
A Fast Data-Driven Method for Genotype Imputation, Phasing, and1

Local Ancestry Inference: MendelImpute.jl2

Benjamin B. Chu1, Eric M. Sobel1,3, Rory Wasiolek1, Janet S. Sinsheimer1,2,3,
Hua Zhou2∗, Kenneth Lange1,3†

3

1Department of Computational Medicine, David Geffen School of Medicine at UCLA, Los4

Angeles, USA5

2Department of Biostatistics, Fielding School of Public Health at UCLA, Los Angeles, USA6

3Department of Human Genetics, David Geffen School of Medicine at UCLA, Los Angeles, USA7

keywords: Imputation; haplotyping; phasing; Julia; GWAS; admixture8

1 Abstract9

Current methods for genotype imputation and phasing exploit the sheer volume of data in haplotype reference10

panels and rely on hidden Markov models. Existing programs all have essentially the same imputation accu-11

racy, are computationally intensive, and generally require pre-phasing the typed markers. We propose a novel12

data-mining method for genotype imputation and phasing that substitutes highly efficient linear algebra rou-13

tines for hidden Markov model calculations. This strategy, embodied in our Julia program MendelImpute.jl,14

avoids explicit assumptions about recombination and population structure while delivering similar prediction15

accuracy, better memory usage, and an order of magnitude or better run-times compared to the fastest com-16

peting method. MendelImpute operates on both dosage data and unphased genotype data and simultaneously17

imputes missing genotypes and phase at both the typed and untyped SNPs. Finally, MendelImpute naturally18

extends to global and local ancestry estimation and lends itself to new strategies for data compression and19

hence faster data transport and sharing.20
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2 Introduction21

Haplotyping (phasing) is the process of inferring unobserved haplotypes from observed genotypes. It is possi-22

ble to deduce phase from the observed genotypes of surrounding pedigree members [25], but pedigree data are23

no longer considered competitive with linkage disequilibrium data. Current methods for phasing and geno-24

type imputation exploit public reference panels such as those curated by the Haplotype Reference Consortium25

(HRC) [22] and the NHLBI TOPMed Program [27]. The sizes of these reference panels keep expanding: from26

1000 samples in 2012 [2], to about 30,000 in 2016 [22], and to over 100,000 in 2019 [27]. Genome-wide as-27

sociation studies (GWAS), the primary consumers of imputation, exhibit similar trends in increasing sample28

sizes and denser SNP typing [26]. Despite these technological improvements, phasing and imputation meth-29

ods are still largely based on hidden Markov models (HMM). Through decades of successive improvements,30

HMM software is now more than 10,000 times faster than the original software [9], but the core HMM princi-31

ples remain relatively unchanged. This paper explores an attractive data-driven alternative for imputation and32

phasing that is faster and more scalable than HMM methods.33

Hidden Markov models (HMMs) capture the linkage disequilibrium in haplotype reference panels based34

on the probabilistic model of Li and Stephens [20]. The latest HMM software programs include Minimac35

4 [10], Beagle 5 [6], and Impute 5 [24]. These HMMs programs all have essentially the same imputa-36

tion accuracy [6], are computationally intensive, and generally require pre-phased genotypes. The biggest37

computational bottleneck facing these programs is the size of the HMM state space. An initial pre-phasing38

(imputation) step fills in missing phases and genotypes at the typed markers in a study. The easier second step39

constructs haplotypes on the entire set of SNPs in the reference panel from the pre-phased data [13]. This40

separation of tasks forces users to chain together different computer programs, reduces imputation accuracy41

[9], and tends to inflate overall run-times even when the individual components are well optimized.42

Purely data-driven techniques are potential competitors to HMMs in genotype imputation and haplotyp-43

ing. Big data techniques substitute massive amounts of training data for detailed models in prediction. This44

substitution can reduce computation times and, if the data are incompatible with the assumptions underly-45

ing the HMM, improve accuracy. Haplotyping HMMs, despite their appeal and empirically satisfying error46

rates, make simplifying assumptions about recombination hot spots and linkage patterns. We have previously47

demonstrated the virtues of big data methods in genotype imputation with haplotyping [7] and without haplo-48

typing [8]. SparRec [14] refines the later method by adding additional information on matrix co-clustering.49

These two matrix completion methods efficiently impute missing entries via low-rank approximations. Un-50

fortunately, they also rely on computationally intensive cross validation to find the optimal rank of the approx-51

imating matrices. On the upside, matrix completion circumvents pre-phasing, exploits reference panels, and52

readily imputes dosage data, where genotype entries span the entire interval [0,2].53

Despite these advantages, data-driven methods have not been widely accepted as alternatives to HMM54
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methods. Although it is possible in principle, our previous program [8] did not build a pipeline to handle large55

reference panels. Here we propose a novel data-driven method to fill this gap. Our software MendelImpute56

(a) avoids the pre-phasing step, (b) exploits known haplotype reference panels, (c) supports dosage data, (d)57

runs extremely fast, (e) makes a relatively small demand on memory, and (f) naturally extends to local and58

global ancestry inference. Its imputation error rate is slightly higher than the best HMM software but still59

within a desirable range. MendelImpute is open source and forms a part of the OpenMendel platform [29],60

which is in the modern Julia programming language [3]. We demonstrate that MendelImpute is capable of61

dealing with HRC data even on a standard laptop. In coordination with our packages VCFTools.jl (handling62

VCF files) and SnpArrays.jl (handling PLINK files), OpenMendel powers a streamlined pipeline for end-63

to-end data analysis. In an era where the cost of genotyping arrays continues to drop faster than Moore’s law64

and telomere-to-telomere reference panels are within reach [23, 28], MendelImpute offers a compelling mix65

of excellent speed, small memory footprint, and simplicity of use.66

For each chromosome of a study subject, MendelImpute reconstructs two extended haplotypes E1 and67

E2 that cover the entire chromosome. Both E1 and E2 are mosaics of reference haplotypes with a few break68

points where a switch occurs from one reference haplotype to another. The break points presumably represent69

contemporary or ancient recombination events. MendelImpute finds these reference segments and their break70

points. From E1 and E2 it is trivial to impute missing genotypes, both typed and untyped. The extended71

haplotypes can be painted with colors indicating the region on the globe from which each reference segment72

was drawn. The number of SNPs assigned to each color immediately determine ethnic proportions and plays73

into admixture mapping. The extended segments also serve as a convenient device for data compression. One74

simply stores the break points and the index of the reference haplotype assigned to each segment. Finally, E175

and E2 can be nominated as maternal or paternal whenever either parent of a sample subject is also genotyped.76

3 Materials and Methods77

Our overall imputation strategy operates on an input matrix X whose columns are sample genotypes at the78

typed markers. The entries of X represent alternative allele counts xi j ∈ [0,2]∪{missing}. The reference79

haplotypes are stored in a matrix H whose columns are haplotype vectors with entries hi j ∈{0,1}, representing80

reference and alternative alleles, respectively. Given these data, the idea is to partition each sample’s genotype81

vector into small adjacent genomic windows. In each window, many reference haplotypes collapse to the same82

unique haplotype at the typed SNPs. We find the two unique haplotypes whose vector sum best matches the83

sample genotype vector. Then we expand the unique haplotypes into two sets of matching full haplotypes and84

intersect these sets across adjacent windows. Linkage disequilibrium favors long stretches of single reference85

haplotypes punctuated by break points. Our strategy is summarized in Figure 1. A detailed commentary on86

the interacting tactics appears in subsequent sections.87
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<latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="V5GsOErvnGp0TOmMP7WyEK5Z4uI=">AAAB5HicbZDNSgMxFIXv1L9aq1a3boJFcCFlRgRdCm5cVnDaQjsMmfROJzSTGZOMUIa+hBsXivhM7nwb05+Fth4IfJyTkHtPlAuujet+O5WNza3tnepuba++f3DYOKp3dFYohj7LRKZ6EdUouETfcCOwlyukaSSwG43vZnn3GZXmmXw0kxyDlI4kjzmjxlq9JPQuSBJehY2m23LnIuvgLaEJS7XDxtdgmLEiRWmYoFr3PTc3QUmV4UzgtDYoNOaUjekI+xYlTVEH5XzeKTmzzpDEmbJHGjJ3f78oaar1JI3szZSaRK9mM/O/rF+Y+CYoucwLg5ItPooLQUxGZsuTIVfIjJhYoExxOythCVWUGVtRzZbgra68Dp3Llue2vAcXqnACp3AOHlzDLdxDG3xgIOAF3uDdeXJenY9FXRVn2dsx/JHz+QN4yo2v</latexit><latexit sha1_base64="V5GsOErvnGp0TOmMP7WyEK5Z4uI=">AAAB5HicbZDNSgMxFIXv1L9aq1a3boJFcCFlRgRdCm5cVnDaQjsMmfROJzSTGZOMUIa+hBsXivhM7nwb05+Fth4IfJyTkHtPlAuujet+O5WNza3tnepuba++f3DYOKp3dFYohj7LRKZ6EdUouETfcCOwlyukaSSwG43vZnn3GZXmmXw0kxyDlI4kjzmjxlq9JPQuSBJehY2m23LnIuvgLaEJS7XDxtdgmLEiRWmYoFr3PTc3QUmV4UzgtDYoNOaUjekI+xYlTVEH5XzeKTmzzpDEmbJHGjJ3f78oaar1JI3szZSaRK9mM/O/rF+Y+CYoucwLg5ItPooLQUxGZsuTIVfIjJhYoExxOythCVWUGVtRzZbgra68Dp3Llue2vAcXqnACp3AOHlzDLdxDG3xgIOAF3uDdeXJenY9FXRVn2dsx/JHz+QN4yo2v</latexit><latexit sha1_base64="r8zf7M7cz+CA36CStDtKjO1TXps=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYGuhDWGznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dtk4yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU+BCObqb+wxMqzRN5b8Yp+jEdSB5xRo2VOsPAOyPD4CKo1ty6OwNZJl5BalCgGVS/ev2EZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1VNIYtZ/P7p2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xuZqIrP+cyzQxKNl8UZYKYhEyfJ32ukBkxtoQyxe2thA2poszYiCo2BG/x5WXSPq97bt27c2uN6yKOMhzBMZyCB5fQgFtoQgsYCHiGV3hzHp0X5935mLeWnGLmEP7A+fwBoX2PBQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit><latexit sha1_base64="/cTL4h/eiCZxN+Ng8FPWiaxpLCc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFYwX5AG8Jmu2mW7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0tr6xuVXeruzs7u0fVA+POjrJFKFtkvBE9UKsKWeStg0znPZSRbEIOe2G49uZ332iSrNEPphJSn2BR5JFjGBjpV4ceBcoDhpBtebW3TnQKvEKUoMCraD6NRgmJBNUGsKx1n3PTY2fY2UY4XRaGWSappiM8Yj2LZVYUO3n83un6MwqQxQlypY0aK7+nsix0HoiQtspsIn1sjcT//P6mYmu/ZzJNDNUksWiKOPIJGj2PBoyRYnhE0swUczeikiMFSbGRlSxIXjLL6+SzmXdc+vefaPWvCniKMMJnMI5eHAFTbiDFrSBAIdneIU359F5cd6dj0VrySlmjuEPnM8for2PCQ==</latexit>

Extract matching 
haplotypes 

x0
1

<latexit sha1_base64="4qj6ScukeJbCrP+yOIQgEqaiLUk=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48VbC20S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWlldW19o7xZ2dre2d2r7h+0TZxqylo0FrHuhMQwwRVrWW4F6ySaERkK9hCOb3L/4ZFpw2N1bycJCyQZKh5xSmwuPfX903615tW9GfAy8QtSgwLNfvWrN4hpKpmyVBBjur6X2CAj2nIq2LTSSw1LCB2TIes6qohkJshmt07xiVMGOIq1K2XxTP09kRFpzESGrlMSOzKLXi7+53VTG10FGVdJapmi80VRKrCNcf44HnDNqBUTRwjV3N2K6YhoQq2Lp+JC8BdfXibt87rv1f27i1rjuoijDEdwDGfgwyU04Baa0AIKI3iGV3hDEr2gd/Qxby2hYuYQ/gB9/gBsvI3R</latexit><latexit sha1_base64="4qj6ScukeJbCrP+yOIQgEqaiLUk=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48VbC20S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWlldW19o7xZ2dre2d2r7h+0TZxqylo0FrHuhMQwwRVrWW4F6ySaERkK9hCOb3L/4ZFpw2N1bycJCyQZKh5xSmwuPfX903615tW9GfAy8QtSgwLNfvWrN4hpKpmyVBBjur6X2CAj2nIq2LTSSw1LCB2TIes6qohkJshmt07xiVMGOIq1K2XxTP09kRFpzESGrlMSOzKLXi7+53VTG10FGVdJapmi80VRKrCNcf44HnDNqBUTRwjV3N2K6YhoQq2Lp+JC8BdfXibt87rv1f27i1rjuoijDEdwDGfgwyU04Baa0AIKI3iGV3hDEr2gd/Qxby2hYuYQ/gB9/gBsvI3R</latexit><latexit sha1_base64="4qj6ScukeJbCrP+yOIQgEqaiLUk=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48VbC20S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWlldW19o7xZ2dre2d2r7h+0TZxqylo0FrHuhMQwwRVrWW4F6ySaERkK9hCOb3L/4ZFpw2N1bycJCyQZKh5xSmwuPfX903615tW9GfAy8QtSgwLNfvWrN4hpKpmyVBBjur6X2CAj2nIq2LTSSw1LCB2TIes6qohkJshmt07xiVMGOIq1K2XxTP09kRFpzESGrlMSOzKLXi7+53VTG10FGVdJapmi80VRKrCNcf44HnDNqBUTRwjV3N2K6YhoQq2Lp+JC8BdfXibt87rv1f27i1rjuoijDEdwDGfgwyU04Baa0AIKI3iGV3hDEr2gd/Qxby2hYuYQ/gB9/gBsvI3R</latexit><latexit sha1_base64="4qj6ScukeJbCrP+yOIQgEqaiLUk=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvoqeyKoMeiF48VbC20S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWlldW19o7xZ2dre2d2r7h+0TZxqylo0FrHuhMQwwRVrWW4F6ySaERkK9hCOb3L/4ZFpw2N1bycJCyQZKh5xSmwuPfX903615tW9GfAy8QtSgwLNfvWrN4hpKpmyVBBjur6X2CAj2nIq2LTSSw1LCB2TIes6qohkJshmt07xiVMGOIq1K2XxTP09kRFpzESGrlMSOzKLXi7+53VTG10FGVdJapmi80VRKrCNcf44HnDNqBUTRwjV3N2K6YhoQq2Lp+JC8BdfXibt87rv1f27i1rjuoijDEdwDGfgwyU04Baa0AIKI3iGV3hDEr2gd/Qxby2hYuYQ/gB9/gBsvI3R</latexit>

