model, mutation rates 1E-5 and 1E-9 respectively, and
458 the last two figures for the two sites non-stationary model, mutation rates 1E-5 and 1E-9

459 respectively.

460 FORTRAN computer programs were written to compute the values for equation (25) (plus the
461 15 other equivalent equations) stationary model and equation (26) (plus the 15 other equivalent
462 equations) non-stationary model for two mutation rates, 1E-5, and 1E-9. The results are shown
463 in the following two graphs below for the two sites Jukes-Cantor model (mutation rate 1E-5 and
464  1E-9 respectively). Source code and computed data are included in supplementary

465 documentation.
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lllustration 8: Base frequencies for A1A2, A1T2, and T1T2 variants, Jukes-Cantor stationary
model, two sites, as a function of number of replications and mutation rate 1E-5

466 The base frequencies for the X1Y2 variants where neither X nor Y is a T base are not included in
467 Figure 8 because these base frequencies are identical to the A1A2 frequency curve. The base
468 frequencies for the X1T2 and T1Y2 variants where neither X nor Y is a T base are not included in
469 Figure 8 because these base frequencies are identical to the A1T2 frequency curve. This is again
470 because of the symmetry of the Jukes-Cantor model. The mutation rate for base transitions is the
471 same for base transversions. Each Markov transition in the Jukes-Cantor stationary model is

472  both areplication and a generation. Each element in the transition matrix is the product of the
473  individual mutation rates (that is the joint probability) of the particular mutational change at
474  each site in a single replication for a single member of a lineage. Therefore, each replication is
475 also a generation.

476 The way to correlate the curves in Figure 8 to the genetic transformation is to consider a

477 bacterium in a population with a T1 base at one particular site and a T2 base at another

478 particular site in the genome. That bacterium replicates, and its descendant will have a slightly
479  reduced probability of either a T1 base at the one particular site or a T2 base at the other

480 particular site and a slightly increased probability of having an A1, A2, C1, C2, G1, or G2 base
481 (mutation) at their particular sites. When that descendant replicates, its descendant will have
482 another slight decrease in the probability of a T1 or T2 base occurring at their particular sites
483 and another slight increase in the probability of having an A1, A2, C1, C2, G1, or G2 mutation at
484  their particular sites. Each replication of each of the following descendants will decrease the
485 probability of T1 or T2 occurring at the particular sites and increase the probability of an A1, A2,
486 C1,C2, G1, or G2 mutation at their particular sites until the evolutionary process reaches

487  equilibrium where the probability of any of the eight possible bases (four possible bases at each
488  site) occurring at that site will be 0.0625. For the mutation rate of 1E-5, this occurs at about 4E5
489 replications (generations). After 4E5 replications, the probability of finding any of the eight

490 possible bases at the two particular sites remains constant at the value of 0.0625. This

491  evolutionary model has reached equilibrium.
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lllustration 9: Base frequencies for A1A2, A1T2, and T1T2 variants, Jukes-Cantor stationary
model, two sites, as a function of number of replications and mutation rate 1E-9

Figure 9 demonstrates the result of the Jukes-Cantor two-site stationary model similar to Figure
8 except with a lower mutation rate. As with Figure 8, Figure 9 does not include most of the base
frequencies for the same reason, as described in Figure 8. The only difference is that the lower
mutation rate (1E-9 vs. 1E-5) results in a slower approach to equilibrium (4E9 vs. 4E5
replications (generations)), but either two sites stationary case converges on the same
equilibrium values for the base frequencies, 0.0625.

19


https://doi.org/10.1101/2021.12.23.474071
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2021.12.23.474071,; this version posted December 24, 2021. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY 4.0 International license.

—— A1A2 frequency
——A1T2 frequency
T1T2 frequency

Frequencies for A1A2, A1T2, and T1T2 variants and
expected number A1A2

mutation rate 1E-5 Expect ATA2

1E+2

= 1E+0

I

z

£ 1E2

5

2

S 1E4

H

=

2

&

n 1E-6

@

2

El

z  1EB

e
1E-10
0.0E+0 50E+T7 1.0E+8 1.5E+8 2.0E+8 2.5E+8 3.0E+8 3.5E+8

Replications

lllustration 10: Base frequencies for A1A2, A1T2, and T1T2 variants, and expected number of
A1A2 variants, Jukes-Cantor non-stationary model, two sites, as a function of number of
replications and mutation rate 1E-5.

499  Figure 10 gives the result of the Jukes-Cantor two-site non-stationary model of DNA evolution.
500 The base frequencies for the X1Y2 variants where neither X nor Y is a T base are not included in
501  Figure 10 because these base frequencies are identical to the A1A2 frequency curve. The base
502 frequencies for the X1T2 and T1Y2 variants where neither X nor Y is a T base are not included in
503  Figure 10 because these base frequencies are identical to the A1T2 frequency curve. This is

504 again because of the symmetry of the Jukes-Cantor model. The mutation rate for base transitions
505 isthe same for base transversions. Each Markov transition in the Jukes-Cantor 2 site non-

506 stationary model is only a replication, not a generation. Each element in the transition matrix is
507  the product of the individual mutation rates (that is the joint probability) of the particular

508 mutational change at each site in a single replication where the change in frequencies of the

509 different variants now depends on population size.

510 Consider the math presented here in the context if the Kishony team tries to perform the

511 experiment with two drugs (or if the step increase in drug concentration is so large that two
512 mutations are required for adaptation to the next higher drug concentration region). Initially, a
513 single non-drug resistant bacterium is inoculated into the drug-free region of the petri dish. In
514  this case, it is assumed that the base at one site of interest is T1 and for the second site of

515 interest the base is T2 so that the frequency of that T1T2 variant is 1 and the frequency of any
516 variant with combinations A1, A2, C1, C2, G1 or G2 base at sites 1 and 2 are 0. That bacterium
517 double for the first generation. The Markov transition matrix for that single replication gives a
518 small probability that an A, C, or G mutation occurs at either site and the probability thata T
519  occurs at either site is slightly less than 1. These two bacteria double for the second generation.
520 This requires 2 Markov transitional steps to compute the frequencies of the different possible
521 variants. Each of these Markov transitional steps slightly reduce the frequency of the T1T2

522  variant and very slightly increase the frequencies of the A1A2, A1C2, A1G2, C1A2, C1C2, C1G3,
523 G1A2, G1C2, and G1G2 variants and slightly increase the frequencies of the A1T2, C1T2, G1T2,
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524 T1A2,T1C2, and T1G2 variants. The next generation consists of a doubling of these four bacteria
525 to eight bacteria which requires 4 Markov transitional steps to compute the frequencies of each
526  of the different variants. This DNA evolutionary process continues until the frequency of A1A2
527  (the assumed double drug resistant variant) and the total population size is sufficient to give an
528 expected occurrence of an A1A2 variant (nA1A2=n*A1A2). For a mutation rate of 1E-5 this

529  occurs at about a population size of 2.3E8 (about 28 doublings or generations).

Two Sites, Mutation Rate 1E-9

5E-02
4E-02
4E-02

3E-02

2 3E02 —AlA2
= —— AIT2
=
£ 2002 Exp A1A2
2
Z

2E-02

1E-02

5E-03

0E+00

0E+00 5E+13 1E+14 2E+14 2E+14 3E+14 3E+14 4E+14

Replications

llustration 11: Base frequencies for A1A2 and A1T2 variants, and expected number of A1A2
variant, Jukes-Cantor non-stationary model, two sites, as a function of number of replications
and mutation rate 1E-9

530 Figure 11 gives the result of the Jukes-Cantor 2 site non-stationary model similar to Figure 10
531 except with a lower mutation rate. As with Figure 10, Figure 11 does not include A1C2, A1G2,
532 C1A2,C1C2,C1G2,G1A2, G1C2, and G1G2 frequency curves because these base frequencies are
533  identical with the A1A2 frequency curve. The base frequencies for the C1T2, G1T2, T1A2, T1C2,
534 and T1G2 variants are not included in Figure 11 because these base frequencies are identical to
535 the A1T2 frequency curve. The frequency of the T1T2 variant remains very close to 1, only very
536 slowly decreasing as the number of replications increases so it is not displayed. The A1A2