||x0
1 � h1 � h4||2 = 2

||x0
1 � h1 � h7||2 = 2

||x0
1 � h4 � h7||2 = 3

<latexit sha1_base64="j/OsAPkGALM3TqsV6kwtAHCEbos=">AAACPXicbZA7T8MwFIUdnqW8AowsFhWChSoplcqCVMHCWKS+pCZEjuu0Vp2HbAdRNf1jLPwHNjYWBhBiZcVNM9DHlWwdne9e2fe4EaNCGsabtrK6tr6xmdvKb+/s7u3rB4dNEcYckwYOWcjbLhKE0YA0JJWMtCNOkO8y0nIHtxPeeiRc0DCoy2FEbB/1AupRjKSyHL2eJE+OeQYvYN8x07ucJA8leA1LlpVfgJXlsDwDLx29YBSNtOCiMDNRAFnVHP3V6oY49kkgMUNCdEwjkvYIcUkxI+O8FQsSITxAPdJRMkA+EfYo3X4MT5XThV7I1QkkTN3/EyPkCzH0XdXpI9kX82xiLmOdWHpX9ogGUSxJgKcPeTGDMoSTKGGXcoIlGyqBMKfqrxD3EUdYqsDzKgRzfuVF0SwVTaNo3pcL1Zssjhw4BifgHJigAqrgDtRAA2DwDN7BJ/jSXrQP7Vv7mbauaNnMEZgp7fcPhwmnAg==</latexit><latexit sha1_base64="j/OsAPkGALM3TqsV6kwtAHCEbos=">AAACPXicbZA7T8MwFIUdnqW8AowsFhWChSoplcqCVMHCWKS+pCZEjuu0Vp2HbAdRNf1jLPwHNjYWBhBiZcVNM9DHlWwdne9e2fe4EaNCGsabtrK6tr6xmdvKb+/s7u3rB4dNEcYckwYOWcjbLhKE0YA0JJWMtCNOkO8y0nIHtxPeeiRc0DCoy2FEbB/1AupRjKSyHL2eJE+OeQYvYN8x07ucJA8leA1LlpVfgJXlsDwDLx29YBSNtOCiMDNRAFnVHP3V6oY49kkgMUNCdEwjkvYIcUkxI+O8FQsSITxAPdJRMkA+EfYo3X4MT5XThV7I1QkkTN3/EyPkCzH0XdXpI9kX82xiLmOdWHpX9ogGUSxJgKcPeTGDMoSTKGGXcoIlGyqBMKfqrxD3EUdYqsDzKgRzfuVF0SwVTaNo3pcL1Zssjhw4BifgHJigAqrgDtRAA2DwDN7BJ/jSXrQP7Vv7mbauaNnMEZgp7fcPhwmnAg==</latexit><latexit sha1_base64="j/OsAPkGALM3TqsV6kwtAHCEbos=">AAACPXicbZA7T8MwFIUdnqW8AowsFhWChSoplcqCVMHCWKS+pCZEjuu0Vp2HbAdRNf1jLPwHNjYWBhBiZcVNM9DHlWwdne9e2fe4EaNCGsabtrK6tr6xmdvKb+/s7u3rB4dNEcYckwYOWcjbLhKE0YA0JJWMtCNOkO8y0nIHtxPeeiRc0DCoy2FEbB/1AupRjKSyHL2eJE+OeQYvYN8x07ucJA8leA1LlpVfgJXlsDwDLx29YBSNtOCiMDNRAFnVHP3V6oY49kkgMUNCdEwjkvYIcUkxI+O8FQsSITxAPdJRMkA+EfYo3X4MT5XThV7I1QkkTN3/EyPkCzH0XdXpI9kX82xiLmOdWHpX9ogGUSxJgKcPeTGDMoSTKGGXcoIlGyqBMKfqrxD3EUdYqsDzKgRzfuVF0SwVTaNo3pcL1Zssjhw4BifgHJigAqrgDtRAA2DwDN7BJ/jSXrQP7Vv7mbauaNnMEZgp7fcPhwmnAg==</latexit><latexit sha1_base64="j/OsAPkGALM3TqsV6kwtAHCEbos=">AAACPXicbZA7T8MwFIUdnqW8AowsFhWChSoplcqCVMHCWKS+pCZEjuu0Vp2HbAdRNf1jLPwHNjYWBhBiZcVNM9DHlWwdne9e2fe4EaNCGsabtrK6tr6xmdvKb+/s7u3rB4dNEcYckwYOWcjbLhKE0YA0JJWMtCNOkO8y0nIHtxPeeiRc0DCoy2FEbB/1AupRjKSyHL2eJE+OeQYvYN8x07ucJA8leA1LlpVfgJXlsDwDLx29YBSNtOCiMDNRAFnVHP3V6oY49kkgMUNCdEwjkvYIcUkxI+O8FQsSITxAPdJRMkA+EfYo3X4MT5XThV7I1QkkTN3/EyPkCzH0XdXpI9kX82xiLmOdWHpX9ogGUSxJgKcPeTGDMoSTKGGXcoIlGyqBMKfqrxD3EUdYqsDzKgRzfuVF0SwVTaNo3pcL1Zssjhw4BifgHJigAqrgDtRAA2DwDN7BJ/jSXrQP7Vv7mbauaNnMEZgp7fcPhwmnAg==</latexit>

b  Find optimal haplotype pairs in each window 

hhh555, h7, h8
<latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit><latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit><latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit><latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit>

hhh111, h2, h3
<latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit><latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit><latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit><latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit>

hhh111, h2, h6
<latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4gHXnM8ubqgK1sIruSNaAVzgEWE=">AAAB93icbZBPS8MwGMbfzn9zTq3exEtwCB5ktDuoR8GLxwluE7ZS0izdwpK0JKkwyvDiV/HiQRG/iTe/jWm3g24+kOTH874heZ8o5Uwbz/t2KmvrG5tb1e3aTn13b989qHd1kilCOyThiXqIsKacSdoxzHD6kCqKRcRpL5rcFPXeI1WaJfLeTFMaCDySLGYEG2uF7tEgFREah3l5+rNzy61iuwjdhtf0SqFV8BfQgIXaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYbZJqmmEzwiPYtSiyoDvJyhBk6tc4QxYmySxpUur9v5FhoPRWR7RTYjPVyrTD/q/UzE18FOZNpZqgk84fijCOToCIPNGSKEsOnFjBRzP4VkTFWmBibWs2G4C+PvArdVtP3mv6dB1U4hhM4Ax8u4RpuoQ0dIPAEL/AG786z8+p8zOOqOIvcDuGPnM8fKJCULA==</latexit><latexit sha1_base64="4gHXnM8ubqgK1sIruSNaAVzgEWE=">AAAB93icbZBPS8MwGMbfzn9zTq3exEtwCB5ktDuoR8GLxwluE7ZS0izdwpK0JKkwyvDiV/HiQRG/iTe/jWm3g24+kOTH874heZ8o5Uwbz/t2KmvrG5tb1e3aTn13b989qHd1kilCOyThiXqIsKacSdoxzHD6kCqKRcRpL5rcFPXeI1WaJfLeTFMaCDySLGYEG2uF7tEgFREah3l5+rNzy61iuwjdhtf0SqFV8BfQgIXaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYbZJqmmEzwiPYtSiyoDvJyhBk6tc4QxYmySxpUur9v5FhoPRWR7RTYjPVyrTD/q/UzE18FOZNpZqgk84fijCOToCIPNGSKEsOnFjBRzP4VkTFWmBibWs2G4C+PvArdVtP3mv6dB1U4hhM4Ax8u4RpuoQ0dIPAEL/AG786z8+p8zOOqOIvcDuGPnM8fKJCULA==</latexit><latexit sha1_base64="bhwldL2SQ1y8zxg+/geNecYPE8k=">AAACAnicbVC7TsMwFL0pr1JeASbEYlEhMaAq6QCMFSyMRaIPqY0ix3Vbq44T2Q5SFVUs/AoLAwix8hVs/A1OmgFajmTfo3PulX1PEHOmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqyiRhLZIxCPZDbCinAna0kxz2o0lxWHAaSeY3GR+54FKxSJxr6cx9UI8EmzICNZG8u2jfhwGaOyneXVn54bXs+vCt6tOzcmBlolbkCoUaPr2V38QkSSkQhOOleq5Tqy9FEvNCKezSj9RNMZkgke0Z6jAIVVemq8wQ6dGGaBhJM0RGuXq74kUh0pNw8B0hliP1aKXif95vUQPr7yUiTjRVJD5Q8OEIx2hLA80YJISzaeGYCKZ+SsiYywx0Sa1ignBXVx5mbTrNdepuXdOtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYt5asYuYQ/sD6/AGWCZWV</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit>

h4,hhh555, h6
<latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit><latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit><latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit><latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit>

A	switch	at	window	2	generates	1	surviving	haplotype:	

{}
<latexit sha1_base64="fC11B/Xsx0/cYTRCwRvVA2mM6bo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HktvAfn6g2TMkHO01pJPBIsoQRbAspzMPZoN7wm/4caJUEJWlAifag/hUOFckElZZwbEw/8FMb5VhbRjid1cLM0BSTCR7RvqMSC2qifH7rDJ05ZYgSpV1Ji+bq74kcC2OmInadAtuxWfYK8T+vn9nkOsqZTDNLJVksSjKOrELF42jINCWWTx3BRDN3KyJjrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCIzhGV7hzRPei/fufSxaK145cwx/4H3+ADBejlI=</latexit><latexit sha1_base64="fC11B/Xsx0/cYTRCwRvVA2mM6bo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HktvAfn6g2TMkHO01pJPBIsoQRbAspzMPZoN7wm/4caJUEJWlAifag/hUOFckElZZwbEw/8FMb5VhbRjid1cLM0BSTCR7RvqMSC2qifH7rDJ05ZYgSpV1Ji+bq74kcC2OmInadAtuxWfYK8T+vn9nkOsqZTDNLJVksSjKOrELF42jINCWWTx3BRDN3KyJjrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCIzhGV7hzRPei/fufSxaK145cwx/4H3+ADBejlI=</latexit><latexit sha1_base64="fC11B/Xsx0/cYTRCwRvVA2mM6bo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HktvAfn6g2TMkHO01pJPBIsoQRbAspzMPZoN7wm/4caJUEJWlAifag/hUOFckElZZwbEw/8FMb5VhbRjid1cLM0BSTCR7RvqMSC2qifH7rDJ05ZYgSpV1Ji+bq74kcC2OmInadAtuxWfYK8T+vn9nkOsqZTDNLJVksSjKOrELF42jINCWWTx3BRDN3KyJjrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCIzhGV7hzRPei/fufSxaK145cwx/4H3+ADBejlI=</latexit><latexit sha1_base64="fC11B/Xsx0/cYTRCwRvVA2mM6bo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HktvAfn6g2TMkHO01pJPBIsoQRbAspzMPZoN7wm/4caJUEJWlAifag/hUOFckElZZwbEw/8FMb5VhbRjid1cLM0BSTCR7RvqMSC2qifH7rDJ05ZYgSpV1Ji+bq74kcC2OmInadAtuxWfYK8T+vn9nkOsqZTDNLJVksSjKOrELF42jINCWWTx3BRDN3KyJjrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCIzhGV7hzRPei/fufSxaK145cwx/4H3+ADBejlI=</latexit>

{h1}
<latexit sha1_base64="+9+M3RkN8DFA4ooXJjDKiKkJAOU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2ilrp+PB54/G1Rrbt1dgKwTryA1KNAaVL/8YcKymCtkkhrT99wUg5xqFEzyWcXPDE8pm9AR71uqaMxNkC/OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r59hdBPkQqUZcsWWi6JMEkzI/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4qy+vk85V3XPr3sN1rXlbxFGGMziHS/CgAU24hxa0gcEEnuEV3pzUeXHenY9la8kpZk7hD5zPHxzEj2g=</latexit><latexit sha1_base64="+9+M3RkN8DFA4ooXJjDKiKkJAOU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2ilrp+PB54/G1Rrbt1dgKwTryA1KNAaVL/8YcKymCtkkhrT99wUg5xqFEzyWcXPDE8pm9AR71uqaMxNkC/OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r59hdBPkQqUZcsWWi6JMEkzI/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4qy+vk85V3XPr3sN1rXlbxFGGMziHS/CgAU24hxa0gcEEnuEV3pzUeXHenY9la8kpZk7hD5zPHxzEj2g=</latexit><latexit sha1_base64="+9+M3RkN8DFA4ooXJjDKiKkJAOU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2ilrp+PB54/G1Rrbt1dgKwTryA1KNAaVL/8YcKymCtkkhrT99wUg5xqFEzyWcXPDE8pm9AR71uqaMxNkC/OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r59hdBPkQqUZcsWWi6JMEkzI/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4qy+vk85V3XPr3sN1rXlbxFGGMziHS/CgAU24hxa0gcEEnuEV3pzUeXHenY9la8kpZk7hD5zPHxzEj2g=</latexit><latexit sha1_base64="+9+M3RkN8DFA4ooXJjDKiKkJAOU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ac0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2ilrp+PB54/G1Rrbt1dgKwTryA1KNAaVL/8YcKymCtkkhrT99wUg5xqFEzyWcXPDE8pm9AR71uqaMxNkC/OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r59hdBPkQqUZcsWWi6JMEkzI/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4qy+vk85V3XPr3sN1rXlbxFGGMziHS/CgAU24hxa0gcEEnuEV3pzUeXHenY9la8kpZk7hD5zPHxzEj2g=</latexit>