537 frequency curve appears superimposed on the A1T2 curve because of the very small values (of
538 the order of 1E-16 and 1E-8 respectively). The expected occurrence of an A1A2 variant is very
539 slowly increasing and the computation was halted at 3E14 replications (about 48 doublings
540 (generations)). A linear interpolation of the data from Figure 11 gives the expected occurrence
541 of an A1A2 variant will occur at about 8E15 replications (about 53 doublings of the original
542  founder bacterium). For the Kishony Mega-Plate experiment to work with two drugs (or a larger
543  step increase in drug-concentration), a much, much larger petri dish will be needed than the
544  “Mega-Plate”.

545 Discussion/Conclusion

546 The mathematical behavior of the Markov process of DNA evolution is significantly different
547 when assuming a stationary versus a non-stationary model. It is shown that the Jukes-Cantor
548 model assumes a constant population size of 1 because of the elements used in the transition
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549  matrix. The Jukes-Cantor stationary model is physically modeling a single-site in the DNA in a
550 lineage of a single member of a population. Because of this, each transition from one state to the
551 nextrepresents a generation. The initial state at that site, the probability (frequency) of that
552  Dbase is 1, and the probability of any of the other bases is 0. When that member replicates, the
553 probability of the original base occurring is slightly less than 1 and the probability of any of the
554  other substitutions now is slightly greater than 0. When that descendant replicates, the

555 probability of the original base is again slightly decreased and the probabilities of any of the
556 possible substitutions are increased. When the equilibrium state is achieved, the probabilities of
557 finding any of the possible bases will be 0.25 for all possible bases. And the number of

558 replications to reach that state is approximately 1/(%*u). Once the equilibrium state is reached,
559 with any further replications, the probability of finding any base at that site will be 0.25 no

560 matter how many further replications occur.

561 The Jukes-Cantor model for a single-site converges to a stationary value of 0.25 regardless of the
562 mutation rate, and the two-site model converges to 0.0625 (again regardless of the mutation
563 rate). As with, the single-site Jukes-Cantor model, the equivalent two-site model also applies to
564 the lineage of a single member where each transition represents a replication of that particular
565 member, but that replication also represents a generation. When a constant non-unity

566 population is considered with the model, each matrix multiplication still represents a single

567 replication of that member, but now a generation is n matrix multiplications (replications). The
568 non-stationary Jukes-Cantor model takes into account the number of replications (population
569 size) occurring in a lineage. This has a strong effect on the relative frequencies of the different
570 variants in the population. This model does not reach equilibrium. The Kishony Mega-Plate

571 experiment starts its evolutionary process with a single “wild-type” variant. As these wild-type
572  replicates and the population size increases, the relative frequencies are changing, but very

573  slowly, and most of the members of the population will have the original base at the site of

574 interest. The probability of the correct mutation occurring is improving as the colony size grows,
575 butits relative frequency will be very low because of the large population size, and this is

576 demonstrated by the non-stationary Jukes-Cantor model as well as the Kishony Mega-Plate

577  Experiment.

578 The single-site Jukes-Cantor stationary model with a mutation rate of 1E-5 reaches equilibrium
579 and relative frequencies of all variants of 0.25 at about 4E5 replications, as shown in Figure 4.
580 For the same mutation rate and the number of replications, the single-site Jukes-Cantor non-
581 stationary model shows the relative frequency of the wild-type to be very close to 1, and the
582 relative frequency of the mutated variant to be 6E-5, but the expected number of the drug-

583 resistant mutated variant will be about 1. Likewise, for a mutation rate of 1E-9, the single-site
584  Jukes-Cantor stationary model reaches an equilibrium of 0.25 at about 3E9 replications. This is
585 the same number of replications that on average would give every possible base substitution at
586 every site in a genome. And this is the approximate number of replications for the Kishony

587 populations to get the next beneficial mutation for the next higher drug-concentration region.