{h5}
<latexit sha1_base64="Xk+uWzsYPjQdK/tKuJZac7dIPXc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAi3I9s</latexit><latexit sha1_base64="Xk+uWzsYPjQdK/tKuJZac7dIPXc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAi3I9s</latexit><latexit sha1_base64="Xk+uWzsYPjQdK/tKuJZac7dIPXc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAi3I9s</latexit><latexit sha1_base64="Xk+uWzsYPjQdK/tKuJZac7dIPXc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAi3I9s</latexit>

{h6}
<latexit sha1_base64="mU5XF4lcv9DvzR4pXNq+hsIEFEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAkYo9t</latexit><latexit sha1_base64="mU5XF4lcv9DvzR4pXNq+hsIEFEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAkYo9t</latexit><latexit sha1_base64="mU5XF4lcv9DvzR4pXNq+hsIEFEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAkYo9t</latexit><latexit sha1_base64="mU5XF4lcv9DvzR4pXNq+hsIEFEk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbRSx89H/St/2q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ+fOyVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6CbIhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2oYkPwll9eJe2LuufWvYfLWuO2iKMMJ3AK5+DBNTTgHprQAgZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwAkYo9t</latexit>

h1, h2, h3
<latexit sha1_base64="eNX1oXKpQ9Ka1C7KwqUb88dWFD0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgQkpSBV0W3bisYB/QhjCZTpqhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7x084U9q2v63S2vrG5lZ5u7Kzu7d/UD086qg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXH9/lfndCpWKxeNTThLoRHgkWMIK1kdzQcy5Q6DXydulVa3bdngOtEqcgNSjQ8qpfg2FM0ogKTThWqu/YiXYzLDUjnM4qg1TRBJMxHtG+oQJHVLnZ/OgZOjPKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ5u3IyJJNVUkMVDQcqRjlGeABoySYnmU0MwkczcikiIJSba5FQxITjLX14lnUbdsevOw1WteVvEUYYTOIVzcOAamnAPLWgDgSd4hld4sybWi/VufSxGS1axcwx/YH3+AFQ4kH8=</latexit><latexit sha1_base64="eNX1oXKpQ9Ka1C7KwqUb88dWFD0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgQkpSBV0W3bisYB/QhjCZTpqhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7x084U9q2v63S2vrG5lZ5u7Kzu7d/UD086qg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXH9/lfndCpWKxeNTThLoRHgkWMIK1kdzQcy5Q6DXydulVa3bdngOtEqcgNSjQ8qpfg2FM0ogKTThWqu/YiXYzLDUjnM4qg1TRBJMxHtG+oQJHVLnZ/OgZOjPKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ5u3IyJJNVUkMVDQcqRjlGeABoySYnmU0MwkczcikiIJSba5FQxITjLX14lnUbdsevOw1WteVvEUYYTOIVzcOAamnAPLWgDgSd4hld4sybWi/VufSxGS1axcwx/YH3+AFQ4kH8=</latexit><latexit sha1_base64="eNX1oXKpQ9Ka1C7KwqUb88dWFD0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgQkpSBV0W3bisYB/QhjCZTpqhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7x084U9q2v63S2vrG5lZ5u7Kzu7d/UD086qg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXH9/lfndCpWKxeNTThLoRHgkWMIK1kdzQcy5Q6DXydulVa3bdngOtEqcgNSjQ8qpfg2FM0ogKTThWqu/YiXYzLDUjnM4qg1TRBJMxHtG+oQJHVLnZ/OgZOjPKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ5u3IyJJNVUkMVDQcqRjlGeABoySYnmU0MwkczcikiIJSba5FQxITjLX14lnUbdsevOw1WteVvEUYYTOIVzcOAamnAPLWgDgSd4hld4sybWi/VufSxGS1axcwx/YH3+AFQ4kH8=</latexit><latexit sha1_base64="eNX1oXKpQ9Ka1C7KwqUb88dWFD0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgQkpSBV0W3bisYB/QhjCZTpqhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7x084U9q2v63S2vrG5lZ5u7Kzu7d/UD086qg4lYS2Scxj2fOxopwJ2tZMc9pLJMWRz2nXH9/lfndCpWKxeNTThLoRHgkWMIK1kdzQcy5Q6DXydulVa3bdngOtEqcgNSjQ8qpfg2FM0ogKTThWqu/YiXYzLDUjnM4qg1TRBJMxHtG+oQJHVLnZ/OgZOjPKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ5u3IyJJNVUkMVDQcqRjlGeABoySYnmU0MwkczcikiIJSba5FQxITjLX14lnUbdsevOw1WteVvEUYYTOIVzcOAamnAPLWgDgSd4hld4sybWi/VufSxGS1axcwx/YH3+AFQ4kH8=</latexit>

h5, h7, h8
<latexit sha1_base64="rdOomWrsBcpAjACy6cPT/LBhp7o=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFcSElEaZdFNy4r2Ae0IUymk2boZBJnJoUS+h1uXCji1o9x5984abPQ1gP3cjjnXubO8RPOlLbtb2ttfWNza7u0U97d2z84rBwdd1ScSkLbJOax7PlYUc4EbWumOe0lkuLI57Trj+9yvzuhUrFYPOppQt0IjwQLGMHaSG7o3Vyi0KvnreFVqnbNngOtEqcgVSjQ8ipfg2FM0ogKTThWqu/YiXYzLDUjnM7Kg1TRBJMxHtG+oQJHVLnZ/OgZOjfKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ4absZEkmoqyOKhIOVIxyhPAA2ZpETzqSGYSGZuRSTEEhNtciqbEJzlL6+SzlXNsWvOw3W1eVvEUYJTOIMLcKAOTbiHFrSBwBM8wyu8WRPrxXq3Phaja1axcwJ/YH3+AGmxkI0=</latexit><latexit sha1_base64="rdOomWrsBcpAjACy6cPT/LBhp7o=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFcSElEaZdFNy4r2Ae0IUymk2boZBJnJoUS+h1uXCji1o9x5984abPQ1gP3cjjnXubO8RPOlLbtb2ttfWNza7u0U97d2z84rBwdd1ScSkLbJOax7PlYUc4EbWumOe0lkuLI57Trj+9yvzuhUrFYPOppQt0IjwQLGMHaSG7o3Vyi0KvnreFVqnbNngOtEqcgVSjQ8ipfg2FM0ogKTThWqu/YiXYzLDUjnM7Kg1TRBJMxHtG+oQJHVLnZ/OgZOjfKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ4absZEkmoqyOKhIOVIxyhPAA2ZpETzqSGYSGZuRSTEEhNtciqbEJzlL6+SzlXNsWvOw3W1eVvEUYJTOIMLcKAOTbiHFrSBwBM8wyu8WRPrxXq3Phaja1axcwJ/YH3+AGmxkI0=</latexit><latexit sha1_base64="rdOomWrsBcpAjACy6cPT/LBhp7o=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFcSElEaZdFNy4r2Ae0IUymk2boZBJnJoUS+h1uXCji1o9x5984abPQ1gP3cjjnXubO8RPOlLbtb2ttfWNza7u0U97d2z84rBwdd1ScSkLbJOax7PlYUc4EbWumOe0lkuLI57Trj+9yvzuhUrFYPOppQt0IjwQLGMHaSG7o3Vyi0KvnreFVqnbNngOtEqcgVSjQ8ipfg2FM0ogKTThWqu/YiXYzLDUjnM7Kg1TRBJMxHtG+oQJHVLnZ/OgZOjfKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ4absZEkmoqyOKhIOVIxyhPAA2ZpETzqSGYSGZuRSTEEhNtciqbEJzlL6+SzlXNsWvOw3W1eVvEUYJTOIMLcKAOTbiHFrSBwBM8wyu8WRPrxXq3Phaja1axcwJ/YH3+AGmxkI0=</latexit><latexit sha1_base64="rdOomWrsBcpAjACy6cPT/LBhp7o=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFcSElEaZdFNy4r2Ae0IUymk2boZBJnJoUS+h1uXCji1o9x5984abPQ1gP3cjjnXubO8RPOlLbtb2ttfWNza7u0U97d2z84rBwdd1ScSkLbJOax7PlYUc4EbWumOe0lkuLI57Trj+9yvzuhUrFYPOppQt0IjwQLGMHaSG7o3Vyi0KvnreFVqnbNngOtEqcgVSjQ8ipfg2FM0ogKTThWqu/YiXYzLDUjnM7Kg1TRBJMxHtG+oQJHVLnZ/OgZOjfKEAWxNCU0mqu/NzIcKTWNfDMZYR2qZS8X//P6qQ4absZEkmoqyOKhIOVIxyhPAA2ZpETzqSGYSGZuRSTEEhNtciqbEJzlL6+SzlXNsWvOw3W1eVvEUYJTOIMLcKAOTbiHFrSBwBM8wyu8WRPrxXq3Phaja1axcwJ/YH3+AGmxkI0=</latexit>

c  Connect neighbors in 1 of 2 ways 

Parallel	connection	generates	2	surviving	haplotypes:	 Unphased haplotypes 

hhh555, h7, h8
<latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit><latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit><latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit><latexit sha1_base64="g0XZyKlJEKB/hGl0Ms1jvaXOQaI=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRGmXRTcuK9gHtMOQSTNtaJIZkoxQhuLGX3HjQhG3foU7/8bMdBbaeiC5h3PuJbkniBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mN5nffSBS0Ujc62lMPI5GgoYUI20k3z4axDyAYz/N69Xs3PB6djV8u+rUnBxwmbgFqYICLd/+GgwjnHAiNGZIqb7rxNpLkdQUMzKrDBJFYoQnaET6hgrEifLSfIUZPDXKEIaRNEdomKu/J1LElZrywHRypMdq0cvE/7x+osOGl1IRJ5oIPH8oTBjUEczygEMqCdZsagjCkpq/QjxGEmFtUquYENzFlZdJ56LmOjX37rLavC7iKINjcALOgAvqoAluQQu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+oOpWk</latexit>

hhh111, h2, h3
<latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit><latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit><latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit><latexit sha1_base64="PK0JVwdK+9Yiat7BXoo/aM82UX8=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzVdBl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Dr37YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t1FpX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOSvZWW</latexit>

hhh111, h2, h6
<latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4gHXnM8ubqgK1sIruSNaAVzgEWE=">AAAB93icbZBPS8MwGMbfzn9zTq3exEtwCB5ktDuoR8GLxwluE7ZS0izdwpK0JKkwyvDiV/HiQRG/iTe/jWm3g24+kOTH874heZ8o5Uwbz/t2KmvrG5tb1e3aTn13b989qHd1kilCOyThiXqIsKacSdoxzHD6kCqKRcRpL5rcFPXeI1WaJfLeTFMaCDySLGYEG2uF7tEgFREah3l5+rNzy61iuwjdhtf0SqFV8BfQgIXaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYbZJqmmEzwiPYtSiyoDvJyhBk6tc4QxYmySxpUur9v5FhoPRWR7RTYjPVyrTD/q/UzE18FOZNpZqgk84fijCOToCIPNGSKEsOnFjBRzP4VkTFWmBibWs2G4C+PvArdVtP3mv6dB1U4hhM4Ax8u4RpuoQ0dIPAEL/AG786z8+p8zOOqOIvcDuGPnM8fKJCULA==</latexit><latexit sha1_base64="4gHXnM8ubqgK1sIruSNaAVzgEWE=">AAAB93icbZBPS8MwGMbfzn9zTq3exEtwCB5ktDuoR8GLxwluE7ZS0izdwpK0JKkwyvDiV/HiQRG/iTe/jWm3g24+kOTH874heZ8o5Uwbz/t2KmvrG5tb1e3aTn13b989qHd1kilCOyThiXqIsKacSdoxzHD6kCqKRcRpL5rcFPXeI1WaJfLeTFMaCDySLGYEG2uF7tEgFREah3l5+rNzy61iuwjdhtf0SqFV8BfQgIXaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYbZJqmmEzwiPYtSiyoDvJyhBk6tc4QxYmySxpUur9v5FhoPRWR7RTYjPVyrTD/q/UzE18FOZNpZqgk84fijCOToCIPNGSKEsOnFjBRzP4VkTFWmBibWs2G4C+PvArdVtP3mv6dB1U4hhM4Ax8u4RpuoQ0dIPAEL/AG786z8+p8zOOqOIvcDuGPnM8fKJCULA==</latexit><latexit sha1_base64="bhwldL2SQ1y8zxg+/geNecYPE8k=">AAACAnicbVC7TsMwFL0pr1JeASbEYlEhMaAq6QCMFSyMRaIPqY0ix3Vbq44T2Q5SFVUs/AoLAwix8hVs/A1OmgFajmTfo3PulX1PEHOmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqyiRhLZIxCPZDbCinAna0kxz2o0lxWHAaSeY3GR+54FKxSJxr6cx9UI8EmzICNZG8u2jfhwGaOyneXVn54bXs+vCt6tOzcmBlolbkCoUaPr2V38QkSSkQhOOleq5Tqy9FEvNCKezSj9RNMZkgke0Z6jAIVVemq8wQ6dGGaBhJM0RGuXq74kUh0pNw8B0hliP1aKXif95vUQPr7yUiTjRVJD5Q8OEIx2hLA80YJISzaeGYCKZ+SsiYywx0Sa1ignBXVx5mbTrNdepuXdOtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYt5asYuYQ/sD6/AGWCZWV</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit><latexit sha1_base64="T9ePaDvvtQo3hBMYW2fmuV5JyfA=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCCykzRdRl0Y3LCvYB7TBk0kwbmswMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hkju4Zx7Se4JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4loU0S81h2AqwoZxFtaqY57SSSYhFw2g5GN7nffqBSsTi61+OEegIPIhYygrWRfPuwl4gADf1sWt3JmeG1/Lrw7YpTdaZAi8QtSAUKNHz7q9ePSSpopAnHSnVdJ9FehqVmhNNJuZcqmmAywgPaNTTCgiovm64wQSdG6aMwluZEGk3V3xMZFkqNRWA6BdZDNe/l4n9eN9XhlZexKEk1jcjsoTDlSMcozwP1maRE87EhmEhm/orIEEtMtEmtbEJw51deJK1a1XWq7t15pX5dxFGCIziGU3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtS5ZxcwB/IH1+QOXSZWZ</latexit>

hhh111, h3
<latexit sha1_base64="bGtmseHGeVJr2bq047vHvGLqTPY=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwYWURAVdFt24rGAv0IYwmU7aoTNJmJkINRRfxY0LRdz6Hu58G6dpFtp6YJiP/z+HOfMHCWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKWUSbmmlOO4mkWASctoPRzdRvP1CpWBzd63FCPYEHEQsZwdpIvn3QS0SAhn6W3+7k1PC5b1edmpMXWgS3gCoU1fDtr14/JqmgkSYcK9V1nUR7GZaaEU4nlV6qaILJCA9o12CEBVVelm8/QcdG6aMwluZEGuXq74kMC6XGIjCdAuuhmvem4n9eN9XhlZexKEk1jcjsoTDlSMdoGgXqM0mJ5mMDmEhmdkVkiCUm2gRWMSG4819ehNZZzXVq7t1FtX5dxFGGQziCE3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtZasYmYf/pT1+QPIhZQf</latexit><latexit sha1_base64="bGtmseHGeVJr2bq047vHvGLqTPY=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwYWURAVdFt24rGAv0IYwmU7aoTNJmJkINRRfxY0LRdz6Hu58G6dpFtp6YJiP/z+HOfMHCWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKWUSbmmlOO4mkWASctoPRzdRvP1CpWBzd63FCPYEHEQsZwdpIvn3QS0SAhn6W3+7k1PC5b1edmpMXWgS3gCoU1fDtr14/JqmgkSYcK9V1nUR7GZaaEU4nlV6qaILJCA9o12CEBVVelm8/QcdG6aMwluZEGuXq74kMC6XGIjCdAuuhmvem4n9eN9XhlZexKEk1jcjsoTDlSMdoGgXqM0mJ5mMDmEhmdkVkiCUm2gRWMSG4819ehNZZzXVq7t1FtX5dxFGGQziCE3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtZasYmYf/pT1+QPIhZQf</latexit><latexit sha1_base64="bGtmseHGeVJr2bq047vHvGLqTPY=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwYWURAVdFt24rGAv0IYwmU7aoTNJmJkINRRfxY0LRdz6Hu58G6dpFtp6YJiP/z+HOfMHCWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKWUSbmmlOO4mkWASctoPRzdRvP1CpWBzd63FCPYEHEQsZwdpIvn3QS0SAhn6W3+7k1PC5b1edmpMXWgS3gCoU1fDtr14/JqmgkSYcK9V1nUR7GZaaEU4nlV6qaILJCA9o12CEBVVelm8/QcdG6aMwluZEGuXq74kMC6XGIjCdAuuhmvem4n9eN9XhlZexKEk1jcjsoTDlSMdoGgXqM0mJ5mMDmEhmdkVkiCUm2gRWMSG4819ehNZZzXVq7t1FtX5dxFGGQziCE3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtZasYmYf/pT1+QPIhZQf</latexit><latexit sha1_base64="bGtmseHGeVJr2bq047vHvGLqTPY=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwYWURAVdFt24rGAv0IYwmU7aoTNJmJkINRRfxY0LRdz6Hu58G6dpFtp6YJiP/z+HOfMHCWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKWUSbmmlOO4mkWASctoPRzdRvP1CpWBzd63FCPYEHEQsZwdpIvn3QS0SAhn6W3+7k1PC5b1edmpMXWgS3gCoU1fDtr14/JqmgkSYcK9V1nUR7GZaaEU4nlV6qaILJCA9o12CEBVVelm8/QcdG6aMwluZEGuXq74kMC6XGIjCdAuuhmvem4n9eN9XhlZexKEk1jcjsoTDlSMdoGgXqM0mJ5mMDmEhmdkVkiCUm2gRWMSG4819ehNZZzXVq7t1FtX5dxFGGQziCE3DhEupwCw1oAoFHeIZXeLOerBfr3fqYtZasYmYf/pT1+QPIhZQf</latexit>

h4,hhh555, h8
<latexit sha1_base64="ynnw/Hu1pWE91/UpA5G7FaO/QnY=">AAACAnicbZBNS8MwGMdTX+d8q3oSL8EheBijlYk7Dr14nOBeYCslzdI1LElLkgqjDC9+FS8eFPHqp/DmtzHretDNB0J+/P/PQ/L8g4RRpR3n21pZXVvf2Cxtlbd3dvf27YPDjopTiUkbxyyWvQApwqggbU01I71EEsQDRrrB+Gbmdx+IVDQW93qSEI+jkaAhxUgbybePI79ehYOEBzDys/y+nFYNN3y74tScvOAyuAVUQFEt3/4aDGOcciI0Zkipvusk2suQ1BQzMi0PUkUShMdoRPoGBeJEeVm+whSeGWUIw1iaIzTM1d8TGeJKTXhgOjnSkVr0ZuJ/Xj/VYcPLqEhSTQSePxSmDOoYzvKAQyoJ1mxiAGFJzV8hjpBEWJvUyiYEd3HlZehc1Fyn5t7VK83rIo4SOAGn4By44Ao0wS1ogTbA4BE8g1fwZj1ZL9a79TFvXbGKmSPwp6zPH5zIlaE=</latexit><latexit sha1_base64="ynnw/Hu1pWE91/UpA5G7FaO/QnY=">AAACAnicbZBNS8MwGMdTX+d8q3oSL8EheBijlYk7Dr14nOBeYCslzdI1LElLkgqjDC9+FS8eFPHqp/DmtzHretDNB0J+/P/PQ/L8g4RRpR3n21pZXVvf2Cxtlbd3dvf27YPDjopTiUkbxyyWvQApwqggbU01I71EEsQDRrrB+Gbmdx+IVDQW93qSEI+jkaAhxUgbybePI79ehYOEBzDys/y+nFYNN3y74tScvOAyuAVUQFEt3/4aDGOcciI0Zkipvusk2suQ1BQzMi0PUkUShMdoRPoGBeJEeVm+whSeGWUIw1iaIzTM1d8TGeJKTXhgOjnSkVr0ZuJ/Xj/VYcPLqEhSTQSePxSmDOoYzvKAQyoJ1mxiAGFJzV8hjpBEWJvUyiYEd3HlZehc1Fyn5t7VK83rIo4SOAGn4By44Ao0wS1ogTbA4BE8g1fwZj1ZL9a79TFvXbGKmSPwp6zPH5zIlaE=</latexit><latexit sha1_base64="ynnw/Hu1pWE91/UpA5G7FaO/QnY=">AAACAnicbZBNS8MwGMdTX+d8q3oSL8EheBijlYk7Dr14nOBeYCslzdI1LElLkgqjDC9+FS8eFPHqp/DmtzHretDNB0J+/P/PQ/L8g4RRpR3n21pZXVvf2Cxtlbd3dvf27YPDjopTiUkbxyyWvQApwqggbU01I71EEsQDRrrB+Gbmdx+IVDQW93qSEI+jkaAhxUgbybePI79ehYOEBzDys/y+nFYNN3y74tScvOAyuAVUQFEt3/4aDGOcciI0Zkipvusk2suQ1BQzMi0PUkUShMdoRPoGBeJEeVm+whSeGWUIw1iaIzTM1d8TGeJKTXhgOjnSkVr0ZuJ/Xj/VYcPLqEhSTQSePxSmDOoYzvKAQyoJ1mxiAGFJzV8hjpBEWJvUyiYEd3HlZehc1Fyn5t7VK83rIo4SOAGn4By44Ao0wS1ogTbA4BE8g1fwZj1ZL9a79TFvXbGKmSPwp6zPH5zIlaE=</latexit><latexit sha1_base64="ynnw/Hu1pWE91/UpA5G7FaO/QnY=">AAACAnicbZBNS8MwGMdTX+d8q3oSL8EheBijlYk7Dr14nOBeYCslzdI1LElLkgqjDC9+FS8eFPHqp/DmtzHretDNB0J+/P/PQ/L8g4RRpR3n21pZXVvf2Cxtlbd3dvf27YPDjopTiUkbxyyWvQApwqggbU01I71EEsQDRrrB+Gbmdx+IVDQW93qSEI+jkaAhxUgbybePI79ehYOEBzDys/y+nFYNN3y74tScvOAyuAVUQFEt3/4aDGOcciI0Zkipvusk2suQ1BQzMi0PUkUShMdoRPoGBeJEeVm+whSeGWUIw1iaIzTM1d8TGeJKTXhgOjnSkVr0ZuJ/Xj/VYcPLqEhSTQSePxSmDOoYzvKAQyoJ1mxiAGFJzV8hjpBEWJvUyiYEd3HlZehc1Fyn5t7VK83rIo4SOAGn4By44Ao0wS1ogTbA4BE8g1fwZj1ZL9a79TFvXbGKmSPwp6zPH5zIlaE=</latexit>

Phased haplotypes 

hhh111
<latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit>

hhh111
<latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit>

hhh111
<latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit><latexit sha1_base64="q1ccALE35xHFXpLwMC5PJYob/vo=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tem01lo64HLPZxzL7k5UcqZNp737aytb2xubVd2qrt7+wc19/Coo5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240uZ373UeqNEvkg5mmNBB4JFnMCDZWCt3aIBURGod50f1Z6Na9hlcArRK/JHUo0Qrdr8EwIZmg0hCOte77XmqCHCvDCKez6iDTNMVkgke0b6nEguogLw6foTOrDFGcKFvSoEL9vZFjofVURHZSYDPWy95c/M/rZya+DnIm08xQSRYPxRlHJkHzFNCQKUoMn1qCiWL2VkTGWGFibFZVG4K//OVV0rlo+F7Dv7+sN2/KOCpwAqdwDj5cQRPuoAVtIJDBM7zCm/PkvDjvzsdidM0pd47hD5zPHwNjkqc=</latexit>

hhh555
<latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit>

hhh555
<latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit>

hhh555
<latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit>

hhh555
<latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit><latexit sha1_base64="XJ6whdCTP8q32U8f8t4sLvS7Qto=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHYZMmrahSWZIMkId+iVuXCji1k9x59+YTmehrQcu93DOveTmRAln2njet1NaW9/Y3CpvV3Z29/ar7sFhW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocjv3O49UaRbLBzNNaCDwSLIhI9hYKXSr/UREaBxmeb+chW7Nq3s50CrxC1KDAs3Q/eoPYpIKKg3hWOue7yUmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvzwGTq1ygANY2VLGpSrvzcyLLSeishOCmzGetmbi/95vdQMr4OMySQ1VJLFQ8OUIxOjeQpowBQlhk8twUQxeysiY6wwMTarig3BX/7yKmmf132v7t9f1Bo3RRxlOIYTOAMfrqABd9CEFhBI4Rle4c15cl6cd+djMVpyip0j+APn8wcJd5Kr</latexit>

Breakpoint 

h4,hhh555, h6
<latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit><latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit><latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit><latexit sha1_base64="k4ikmGz3DQgBGuITgUft0y0qwLI=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOwcMYrcyX49CLxwluE7ZS0ixdw5K0JKkwyvDiV/HiQRGvfgpvfhuzrgfdfCDkx///PCTPP0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/udVScSkzaOGaxvA+QIowK0tZUM3KfSIJ4wEg3GF1P/e4DkYrG4k6PE+JxNBQ0pBhpI/n2QeQ3arCf8ABGfpbfZ5Oa4XPfrjp1Jy+4CG4BVVBUy7e/+oMYp5wIjRlSquc6ifYyJDXFjEwq/VSRBOERGpKeQYE4UV6WrzCBx0YZwDCW5ggNc/X3RIa4UmMemE6OdKTmvan4n9dLdXjpZVQkqSYCzx4KUwZ1DKd5wAGVBGs2NoCwpOavEEdIIqxNahUTgju/8iJ0TuuuU3dvG9XmVRFHGRyCI3ACXHABmuAGtEAbYPAInsEreLOerBfr3fqYtZasYmYf/Cnr8weZwJWf</latexit>