588 The reason why such significant differences occur between the stationary and non-stationary
589 models can be seen when equations (4) and (16) are considered, E; = (4, C, G; T;) for the single-
590 site model that is identical for both stationary and non-stationary models. E; is the state of the
591 system at time (generation), i and 4, C, G, T; are the frequencies of the bases in that population
592  attime i. If the total population size is n, and the number of members of the population of each of
593  the variants is ns, ng;, ne;, nr; respectively, then frequencies 4;, C;, G;, T; at time i will be na;/n, ne;/n,
594 ng/n, nn/n, respectively. In the stationary formulation of the Jukes-Cantor model, n is implicitly
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595 assumed to be constant, and equal to 1. In the Kishony Mega-Plate experiment, n is not constant
596 and varies with time. When n is considered to be a function of time as demonstrated above, the
597 non-stationary Jukes-Cantor model will give accurate predictions of this experiment. This

598 principle becomes even more apparent for Markov Chain models of DNA evolution when two
599  sites are being considered simultaneously.

600 The two-site stationary model with a mutation rate of 1E-9 also reaches equilibrium at about
601 3E9 replications and a frequency value of 0.0625. This value under-predicts the number of

602 replications in the Kishony experiment to accumulate the first two beneficial mutations

603  sequentially by a factor of 2. Also, the frequency of the different variants will be nowhere close
604 to 0.0625. In the actual experiment, the frequency of the wild-type is still very close to 1, and the
605 mutated members of the population represent only a small portion of the total population.

606 The non-stationary model with mutation rate 1E-5 at 2.5E4 replications shows the wild-type
607 variant still at very close to a relative frequency of 1, the mutant variant at the relative frequency
608 of about 5E-5, and the expected number of 1 drug-resistant mutant variant in that population.
609 When the mutation rate is lowered to 1E-9, at 2E8 replications still shows a relative frequency of
610 the wild-type to be almost 1, and the relative frequency of the mutated variant is still less than
611 1E-8, but one would expect there would be one mutated drug-resistant variant in that

612 population. This is demonstrated by the Kishony Mega-Plate experiment. The vast majority of
613 the members in a given colony are not mutated variants that can grow in the next higher drug
614 region, these members are clones of the founder of that colony (at least at that particular site in
615 the genome).

616 Ifthe mutations in any evolutionary Markov process are accumulated sequentially as in the

617 Kishony Mega-Plate experiment, the number of replications required to make the transition is
618 exponentially smaller than when the mutations must be accumulated simultaneously. The

619 mathematical explanation for this is the multiplication rule of probabilities. This is the reason
620 that the Kishony Mega-Plate experiment can only operate with small increases in drug-

621 concentration on the plate used. Any higher concentration of the drug or the use of two or more
622  drugs will require a much, much larger plate to accommodate the much larger colony size

623 necessary for such an evolutionary process.

624  There are two significant points to consider when a single drug is used versus two drugs (or a
625 higher drug-concentration in the adjacent region) in the physical behavior and mathematical
626 modeling of the Kishony Mega-Plate experiment. When an evolutionary process such as the one
627 drug experiment is carried out, the mutations can accumulate sequentially, one at a time. What
628 that means biologically is that some member of the population gets the beneficial mutation that
629 gives improved fitness in a particular colony (lineage). That member is then able to form a new
630 colony in the next higher drug-concentration region and start a new Markov process. It doesn't
631 matter what happens to its progenitor colony. It can continue to grow or go extinct. In the case
632  where two drugs are used or when the drug-concentration in the adjacent band is too large

633  (requiring more than one mutation to grow in that region), a second or higher-order Markov
634  transition matrix is required. What this means numerically and biologically is that the variant
635  with one of the beneficial mutations (after several hundred million replications in that colony)
636 must continue to grow in that colony. That variant with the first beneficial mutation will have to
637 do about 30 doublings (when the mutation rate is 1E-9) to get the second beneficial mutation
638 necessary to grow in the next higher drug-concentration region. But the other variants will also
639 Dbe doubling at the same time instead of starting with just one member in that lineage it will be
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640 one of the other hundreds of millions of other members in that colony. This means the carrying
641 capacity of that environment must be vastly larger to accommodate this much, much larger
642  colony.