Switch 

d  Stitch window-by-window from left to right 

h2,h5h5h5
<latexit sha1_base64="mRldO2sxIZoT4NHJ7pCcjTtVjSM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7bpk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho5up336kSrNY3ptxQn2BB5JFjGBjpYdhUDtDvUSE2TC4mATlilt1Z0DLxMtJBXI0gvJXrx+TVFBpCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VGJBtZ/Nrp6gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dNTXTlZ0wmqaGSzBdFKUcmRtMIUJ8pSgwfW4KJYvZWRIZYYWJsUCUbgrf48jJp1aqeW/Xuziv16zyOIhzBMZyCB5dQh1toQBMIKHiGV3hznpwX5935mLcWnHzmEP7A+fwBf5mR2g==</latexit><latexit sha1_base64="mRldO2sxIZoT4NHJ7pCcjTtVjSM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7bpk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho5up336kSrNY3ptxQn2BB5JFjGBjpYdhUDtDvUSE2TC4mATlilt1Z0DLxMtJBXI0gvJXrx+TVFBpCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VGJBtZ/Nrp6gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dNTXTlZ0wmqaGSzBdFKUcmRtMIUJ8pSgwfW4KJYvZWRIZYYWJsUCUbgrf48jJp1aqeW/Xuziv16zyOIhzBMZyCB5dQh1toQBMIKHiGV3hznpwX5935mLcWnHzmEP7A+fwBf5mR2g==</latexit><latexit sha1_base64="mRldO2sxIZoT4NHJ7pCcjTtVjSM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7bpk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho5up336kSrNY3ptxQn2BB5JFjGBjpYdhUDtDvUSE2TC4mATlilt1Z0DLxMtJBXI0gvJXrx+TVFBpCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VGJBtZ/Nrp6gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dNTXTlZ0wmqaGSzBdFKUcmRtMIUJ8pSgwfW4KJYvZWRIZYYWJsUCUbgrf48jJp1aqeW/Xuziv16zyOIhzBMZyCB5dQh1toQBMIKHiGV3hznpwX5935mLcWnHzmEP7A+fwBf5mR2g==</latexit><latexit sha1_base64="mRldO2sxIZoT4NHJ7pCcjTtVjSM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5Tdouix6MVjBfsB7bpk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho5up336kSrNY3ptxQn2BB5JFjGBjpYdhUDtDvUSE2TC4mATlilt1Z0DLxMtJBXI0gvJXrx+TVFBpCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VGJBtZ/Nrp6gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dNTXTlZ0wmqaGSzBdFKUcmRtMIUJ8pSgwfW4KJYvZWRIZYYWJsUCUbgrf48jJp1aqeW/Xuziv16zyOIhzBMZyCB5dQh1toQBMIKHiGV3hznpwX5935mLcWnHzmEP7A+fwBf5mR2g==</latexit>

x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

Window 1 Window 1 Window 2 Survivors Window 2 Window 3 Window 4 

h2, h6
<latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit><latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit><latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit><latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit>

h2, h6
<latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit><latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit><latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit><latexit sha1_base64="uybsHnNIJ2/GPV5E3NSDeINSWCA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9oQ9hsN83S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZNq777aysrq1vbJa2yts7u3v7lYPDtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Hbqd56o0iyRD2acUl/goWQRI9hYqRsH9XMUB5dBperW3BnQMvEKUoUCzaDy1R8kJBNUGsKx1j3PTY2fY2UY4XRS7meappiM8JD2LJVYUO3ns3sn6NQqAxQlypY0aKb+nsix0HosQtspsIn1ojcV//N6mYmu/ZzJNDNUkvmiKOPIJGj6PBowRYnhY0swUczeikiMFSbGRlS2IXiLLy+Tdr3muTXv/qLauCniKMExnMAZeHAFDbiDJrSAAIdneIU359F5cd6dj3nrilPMHMEfOJ8/p06PDA==</latexit>

h1 expands to {h1, h2, h3}
h4 expands to {h4, h5, h6}

<latexit sha1_base64="mgJaJP6wE4JmFL8MG2b4FMrhAl0="></latexit><latexit sha1_base64="mgJaJP6wE4JmFL8MG2b4FMrhAl0="></latexit><latexit sha1_base64="mgJaJP6wE4JmFL8MG2b4FMrhAl0="></latexit><latexit sha1_base64="mgJaJP6wE4JmFL8MG2b4FMrhAl0="></latexit>

h4, h5,h6
<latexit sha1_base64="53T8tZ/azhJGXKl9kkgFGLXSF9U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzUh/LohuXFWwrtMOQyaSd0EwyJBmhDAU3/oobF4q49Sfc+Tdm2llo64GQwzn3cu89QcKo0o7zbZWWlldW18rrlY3Nre0de3evo0QqMWljwYS8D5AijHLS1lQzcp9IguKAkW4wus797gORigp+p8cJ8WI05HRAMdJG8u2DyG/UYOSf1WA/ECxU49h8WeSfT3y76tSdKeAicQtSBQVavv3VDwVOY8I1Zkipnusk2suQ1BQzMqn0U0UShEdoSHqGchQT5WXTGybw2CghHAhpHtdwqv7uyFCs8uVMZYx0pOa9XPzP66V6cOlllCepJhzPBg1SBrWAeSAwpJJgzcaGICyp2RXiCEmEtYmtYkJw509eJJ3TuuvU3dtGtXlVxFEGh+AInAAXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmalJavo2Qd/YH3+AHVClsY=</latexit><latexit sha1_base64="53T8tZ/azhJGXKl9kkgFGLXSF9U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzUh/LohuXFWwrtMOQyaSd0EwyJBmhDAU3/oobF4q49Sfc+Tdm2llo64GQwzn3cu89QcKo0o7zbZWWlldW18rrlY3Nre0de3evo0QqMWljwYS8D5AijHLS1lQzcp9IguKAkW4wus797gORigp+p8cJ8WI05HRAMdJG8u2DyG/UYOSf1WA/ECxU49h8WeSfT3y76tSdKeAicQtSBQVavv3VDwVOY8I1Zkipnusk2suQ1BQzMqn0U0UShEdoSHqGchQT5WXTGybw2CghHAhpHtdwqv7uyFCs8uVMZYx0pOa9XPzP66V6cOlllCepJhzPBg1SBrWAeSAwpJJgzcaGICyp2RXiCEmEtYmtYkJw509eJJ3TuuvU3dtGtXlVxFEGh+AInAAXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmalJavo2Qd/YH3+AHVClsY=</latexit><latexit sha1_base64="53T8tZ/azhJGXKl9kkgFGLXSF9U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzUh/LohuXFWwrtMOQyaSd0EwyJBmhDAU3/oobF4q49Sfc+Tdm2llo64GQwzn3cu89QcKo0o7zbZWWlldW18rrlY3Nre0de3evo0QqMWljwYS8D5AijHLS1lQzcp9IguKAkW4wus797gORigp+p8cJ8WI05HRAMdJG8u2DyG/UYOSf1WA/ECxU49h8WeSfT3y76tSdKeAicQtSBQVavv3VDwVOY8I1Zkipnusk2suQ1BQzMqn0U0UShEdoSHqGchQT5WXTGybw2CghHAhpHtdwqv7uyFCs8uVMZYx0pOa9XPzP66V6cOlllCepJhzPBg1SBrWAeSAwpJJgzcaGICyp2RXiCEmEtYmtYkJw509eJJ3TuuvU3dtGtXlVxFEGh+AInAAXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmalJavo2Qd/YH3+AHVClsY=</latexit><latexit sha1_base64="53T8tZ/azhJGXKl9kkgFGLXSF9U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzUh/LohuXFWwrtMOQyaSd0EwyJBmhDAU3/oobF4q49Sfc+Tdm2llo64GQwzn3cu89QcKo0o7zbZWWlldW18rrlY3Nre0de3evo0QqMWljwYS8D5AijHLS1lQzcp9IguKAkW4wus797gORigp+p8cJ8WI05HRAMdJG8u2DyG/UYOSf1WA/ECxU49h8WeSfT3y76tSdKeAicQtSBQVavv3VDwVOY8I1Zkipnusk2suQ1BQzMqn0U0UShEdoSHqGchQT5WXTGybw2CghHAhpHtdwqv7uyFCs8uVMZYx0pOa9XPzP66V6cOlllCepJhzPBg1SBrWAeSAwpJJgzcaGICyp2RXiCEmEtYmtYkJw509eJJ3TuuvU3dtGtXlVxFEGh+AInAAXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmalJavo2Qd/YH3+AHVClsY=</latexit>

h1, h2,h6
<latexit sha1_base64="EvrgyoDd/DK381w99e9WEwebfaQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzRdRl0Y3LCvYB7TBkMmknNJMMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiDkcM693HtPkDCqtON8W6WV1bX1jfJmZWt7Z3fP3j/oKJFKTNpYMCF7AVKEUU7ammpGeokkKA4Y6Qbjm9zvPhCpqOD3epIQL0YjTocUI20k3z6KfLcGI79Rg4NAsFBNYvNlkX8x9e2qU3dmgMvELUgVFGj59tcgFDiNCdeYIaX6rpNoL0NSU8zItDJIFUkQHqMR6RvKUUyUl81umMJTo4RwKKR5XMOZ+rsjQ7HKlzOVMdKRWvRy8T+vn+rhlZdRnqSacDwfNEwZ1ALmgcCQSoI1mxiCsKRmV4gjJBHWJraKCcFdPHmZdBp116m7d+fV5nURRxkcgxNwBlxwCZrgFrRAG2DwCJ7BK3iznqwX6936mJeWrKLnEPyB9fkDa6+WwA==</latexit><latexit sha1_base64="EvrgyoDd/DK381w99e9WEwebfaQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzRdRl0Y3LCvYB7TBkMmknNJMMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiDkcM693HtPkDCqtON8W6WV1bX1jfJmZWt7Z3fP3j/oKJFKTNpYMCF7AVKEUU7ammpGeokkKA4Y6Qbjm9zvPhCpqOD3epIQL0YjTocUI20k3z6KfLcGI79Rg4NAsFBNYvNlkX8x9e2qU3dmgMvELUgVFGj59tcgFDiNCdeYIaX6rpNoL0NSU8zItDJIFUkQHqMR6RvKUUyUl81umMJTo4RwKKR5XMOZ+rsjQ7HKlzOVMdKRWvRy8T+vn+rhlZdRnqSacDwfNEwZ1ALmgcCQSoI1mxiCsKRmV4gjJBHWJraKCcFdPHmZdBp116m7d+fV5nURRxkcgxNwBlxwCZrgFrRAG2DwCJ7BK3iznqwX6936mJeWrKLnEPyB9fkDa6+WwA==</latexit><latexit sha1_base64="EvrgyoDd/DK381w99e9WEwebfaQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzRdRl0Y3LCvYB7TBkMmknNJMMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiDkcM693HtPkDCqtON8W6WV1bX1jfJmZWt7Z3fP3j/oKJFKTNpYMCF7AVKEUU7ammpGeokkKA4Y6Qbjm9zvPhCpqOD3epIQL0YjTocUI20k3z6KfLcGI79Rg4NAsFBNYvNlkX8x9e2qU3dmgMvELUgVFGj59tcgFDiNCdeYIaX6rpNoL0NSU8zItDJIFUkQHqMR6RvKUUyUl81umMJTo4RwKKR5XMOZ+rsjQ7HKlzOVMdKRWvRy8T+vn+rhlZdRnqSacDwfNEwZ1ALmgcCQSoI1mxiCsKRmV4gjJBHWJraKCcFdPHmZdBp116m7d+fV5nURRxkcgxNwBlxwCZrgFrRAG2DwCJ7BK3iznqwX6936mJeWrKLnEPyB9fkDa6+WwA==</latexit><latexit sha1_base64="EvrgyoDd/DK381w99e9WEwebfaQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzRdRl0Y3LCvYB7TBkMmknNJMMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiDkcM693HtPkDCqtON8W6WV1bX1jfJmZWt7Z3fP3j/oKJFKTNpYMCF7AVKEUU7ammpGeokkKA4Y6Qbjm9zvPhCpqOD3epIQL0YjTocUI20k3z6KfLcGI79Rg4NAsFBNYvNlkX8x9e2qU3dmgMvELUgVFGj59tcgFDiNCdeYIaX6rpNoL0NSU8zItDJIFUkQHqMR6RvKUUyUl81umMJTo4RwKKR5XMOZ+rsjQ7HKlzOVMdKRWvRy8T+vn+rhlZdRnqSacDwfNEwZ1ALmgcCQSoI1mxiCsKRmV4gjJBHWJraKCcFdPHmZdBp116m7d+fV5nURRxkcgxNwBlxwCZrgFrRAG2DwCJ7BK3iznqwX6936mJeWrKLnEPyB9fkDa6+WwA==</latexit>

Figure 1: Overview of MendelImpute’s algorithm. (a) After alignment, imputation and phasing are carried
out on short, non-overlapping windows of the typed SNPs. (b) Based on a least squares criterion, we find
two unique haplotypes whose vector sum approximates the genotype vector on the current window. Once
this is done, all reference haplotypes corresponding to these two unique haplotypes are assembled into two
sets of candidate haplotypes. (c) We intersect candidate haplotype sets window by window, carrying along
the surviving set and switching orientations if the result generates more surviving haplotypes. (d) After three
windows the top extended chromosome possess no surviving haplotypes, but a switch to the second orientation
in the current window allows h5 to survive on the top chromosome. Eventually we must search for a break
point separating h1 from h2 or h6 between windows 3 and 4 (bottom panel).
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3.1 Missing Data in Typed and Untyped SNPs88

There are two kinds of missing data requiring imputation. A GWAS data set may sample as many as 106
89

SNPs across the genome. We call SNPs that are sampled at this stage typed SNPs. Raw data from a GWAS90

study may contain entries missing at random due to experimental errors, but the missing rate is usually low, at91

most a few percent, and existing programs [21] usually impute these in the pre-phasing step. When modern92

geneticists speak of imputation, they refer to imputing phased genotypes at the unsampled SNPs present in93

the reference panel. We call the unsampled markers untyped SNPs. The latest reference panels contain from94

107 to 108 SNPs, so an imputation problem can have more than 90% missing data. We assume that the typed95

SNPs sufficiently cover the entire genome. From the mosaic of typed and untyped SNPs, one can exploit local96

linkage disequilibrium to infer for each person his/her phased genotypes at all SNPs, typed and untyped. As97

a first step one must situate the typed SNPs among the ordered SNPs in the reference panel (Figure 1A). The98

Julia command indexin() quickly finds the proper alignment.99

3.2 Elimination of Redundant Haplotypes by Hashing100

Within a small genomic window of the reference panel, multiple haplotype pairs may be identical at the101

typed SNPs. Only the unique haplotypes play a role in matching reference haplotypes to sample genotypes.102

MendelImpute identifies redundant haplotypes by hashing. For each reference haplotype limited to the win-103

dow, hashing stores an integer representation of the haplotype via a hash function. This integer serves as an104

index (key) to locate the reference haplotype (value). Put another way, hashing stores the inverse images of105

the map from reference haplotypes to unique haplotypes. In our software, the GroupSlices.jl package [12]106

identifies a unique key for each haplotype.107

3.3 Finding Optimal Haplotype Pairs via Least Squares108

Suppose there are d unique haplotypes h1, ...,hd (entries 0 or 1) in a genomic window (Figure 1B). Consider109

a genotype vector x with entries xi ∈ [0,2]∪{missing}. The goal is to find the two unique haplotypes hi and110

h j such that x≈ hi +h j. The best haplotype pair is selected by minimizing the least squares criterion111

||x−hi−h j||22 = ||x||22 + ||hi||22 + ||h j||22 +2hT
i h j−2xT hi−2xT h j

over all
(d

2

)
+ d haplotype combinations. To fill in a missing value xi, we naively initialize it with the mean112

at each typed SNP. This action may lead to imputation errors if the typed SNPs exhibit a large proportion of113

missingness. We discuss a strategy to remedy this bias in the supplementary sections.114

To minimize the criterion (3.1) efficiently, suppose the genotype vectors xi constitute the columns of a115

genotype matrix X, and suppose the haplotype vectors hi constitute the columns of a haplotype matrix H.116
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Given these conventions we recover all inner products xT
i h j and hT

i h j in equation (3.1) as entries of two117

matrix products; the two corresponding BLAS (Basic Linear Algebra Subroutines)[18] level-3 calls produce118

XT H =


xT

1 h1 · · · xT
1 hd

...
...

xT
n h1 · · · xT

n hd


n×d

and HT H =


‖h1‖2

2 · · · hT
1 hd

...
...

hT
d h1 · · · ‖hd‖2

2


d×d

.

These allow one to quickly assemble a matrix M with entries mi j = ‖hi‖2
2 + ‖h j‖2

2 + 2hT
i h j and for each119

sample xk a matrix N with entries ni j =−2xT
k hi−2xT

k h j. Therefore, to find the best haplotype pair (hi,h j) for120

the sample xk, we search for the minimum entry mi j +ni j of the d×d matrix M+N across all indices i≥ j.121

Extremely unlikely ties are arbitrarily broken. Note that the term ||xk||22 can be safely ignored at this step.122

Data import and this minimum entry search are the computational bottlenecks of our software. Once such a123

haplotype pair is identified, all reference haplotype pairs identical to (hi,h j) in the current window give the124

same optimal `2 error.125

3.4 Adaptive Window Widths via Recursive Bisection126

The width of genomic windows is an important parameter determining both imputation efficiency and accu-127

racy. Empirically, larger window widths give better error rates but also increase the computational burden of128

the matrix multiplications and minimum entry search described in Section 3.3. The magnitudes of these bur-129

dens depend on local haplotype diversity. Thus, we choose window widths dynamically. This goal is achieved130

by a bisection strategy. Initially we view all typed SNPs on a large section of a chromosome as belonging to131

a single window. We then divide the window into equal halves if it possesses too many unique haplotypes.132

Each half is further bisected and so forth recursively until every window contains fewer than a predetermined133

number of unique haplotypes. Empirically, choosing the maximum number dmax of unique haplotypes per134

window to be 1000 works well for both real and simulated data. When a larger number is preferred, we re-135

sort to a stepwise search heuristic for minimizing criterion (3.1) that scales linearly in the number of unique136

haplotypes d. This heuristic is described in the supplementary sections.137

3.5 Phasing by Intersecting Haplotype Sets138

As just described, each window w along a sample chromosome generates an optimal pair of unique haplotypes.139

These expand into two sets Sw1 and Sw2 of reference haplotypes. In the first window we arbitrarily assign S11140

to extended haplotype 1 and S12 to extended haplotype 2. From here on the goal is to reconstruct two extended141

composite haplotypes E1 and E2 that cover the entire chromosome. Let w index the current window. The two142

sets Sw−1,1 and Sw−1,2 are already phased. The new sets Sw1 and Sw2 are not, and their phases must be resolved143

and their entries pruned by intersection to achieve extended haplotype parsimony. The better orientation is one144
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which generates more surviving haplotypes after intersection. Here we count surviving haplotypes across both145

sets of an orientation. The better orientation and the corresponding survivor sets are propagated to subsequent146

windows. If either intersection is empty at window w, then a break is declared, the empty set is replaced by147

the entire haplotype set of window w, and a new reference segment commences. Ties and double empties148

virtually never occur. Repeated intersection may fail to produce singleton haplotype sets, in which case we149

randomly designate a winner to use for breakpoint search.150

For example, suppose S11 = {h1,h2,h3} and S12 = {h4,h5,h6} are the (arbitrarily) phased sets in window151

1. Since window 2 is not yet phased, the two sets S21 = {h1,h2,h6} and S22 = {h5,h7,h8} can be assigned152

to extended haplotypes 1 and 2, respectively, or vice versa as depicted in Figure 1C. The first orientation153

is preferred since it generates two surviving haplotypes h1 and h5 bridging windows 1 and 2. Thus, {h1}154

and {h5} are assigned at window 2 with this orientation and propagated to window 3. In window 3 the155

contending pairs are {h1} ∩ {h1,h3} and {h5} ∩ {h2,h5} versus {h1} ∩ {h2,h5} and {h5} ∩ {h1,h3}. The156

former prevails, and {h1} and {h5} are assigned to window 3 and propagated to window 4. In window 4157

the opposite orientation is preferred (Figure 1D). In this empty intersection case we set S41 = {h2,h6} and158

S42 = {h5} and continue the process. Later we return and resolve the breakpoint in extended haplotype 1159

between windows 3 and 4.160

3.6 Resolving Breakpoints161

The unique haplotype pairs found for adjacent windows are sometimes inconsistent and yield empty intersec-162

tions. In such situations, we search for a good break point. Figure 1D illustrates a single-breakpoint search.163

In this example, we slide the putative break point b across windows 3 and 4 in the top extended haplotype to164

minimize the least squares value determined by the observed genotype, h5 spanning both windows, and the165

breakpoint b between h1 and h2∪h6. When there is a double mismatch, we must search for a pair (b1,b2) of166

breakpoints, one for each extended haplotype. The optimal pair can be determined by minimizing the least167

squares distances generated by all possible breakpoint pairs (b1,b2). Thus, double breakpoint searches scale168

as a quadratic. Fortunately, under the adaptive window width strategy described in Section 3.4, the number169

of typed SNPs in each window typically is on the order of 102. In this range, quadratic search remains fairly170

efficient.171

3.7 Imputation and Phasing of Untyped SNPs172

Once haplotyping is complete, it is trivial to impute missing SNPs. Each missing SNP is located on the173

reference map, and its genotype is imputed as the sum of the alleles on the extended haplotypes E1 and E2.174

Observed genotypes are untouched unless the user prefers phased genotypes. In this case MendelImpute will175

override observed genotypes with phased haplotypes similar to Minimac 4. Unfortunately, MendelImpute176
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Data Set size (MB) for format:
vcf.gz jlso bref3 m3vcf.gz

sim 10K 48 7 18 76
sim 100K 467 54 78 33
sim 1M 4300 741 397 NA
1000G chr10 419 190 327 111
1000G chr20 183 78 148 50
HRC chr 10 3200 1101 1156 505
HRC chr 20 1500 886 529 241

Table 1: Storage size required for various compressed reference haplotype formats. Here vcf.gz is the stan-
dard compressed VCF format, jlso is used by MendelImpute, bref3 is used by Beagle 5.1, and m3vcf.gz
is used by Minimac 4. For all jlso files we chose the maximum number of unique haplotypes per window to
be dmax = 1000. Note we could not generate the m3vcf.gz file for the sim 1M panel because it required too
much memory (RAM).

cannot compute estimated dosages. As shown in Section 4.3 on alternative compression schemes, the extended177

haplotypes E1 and E2 can be output rather than imputed genotypes at the user’s discretion.178

3.8 Compressed Haplotype Panels179

Large reference files are typically stored as compressed VCF files. Since VCF files are plain text files, they180

are large and slow to read. Read times can be improved by computing and storing an additional tabix index181

file [19], but file size remains a problem. Consequently, every modern imputation program has developed its182

own specialized reference file format (for instance, the m3vcf and bref3 formats of Minimac and Beagle,183

respectively) for improving read times and storage efficiency. We propose yet another compressed format for184

this purpose: the jlso format, and we compare it against other formats in Table 1.185

The jlso format is constructed in three steps: (a) pre-process large reference files window-by-window,186

(b) retain only the unique haplotypes in addition to hash maps to reference haplotypes, and (c) save the result187

in a binary compressed format via the JLSO.jl package [11]. The resulting jlso files are 30-50x faster188

to read and 3-5x smaller in file size (varies depending on window width) than compressed VCF files in the189

vcf.gz format. Generating jlso files requires specifying the typed SNPs’ positions, a procedure discussed190

in more detail in the supplementary sections. Note that in contrast to the m3vcf format, the jlso format is191

not a standalone file format. Rather, it is a container object that facilitates reading and transferring large VCF192

files stored as Julia variables. In principle, all files that are large in size or slow to read can be saved in this193

alternative format for quicker access. Later we discuss an attractive alternative for storing imputed sample194

haplotypes.195
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Data Set Total SNPs Typed SNPs Samples Ref Haplotypes min MAF Missing %
Sim 10K 62704 22879 1000 10000 0.05 0.5%
Sim 100K 80029 23594 1000 100000 0.05 0.5%
Sim 1M 97750 23092 1000 1000000 0.05 0.5%
1000G Chr10 1511445 169914 100 4808 0.25 0.1%
1000G Chr18 852602 50000* 100 4808 0.01 0.1%
1000G Chr20 669987 27091 100 4808 0.40 0.1%
HRC Chr10 1809068 116817 1000 52330 0.25 1.0%
HRC Chr20 829265 178541 1000 52330 0.01 1.0%

Table 2: Summary of real and simulated data sets. Here min MAF denotes the minimum minor allele fre-
quency of the typed SNPs. Missing % is the percentage of typed SNPs that are randomly masked. (* We used
the top 50,000 most ancestry informative SNPs.)

3.9 Parallel Computing and Memory Requirements196

MendelImpute employs a shared-memory parallel computing model where each available core handles an197

independent component of the entire problem. Work is assigned via Julia’s multi-threading functionality.198

When computing the optimal haplotype pairs in equation (3.1), we parallelize over windows. This requires199

allocating c copies of XT H and HT H, where c is the number of CPU cores available. Note the dimensions200

of these matrices vary across windows. To avoid accruing allocations, we pre-allocate c copies of n× dmax201

and dmax×dmax matrices and re-use their top-left corners in windows with d < dmax. For intersecting adjacent202

reference haplotype sets (phasing), we parallelize over samples. This step requires no additional memory.203

Writing to output is also trivially parallelizable by assigning each thread to write a different portion of the204

imputed matrix to a different file, then concatenating these files into a single output file. Data import is not205

parallelized. Beyond allocating XT H and HT H, our software requires enough memory (RAM) to load the206

target genotype matrix and the compressed haplotype reference panel.207

3.10 Real and Simulated Data Experiments208

For each data set, we exclude any typed SNPs with fewer than 5 copies of the minor allele and use only209

bi-allelic SNPs. Table 2 summarizes the real and simulated data used in our comparisons.210

3.10.1 Simulated Data211

We simulated three 10 Mb sequence data sets, with 12,000, 102,000, 1,002,000 haplotypes, using the software212

msprime [15]. We randomly selected 1000 samples (2000 haplotypes) from each pool to form the target213

genotypes and used the remaining to form the reference panels. All SNPs with minor allele frequency greater214

than 5% were designated the typed SNPs. Then 0.5% of the typed genotypes were randomly masked to215
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introduce missing values.216

3.10.2 1000 Genomes Data217

We downloaded the publicly available 1000 Genomes (1000G) phase 3 version 5a data set [1, 2]. This data set218

contains 2504 samples with 49,143,605 phased genotypes across 26 different populations, as summarized in219

Table 5 in the supplementary sections. We focused on chromosomes 10, 18, and 20 data in our experiments.220

For chromosome 10 and 20, we randomly selected 100 samples to serve as imputation targets and the remain-221

ing samples to serve as the reference panel. For chromosome 10, we chose SNPs with minor allele frequency222

(MAF) greater than 0.25 to be typed SNPs, while for chromosome 20 we chose SNPs with MAF greater than223

0.4 to be typed SNPs. These data sets feature in our speed and accuracy comparisons. For chromosome 18,224

we chose the top 50,000 most ancestry informative markers (AIMs) with minor allele frequency≥ 0.01 as the225

typed SNPs [4]. The AIM markers were computed using VCFTools.jl. To avoid samples with likely substan-226

tial degrees of continental-scale admixture, we excluded the populations ACB, ASW, CLM, GIH, ITU, MXL,227