643 The importance of understanding DNA evolution cannot be overstated. The impact on the health
644 care system of infectious diseases and the evolution of drug resistance is one of the greatest

645  burdens on the medical system. According to the Healthcare Cost and Utilization Project (HCUP)
646 [19] on the most common medical reasons in 2003 for all hospitalizations that began in the

647 emergency department, pneumonia was the number 1, urinary infections 12, skin infections 15,
648 and sepsis 16. These statistics have not improved with time. According to recent HCUP data

649 (2018) [20], excluding maternal and neonatal stays, the main reasons for hospital admission are,
650 septicemia number 1 and pneumonia number 4. That is only half the story. HCUP 2008 data [21]
651 for the most expensive hospitalization shows the septicemia is the number 1 most expensive
652  cause for hospitalization.

653  How much of this problem is due to the way antibiotics are used in the outpatient environment
654 is unclear. Conflicting signals are give to primary care physicians on the use of antibiotics.

655 Primary care physicians are being warned in the overuse of antibiotics because of the selection
656  of drug resistant variants and Killing non-pathogenic bacteria. [22-24] On the other hand, the
657 data from the previous paragraph would seem to indicate that delay or under-use of antibiotics
658 may be occurring. Primary care physicians usually don't have access to stat laboratories to give
659 objective evidence for a disease they are trying to treat in an ill patient. Primary care physicians
660 must depend on the medical history and clinical examination with minimal data, usually just the
661 patient's vital signs and perhaps a rapid in office test such as a rapid group A streptococcal or
662 influenza test. Physicians working in the outpatient environment don't have the benefit of close
663 patient observation such as what occurs with the hospitalized patient. Outpatient physicians
664 must depend upon the patient or family members to report on condition changes and they may
665 not be capable to recognize a worsening condition. In the case of early sepsis, even a 24 hour
666 delay in the initiation of antibiotics can lead to life threatening infections.

667 The discussion does not end here. Drug-resistant infections are a bigger problem in the

668 hospitalized patient than in the out-patient environment. It is well known that community

669 acquired MRSA infections are still sensitive to more antibiotics than hospital acquired MRSA
670 infections. [25] This is most likely due to the fact that hospitalized patients tend to be sicker with
671 weaker immune systems than the generally more healthy out-patients. [26]

672 Based on the analysis of the evolution of drug-resistance in the Kishony Mega-Plate experiment,
673 itis clear that the evolution of drug-resistance to a single drug selection pressure is much easier
674  for a bacterial population to accomplish than evolution to two or more drugs simultaneously.
675 This would seem to point to a better solution of using combination antibiotics rather than not
676 using antibiotics to prevent the selection of resistant variants.

677 DNA evolution can be modeled as a Markov process, but the assumption that this Markov

678 process is stationary leads to inaccurate predictions when doing phylogenetic DNA analysis, or
679 using these models to predict the behavior of evolutionary experiments. The underlying

680 problem with the Jukes-Cantor and derivative models is that in the formulation of these models,
681 itis assumed that the evolutionary process is stationary, and these models don't take into

682  account population size. Implicit in the derivation of the Jukes-Cantor and derivative models is
683  that the substitution matrix does not change. The probabilities in the transition matrix are a
684  function of population size. DNA evolution is not a stationary Markov process, and applying this
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685 stationary model selectively to only homologous portions of the genome ignores all the genetic
686 differences that would defeat the accuracy of the predictions this model is capable of doing. By
687 including the population size in the transition matrix, this model will correctly simulate and
688  predict the evolutionary behavior of the Kishony Mega-Plate experiment.

689

690 The evolution of drug-resistance of microbes to drug therapies or cancers to targeted therapies
691 requires an accurate understanding of the evolutionary process. The non-stationary Markov
692  chain model of DNA evolution gives an important tool for understanding evolution. And that tool
693 gives the ability to estimate the number of selection pressures (antibiotics or targeted cancer
694 therapies) necessary to address and suppress the evolutionary process and have a greater

695 probability of having treatment success.
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