PEL, PUR, and STU from the reference panel. To illustrate admixture and chromosome painting, our three228

sample individuals are taken from the excluded populations. The samples from the remaining populations are229

assumed to exhibit less continental-scale admixture and serve as the reference panel. For admixture analysis,230

it would be ideal to have samples from the indigenous Amerindian populations as part of the reference panel,231

but these populations are not surveyed in the 1000 Genomes data, and so we use East Asian (EAS) and South232

Asian (SAS) populations as the best available proxy.233

3.10.3 Haplotype Reference Consortium Data234

We also downloaded the Haplotype Reference Consortium (HRC) v1.1 data from the European Genotype-235

Phenome archive [17] (data accession = EGAD00001002729). This data set consists of 39,741,659 SNPs in236

27,165 individuals of predominantly European ancestry. We randomly selected 1000 samples in chromosomes237

10 and 20 to serve as imputation targets and the remaining to serve as the reference panel. For chromosome238

10, we selected SNPs with MAF greater than 0.25 to be typed, while for chromosome 20 we selected SNPs239

with MAF greater than 0.01 to be typed. Finally, we randomly masked 1% of the typed genotypes to mimic240

data missing at random.241

4 Results242

MendelImpute is publicly available at https://github.com/OpenMendel/MendelImpute.jl. Due to243

Julia’s flexibility, MendelImpute runs on Windows, Mac, and Linux operating systems, equipped with ei-244

ther Intel or ARM hardware. All commands needed to reproduce the following results are available at the245

10

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted October 25, 2020. ; https://doi.org/10.1101/2020.10.24.353755doi: bioRxiv preprint 

https://github.com/OpenMendel/MendelImpute.jl
https://doi.org/10.1101/2020.10.24.353755
http://creativecommons.org/licenses/by/4.0/


MendelImpute site in the manuscript sub-folder.246

4.1 Speed, Accuracy, and Peak Memory Demand247

Table 3 compares the speed, accuracy, and peak memory (RAM) usage of MendelImpute, Beagle 5.1,248

and Minimac 4. All programs were run on 10 cores of an Intel i9 9920X CPU with 64 GB of RAM. In249

MendelImpute, the number of BLAS threads was set to 1. Note that in our simulated and real data sets the250

correct values are known for all missing and masked genotypes. Thus, we can report accuracy as the frac-251

tion of genotypes incorrectly imputed for all SNPs, typed or untyped. We do not compute the popular r2
252

correlation metric for measuring imputation quality for reasons explained in the supplementary sections. All253

reference files were previously converted to the corresponding compressed formats, bref3, m3vcf, or jlso.254

MendelImpute was run under Julia v1.5.0. All target genotypes are unphased, and 0.1%-1% of typed geno-255

types are missing at random. All output genotypes are phased and non-missing. For MendelImpute, we set256

the maximum number of unique haplotypes per window to dmax = 1000. Beagle and Minimac were run under257

their default settings. Since Minimac 4 requires pre-phased data, we used Beagle 5.1’s built-in pre-phasing258

algorithm and report its run-time and RAM usage along side those of Minimac 4.259

On large data sets MendelImpute runs 10-30 times faster than Beagle 5.1 and 40-200 times faster than260

Minimac 4. On the smaller 1000 Genomes data set it runs 3-5 times faster than Beagle 5.1 and 12-18 times261

faster than Minimac 4. Increasing the reference panel size by a factor of 100 on simulated data only increases262

MendelImpute’s computation time by a factor of at most three. MendelImpute also scales better than HMM263

methods as the number of typed SNPs increases. Thus, denser SNP arrays may benefit disproportionately264

from using MendelImpute. The 1000 Genomes data set is exceptional in that it has fewer than 5000 reference265

haplotypes. Therefore, traversing that HMM state space is not much slower than performing the corresponding266

linear algebra calculations in MendelImpute. Notably, except for the HRC panels, MendelImpute spends at267

least 50% of its total compute time importing data.268

In terms of error rate, MendelImpute is 2-4 times worse on simulated and real data than Minimac 4269

and Beagle 5.1. The sim10k data set is an exception in that MendelImpute’s error rate is 10 times worse,270

which we attribute to the size of the reference panel compared to the number of imputed samples. The271

error rates of Beagle 5.1 and Minimac 4 are similar, consistent with previous findings [24]. As discussed272

in the supplementary sections, it is possible to improve MendelImpute’s error rate by more computationally273

intensive strategies such as phasing by dynamic programming.274

Finally, MendelImpute requires much less memory for most data sets, particularly those with a large ref-275

erence panel or a large proportion of typed SNPs. As explained in the methods section and the supplementary276

sections, the genotype matrix and compressed reference panel are compactly represented in memory. Since277

most analysis is conducted in individual windows, only small sections of these matrices need to be decom-278
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sim 10K Error Rate Time (sec) Memory (GB)
MendelImpute 3.00E-04 10 1.6
Beagle 5.1 2.81E-05 189 8.8
Minimac 4 2.38E-05 271 [177] 1.0 [6.6]
sim 100K Error Rate Time (sec) Memory (GB)
MendelImpute 2.19E-05 14 1.6
Beagle 5.1 8.22E-06 279 20.1
Minimac 4 7.91E-06 3032 [253] 2.6 [14.5]
sim 1M Error Rate Time (sec) Memory (GB)
MendelImpute 2.21E-05 27 4.4
Beagle 5.1 7.01E-06 769 25.6
Minimac 4 NA NA ≥ 64
1000G chr10 Error Rate Time (sec) Memory (GB)
MendelImpute 1.09E-02 39 3.7
Beagle 5.1 5.51E-03 196 9.6
Minimac 4 5.24E-03 569 [159] 5.8 [10.2]
1000G chr20 Error Rate Time (sec) Memory (GB)
MendelImpute 3.28E-02 13 2.6
Beagle 5.1 1.68E-02 33 4.9
Minimac 4 1.65E-02 126 [33] 2.1 [5.0]
HRC chr10 Error Rate Time (sec) Memory (GB)
MendelImpute 6.87E-03 154 7.3
Beagle 5.1 1.90E-03 1961 32.4
Minimac 4 1.71E-03 12892 [1712] 22.5 [17.8]
HRC chr20 Error Rate Time (sec) Memory (GB)
MendelImpute 1.36E-03 133 6.2
Beagle 5.1 5.28E-04 2457 27.4
Minimac 4 6.34E-04 15231 [2276] 33.2 [23.5]

Table 3: Error, time, and memory comparisons on real and simulated data. Error measurement is possible
in these data sets because the correct genotypes are known. Minimac 4’s benchmarks do include the pre-
phasing step done by Beagle 5.1, whose memory and time are reported in brackets. For the sim 1M data, the
m3vcf reference panel required for Minimac could not be computed due to excessive memory requirements.
All programs were run on 10 cores of a 3.5 GHz Intel i9 CPU with 64 GB of RAM. In MendelImpute, the
number of BLAS threads was set to 1.

12

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted October 25, 2020. ; https://doi.org/10.1101/2020.10.24.353755doi: bioRxiv preprint 

https://doi.org/10.1101/2020.10.24.353755
http://creativecommons.org/licenses/by/4.0/


pressed into single-precision arrays at any one time. Consequently, MendelImpute uses at most 7.3 GB of279

RAM in each of these experiments. In general, MendelImpute permits standard laptops to conduct imputation280

even with the sizeable HRC panels.281

4.2 Local Ancestry Inference for Admixed Populations282

MendelImpute lends itself to chromosome painting, the process of coloring each haplotype segment by the283

country, region, or ethnicity of the reference individual assigned to the segment. For chromosome painting to284

be of the most value, reference samples should be from individuals who are representative of distinct popu-285

lations. Within a reference population there should be little admixture. Also the colors assigned to different286

regions should be coordinated by physical, historical, and ethnic proximity. The overall proportions of the287

colors assigned to a sample individual genome immediately translate into admixture coefficients. Here we288

illustrate chromosome painting using chromosome 18 data from the 1000 Genomes Project. The much larger289

Haplotype Reference Consortium data would be better suited for chromosome painting, but unfortunately its290

repository does not list country of origin. Our examples should therefore be considered simply as a proof of291

principle. As already mentioned, the populations present in the 1000 Genomes Project data are summarized292

in Table 5 of the supplementary sections.293

Figure 2A displays the painted chromosomes 18 of a native Puerto Rican (PUR, sample 1), a Peruvian294

from Lima, Peru (PEL, sample 2), and a person of African ancestry from the Southwest USA (ASW, sample295

3). Here a total of 17 reference populations potentially contribute genetic segments. They are colored with red,296

brown, blue, or green to capture South Asian, East Asian, European, or African backgrounds, respectively.297

Note that the samples from South/East Asian populations serve as a proxy for Amerindian ancestral popula-298

tions. After coloring, the two PUR extended haplotypes are predominantly blue, the two PEL haplotypes are299

predominantly red/brown and blue, while the two ASW haplotypes are predominantly green. Interestingly,300

one of the PUR and one of the PEL haplotypes contain a block of African origin as well as blocks of Asian301

and European origin, while the ASW haplotypes contain two blocks of European origin. The relatively long302

blocks are suggestive of recent admixture. The resulting chromosome barcodes vividly display population303

origins and suggest the locations of ancient or contemporary recombination events.304

Figure 2B displays the three samples’ admixture proportions estimated from the cumulative lengths of305

each color in Figure 2A. From this we can immediately tell the ancestry proportion of these samples. For306

instance, based on the chromosome 18 haplotypes, the ancestry of the Puerto Rican (sample 1; PUR) is307

estimated to be roughly 20% S/E Asian (likely Amerindian), about 75% European, and 5% African. Of308

course, in actual practice we would use all chromosomes of an individual, which would provide a far more309

accurate assessment than using just chromosome 18. In addition, the ancestral assignments are only as good310

as the choice of reference haplotypes. For instance, the haplotypes of the African American (sample 3; ASW)311

contain a small but substantial portion (3%) of Eastern Asian ancestry. This labelling should not be taken too312
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Figure 2: MendelImpute used for chromosome painting and ancestry estimation. In the reference popu-
lations, South Asians are shaded in red, East Asians in brown, Europeans in blue, and Africans in green.
Sample 1 is Puerto Rican (PUR), sample 2 is Peruvian (PEL), and sample 3 is African American (ASW). (a)
Painted chromosome 18 barcodes after phasing for three samples. (b) Ancestry proportions estimated from
the cumulative length of the colored segments.

literally but rather may reflect either some distant Amerindian ancestry or regions where many haplotypes are313

similar and so ancestry is difficult to discern.314

4.3 Ultra-Compressed Phased Genotype Files315

As discussed earlier, VCF files are enormous and slow to read. If genotypes are phased with respect to a316

particular reference panel, then an alternative is to store each haplotype segment’s starting position and a317

pointer to its corresponding reference haplotype. This offers massive compression because long segments318

are reduced to two integers. Instead of the default compressed VCF files, MendelImpute can optionally319

output such ultra-compressed phased data. Table 4 shows that the ultra-compressed format gives 10-200 fold320

compression compared to standard compressed VCF outputs. In principle, all phased genotypes can be stored321

in such files. The drawback is that compressed data can only be decompressed with the help of the original322

reference panel. Thus, this tactic relies on universal storage and curation of reference haplotype panels.323

These panels should be stored on the cloud for easy access and constructed so that they can be consistently324

augmented by new reference haplotypes.325
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Data Set vcf.gz ultra-compressed compression
size (MB) size (MB) ratio

Sim 10K 10.07 0.05 201
Sim 100K 10.71 0.04 267
Sim 1M 11.05 0.04 276
1000G Chr10 31.53 1.37 23
1000G Chr20 13.93 0.43 46
HRC Chr10 155.71 7.47 21
HRC Chr20 70.42 5.86 12

Table 4: Output file size comparison of compressed VCF and ultra-compressed formats.

4.4 Imputation Quality Scores326

As explained in the supplementary sections, the popular r2 correlation coefficient [5] between imputed geno-327

types and true genotypes is an uninformative metric for measuring MendelImpute’s imputation accuracy. Al-328

ternatively, consider the observed genotype xi j ∈ [0,2]∪{missing} at SNP i of sample j and the corresponding329

imputed genotype gi j derived from the two extended haplotypes of j. If Si denotes the set of individuals with330

observed genotypes at the SNP, then MendelImpute’s quality score qi for the SNP is defined as331

qi = 1− 1
|Si| ∑j∈Si

(
xi j−gi j

2

)2

.

Note that 0≤ qi ≤ 1 and that the larger the quality score, the more confidence in the imputed values. Because332

qi can only be computed for the typed SNPs, an untyped SNP is assigned the average of the quality scores for333

its two closest flanking typed SNPs. Figure 3A plots each SNP’s quality score in the 1000G Chr20 experiment334

summarized in Table 3. For each sample, one can also compute the mean least squares error over all p SNPs to335

obtain a per-sample quality score. This is shown in Figure 3B. By default MendelImpute outputs both quality336

scores. Thus, investigators can perform post-imputation quality control by SNPs and by samples separately.337

Empirically, it is rather common for a sample subject to harbor a few poorly imputed windows. Thus, we338

observe a long right tail in the histogram for per-sample error in Figure 3. Unfortunately, the bad windows339

generally do not exhibit any discernible regional patterns across subjects. We suspect that poorly imputed340

widows involve breakpoints that occur near the middle of a window. We plan a detailed analysis of this issue341

in future work.342

5 Discussion343

We present MendelImpute, the first scalable, data-driven method for phasing and genotype imputation.344

MendelImpute and supporting OpenMendel software provide an end-to-end analysis pipeline in the Julia345
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Figure 3: Histograms of per-SNP and per-sample quality scores for chromosome 20 in our 1000G analysis.
By default MendelImpute computes (a) per-SNP quality scores and (b) per-sample quality scores. SNPs and
samples with noticeably lower quality scores should be removed from downstream analysis.

programming language that is typically 10–100 times faster than methods based on hidden Markov models,346

including Beagle 5.1 (Java) and Minimac 4 (C++). The speed difference increases dramatically as we in-347

crease the number of typed SNPs. Thus, denser SNP chips potentially benefit more from MendelImpute’s348

design. Furthermore, MendelImpute occupies a smaller memory footprint. This makes it possible for users349

to run MendelImpute on standard desktop or laptop computers on very large data sets. Unfortunately we350

cannot yet have the best of both worlds, as MendelImpute exhibits a 2-4 fold worse error rate than Beagle351

5.1 and Minimac 4. However, as seen in Table 3, MendelImpute’s error rate is still acceptably low. One can352

improve its error rate by implementing strategies such as phasing by dynamic programming. This strategy353

may decrease error, but it slows down computation and is hence omitted in our comparisons. Regardless, it is354

clear that big data methods can compete with HMM based methods on the largest data sets currently available355

and that there is still room for improvement and innovation in genotype imputation.356

Beyond imputation and phasing, our methods extend naturally to ancestry estimation and data compres-357

sion. If each reference haplotype is labeled with its country or region of origin, then MendelImpute can358

decompose a sample’s genotypes into segments of different reference haplotypes colored by these origins.359

The cumulative lengths of these colored segments immediately yield an estimate of admixture proportions.360

Countries can be aggregated into regions if too few reference haplotypes originate from a given country. The361

colored segments also present a chromosome barcode that helps one visualize subject variation, recombination362

hotspots, and global patterns of linkage disequilibrium. Data compression is achieved by storing the starting363

positions of each segment and its underlying reference haplotype. This leads to output files that are 10-250364

fold smaller than standard compressed VCF files. Decompression obviously requires ready access to stable365

16

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted October 25, 2020. ; https://doi.org/10.1101/2020.10.24.353755doi: bioRxiv preprint 

https://doi.org/10.1101/2020.10.24.353755
http://creativecommons.org/licenses/by/4.0/


reference panels stored on accessible sites such as the cloud. Although such an ideal resource is currently part366

dream and part reality, it could be achieved by a concerted international effort.367

For potential users and developers, the primary disadvantage of MendelImpute is its reliance on the368

importation and storage of a haplotype reference panel. Acquiring these panels requires an application process369

which can take time to complete. Understanding, storing, and wrangling a panel add to the burden. The370

imputation server for Minimac 4 thrives because it relieves users of these burdens [10]. Beagle 5.1 is capable371

of fast parallel data import on raw VCF files [6], which neither Minimac 4 nor MendelImpute can currently372

match. This makes target data import, and especially pre-processing the reference panel, painfully slow for373

both programs. Fortunately, pre-processing only has to happen once. Beagle 5.1 also uniquely supports374

imputation without a reference panel and directly imputes multi-allelic markers.375

Finally, let us reiterate the goals and achievements of this paper. First, we show that data-driven meth-376

ods are competitive with HMM methods on genotype phasing and imputation, even on the largest data sets377

available today. Second, we challenge the notion that pre-phasing and imputation should be kept separate;378

MendelImpute performs both simultaneously. Third, we argue that data-driven methods are ultimately more379

flexible; for instance, MendelImpute readily handles imputation and phasing on dosage data. Fourth, we380

demonstrate that data-driven methods yield dividends in ancestry identification and data compression. Fifth,381

MendelImpute is completely open source, freely downloadable, and implemented in Julia, an operating sys-382

tem agnostic, high-level programming language for scientific research. Julia is extremely fast and enables383

clear modular coding. Our experience suggests that data-driven methods will offer a better way forward as we384

face increasingly larger reference panels, denser SNP array chips, and greater data variability.385

6 Supplement386

6.1 Bias Correction for Initializing Missing Data387

Since BLAS requires complete data, we must first initialize the missing data in each genotype vector x before388

computing M and N in equation (3.1). This may introduce bias in our minimization of criterion (3.1) if there is389

a high fraction of missing genotypes in the typed SNPs, for example above 10%. One way to alleviate bias is to390

initialize missing data with twice the alternate allele frequency and save all unique haplotype pairs minimizing391

criterion (3.1) under this convention. Once haplotype pairs are identified, we re-minimize criterion (3.1) but392

now skipping the missing entries of x. That is equivalent to setting xk−hik−h jk = 0 when xk is missing.393

17

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted October 25, 2020. ; https://doi.org/10.1101/2020.10.24.353755doi: bioRxiv preprint 

https://doi.org/10.1101/2020.10.24.353755
http://creativecommons.org/licenses/by/4.0/


6.2 Avoidance of Global Searches for Optimal Haplotype Pairs394

Recall that minimizing the criterion (3.1) requires searching through all lower-triangular entries of the d×d395

matrix M+N, where d denotes the number of unique haplotypes in the window. When d < 1000, searching396

through all
(d

2

)
+d lower-triangular entries of M+N via MendelImpute’s standard procedure is fast, but this397

global search quickly degrades as d→ ∞. Below we outline two heuristic procedures for large d.398

6.2.1 Stepwise Search Heuristics399

Consider minimizing the loss fi(β) =
1
2 ||xi−Hβ||22, where the d columns of H ∈ {0,1}p×d store unique400

haplotypes, p is the window width, and xi is a sample genotype vector. The original problem minimizes401

fi(β) under the constraint that exactly two β j = 1 and the remaining βk = 0 or the constraint that exactly one402

β j = 2 and the remaining βk = 0. As an approximate alternative, one first finds the r unique haplotypes with403

the largest influence on fi(β). This is accomplished by identifying the r most negative components of the404

gradient405

∇ fi(β) =−HT (xi−Hβ) =−HT xi +HT Hβ

at β = 0. These are the r directions of steepest descent. Note that ∇ fi(0) = −HT xi and that HT xi is pre-406

computed and cached in N. The residual function gi j(hk) =
1
2 ||x−h j−hk||22 is then minimized over hk to407

find the candidate pair (h j,hk) generated by each of the vectors h j determined by the gradient ∇ fi(0). The408

ingredients to perform these minimizations are already in hand. This heuristic scales as O(rd), much better409

than O(d2) in equation (3.1). MendelImpute sets the default r = 100. In the same spirit as the first step,410

one can alternatively find for each j the most negative component k of the gradient ∇ fi(e j), where e j is the411

standard unit vector with 1 in position j. This again determines a nearly optimal pair (h j,hk). Under this412

tactic the Gram matrix HT H comes into play. Note that HT He j reduces to its jth column v j. Hence, no new413

matrix-by-vector multiplications are necessary in calculating ∇ fi(e j) =−HT xi +v j = ∇ fi(0)+v j.414

Alternatively, one can find the best r unique haplotypes for a given sample xi en masse by arranging all415

pairwise column distances of X and H in the matrix416

R =


||x1−h1||22 · · · ||xn−h1||22

...
...

||x1−hd ||22 · · · ||xn−hd ||22


d×n

.

Then we partially sort each column of R to identify the top r haplotypes matching each sample xi. Here R417

is computed via the Distance.jl package of Julia, which internally performs BLAS level-3 calls analogous418

to computing HT H and XT H. Instead of searching through all haplotypes to minimize gi j(hk) for a given419

sample xi, one can instead search only over the
(r

2

)
+ r combinations of the top haplotypes. This allows one420

to entertain much larger values of r. Empirically, choosing r = 800 works well for most data sets.421
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6.3 Phasing by Dynamic Programming422

We also investigated a dynamic programming strategy that gives the global solution for minimizing the number423

of haplotype breaks across the extended haplotypes E1 and E2. For each given haplotype pair p1 = (hi,h j) in424

window w, we can compute the squared Hamming distance between it and the pair p2 = (hk,hl) in window425

w+1; in symbols426

d(p1,p2) =



0 hi = hk,h j = hl (0 breaks)

1 hi = hk,h j 6= hl (1 break)

1 hi 6= hk,h j = hl (1 break)

4 hi 6= hk,h j 6= hl (2 breaks).

Observe that a double break is assigned an error of 4 to favor 2 single breaks across 3 windows as opposed to427

a double break plus a perfect match.428

Now we describe a dynamic programming strategy for finding the two paths with the minimal number429

of unique haplotype breaks. We start with all candidate pairs pi in the leftmost window and initialize sums430

si = 0 and traceback path vectors ti to be empty. One then recursively visits all windows in turn from left to431

right. If w is the current window, then every candidate haplotype pair pi in window w is connected to every432

candidate pair p j in window w+1. The traceback path t j is determined by the pair pk minimizing d(pi,p j).433

The traceback path t j is constructed by appending pk to tk and setting s j = sk + d(pk,p j). This process is434

continued until the rightmost window v is reached. At this point the pair p j with lowest running sum s j is435

declared the winner. The traceback path t j allows one to construct the extended haplotypes E1 and E2 in their436

entirety. Unfortunately, too many haplotype pairs per window can overwhelm dynamic programming with437

large reference panels. One partial recourse is to discard partial paths and associated partial termini pi that are438

unpromising in the sense that their running sums si are excessively large. This is effective, but the approximate439

algorithm is burdened by extra bookkeeping. The bookkeeping of the exact algorithm is already demanding.440

6.4 Generating JLSO Compressed Reference Haplotype Panels441

Since haplotypes are long binary vectors, the entire haplotype reference panel can be compactly represented442

using a single bit per entry. As a first step in compression, the reference panel is divided into non-overlapping443

windows of various widths after proper alignment of all typed and reference SNPs in the window. For each444

window we save two compressed mini-panels. The first houses the unique haplotypes determined by just445

the typed SNPs. The second houses the unique haplotypes determined by all SNPs in the window, typed or446

untyped. The former is much smaller than the later, but each entry of both can be compactly represented by a447

single bit per entry in memory. Thus, for each window we save two compressed windows in addition to meta448

information and pointers that coordinate reference haplotypes with the two mini-panels per each window.449
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MendelImpute also requires the list of typed SNPs. This whole ensemble is stored in the jlso file. Because450

there are only a limited number of SNP array chips on the market, one can in principle store just a few jlso451

files on a universal source such as the cloud.452

6.5 Imputation quality scores using r-squared453

The popular r2 correlation coefficient between imputed genotypes and true genotypes is a popular metric454

for measuring imputation quality. Although the true genotypes are unknown, r2 can still be estimated from455

posterior probabilities of the HMM model [5]. For instance, according to Minimac 3’s online documentation,456

for each SNP we can calculate457

r2 =
1
2n ∑

2n
i=1(Di− p̂)2

p̂(1− p̂)

where p̂ is the alternative allele frequency (of the imputed data), Di is the imputed alternate allele probability458

at the ith haplotype, and n is the number of GWAS samples. MendelImpute does not compute posterior459

probabilities; for each locus, each haplotype is imputed with 0 or 1. That is, Di ∈ {0,1}. Thus, using the fact460

that p̂ = 1
2n ∑

2n
i=1 Di, we have461

r2 =
1

2n ∑
2n
i=1(D

2
i −2Di p̂+ p̂2)

p̂(1− p̂)

=
1

2n

[
∑

2n
i=1 D2

i −2p̂∑
2n
i=1 Di +2np̂2

]
p̂(1− p̂)

=
1

2n

[
∑

2n
i=1 Di−4np̂2 +2np̂2

]
p̂(1− p̂)

=
1

2n

[
2np̂−2np̂2

]
p̂(1− p̂)

= 1

Thus every SNP has r2 = 1 under MendelImpute’s model, which renders it meaningless.462

6.6 Summary of 1000 Genomes Reference Panel463

A total of 26 different populations contribute to the 1000 Genomes Project data set. These populations are464

further organized into five super population. While this information is freely available online, we summarize465

it in Table 5 for completeness.466
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Population Code Description Super Population
CHB Han Chinese in Beijing, China East Asian (EAS)
JPT Japanese in Tokyo, Japan East Asian (EAS)
CHS Southern Han Chinese East Asian (EAS)
CDX Chinese Dai in Xishuangbanna, China East Asian (EAS)
KHV Kinh in Ho Chi Minh City, Vietnam East Asian (EAS)
CEU Utah Residents with NW European Ancestry European (EUR)
TSI Toscani in Italia European (EUR)
FIN Finnish in Finland European (EUR)
GBR British in England and Scotland European (EUR)
IBS Iberian Population in Spain European (EUR)
YRI Yoruba in Ibadan, Nigeria Africans (AFR)
LWK Luhya in Webuye, Kenya Africans (AFR)
GWD Gambian in Western Divisions in the Gambia Africans (AFR)
MSL Mende in Sierra Leone Africans (AFR)
ESN Esan in Nigeria Africans (AFR)
ASW Americans of African Ancestry in SW USA Africans (AFR)
ACB African Caribbeans in Barbados Africans (AFR)
MXL Mexican Ancestry from Los Angeles USA Ad Mixed American (AMR)
PUR Puerto Ricans from Puerto Rico Ad Mixed American (AMR)
CLM Colombians from Medellin, Colombia Ad Mixed American (AMR)
PEL Peruvians from Lima, Peru Ad Mixed American (AMR)
GIH Gujarati Indian from Houston, Texas South Asian (SAS)
PJL Punjabi from Lahore, Pakistan South Asian (SAS)
BEB Bengali from Bangladesh South Asian (SAS)
STU Sri Lankan Tamil from the UK South Asian (SAS)
ITU Indian Telugu from the UK South Asian (SAS)

Table 5: The 26 population codes present in the 1000 genomes project.
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7 Availability of source code467

Project name: MendelImpute.jl468

Project home page: https://github.com/OpenMendel/MendelImpute.jl469

Supported operating systems: Mac OS, Linux, Windows470

Programming language: Julia 1.5471

License: MIT472
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