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Abstract

Co-expression networks have long been used as a tool for investigating the molecular
circuitry governing biological systems. However, most algorithms for constructing
co-expression networks were developed in the microarray era, before high-throughput
sequencing—with its unique statistical properties—became the norm for expression
measurement. Here we develop Bayesian Relevance Networks, an algorithm that uses
Bayesian reasoning about expression levels to account for the differing levels of
uncertainty in expression measurements between highly- and lowly-expressed entities,
and between samples with different sequencing depths. It combines data from groups of
samples (e.g., replicates) to estimate group expression levels and confidence ranges. It
then computes uncertainty-moderated estimates of cross-group correlations between
entities, and uses permutation testing to assess their statistical significance. Using large
scale miRNA data from The Cancer Genome Atlas, we show that our Bayesian update
of the classical Relevance Networks algorithm provides improved reproducibility in
co-expression estimates and lower false discovery rates in the resulting co-expression
networks. Software is available at www.perkinslab.ca/Software.html.

Introduction

Co-expression of genes, microRNAs, long non-coding RNAs and other transcribed
entities is a key biological property with multiple implications [7},26}/37]. On the one
hand, co-expression can indicate co-regulation at the transcriptional level thereby
revealing how gene expression is controlled [4,/30},37] while, on the other hand,
co-expression can be the result of coordinated epigenetic mechanisms [28L31]. In yet
other instances, co-expression of certain genes can serve as biomarkers in diseases such
as cancer [11,20] and mental disorders |31], or aid in defining distinct cell populations
and subpopulations [25].

One of the earliest, and still widely used, tools for estimating and exploring networks
of co-expression is the Relevance Networks algorithm of Butte et al. [10]. The algorithm
has four main steps. First, entities (e.g., genes) with low estimated entropy are removed,
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as correlations between them may result from one or a few outlier samples. Second,
Pearson correlations are computed between all pairs of remaining entities. Third,
permutation testing is used to establish a null distribution for the correlations. Fourth
and finally, a co-expression network is created by connecting any pair of entities whose
correlation exceeds a statistical significance threshold set by the user (in conjuction with
the estimated null distribution). The Relevance Networks algorithm has been used
successfully in numerous studies to uncover significant co-expression relationships
(e.g., [13[17,[23,27]).

Many elaborations and alternatives to the original Relevance Networks algorithm
have been proposed over the years [1L8|94[141[34,/42]. These include improvements aimed
at detecting non-linear relationships between the expression of different entities by using
mutual information criteria [8,9], or discriminating co-expression more likely to result
from direct rather than indirect interactions [8l|14]. As replicate data became more
common, algorithms were developed to accomodate co-expression analysis of data with
replicates [1,/42]. Other work has focussed on robustly estimating correlations when the
number of samples is much smaller than the number of entities |[34]—although
interestingly, we are finally emerging from that conundrum. For instance, the dataset
we analyze in this paper describes 2,456 miRNAs measured over 10,999 samples.

While these algorithms included important new ideas and methods, they were all
developed in the era of microarray-based expression measurements. The recent past has
seen a fundamental shift in the technology used for expression measurement from
microarray-based to sequencing-based platforms [2|16]. Sequencing-based approaches
produce measurement values with very different error properties, dynamic ranges, and
signal-to-noise ratios than microarrays. In particular, the relative precisions of
low-expression measurements are much worse compared to those of high-expression
measurements. Furthermore, precision differs between samples, at the very least due to
differences in sequencing depth, if not other factors [3]. Owing to all these reasons, the
established body of algorithms for co-expression network construction may not be
optimal for sequencing-based expression measurements, and hence there is a strong need
to adapt these methods to the realities of this new type of data.

Here, we develop a Bayesian version of the classical algorithm of Butte et al. [10],
which we call the Bayesian Relevance Networks algorithm. It builds on our recent work
where we proposed a Bayesian correlation scheme to analyze sequence count data [33].
We employ Bayesian statistics both for estimating the expression levels and for
quantifying the uncertainties in those estimates. From those beliefs, we construct
estimates of mean expression levels and their uncertainties in groups of samples. This
allows us to study cross-group correlations in studies with replicates or other natural
sample groups (e.g., patients with the same disease). We describe how to perform
permutation testing to estimate a null distribution for grouped Bayesian correlations.
This enables the computation of p-values for the statistical significance of observed
correlations, and allows us to estimate rates of true and false positive links in a
Bayesian Relevance Network.

Throughout the paper, we evaluate our approach on a large-scale public microRNA
(miRNA) expression dataset from The Cancer Genome Atlas project (TCGA) [41]. In a
series of cross-validation studies, we find that Bayesian co-expression estimates are more
reproducible than the Pearson co-expression estimates used by the original Relevance
Networks algorithm. We find that Bayesian Relevance Networks are less prone to false
positive links and have lower false discovery rates than classical Relevance Networks.
Finally, we find that entropy filtering to remove “spurious” correlations improves both
classical and Bayesian Relevance Networks. At the end of the Results section, we
present a Bayesian Relevance Network based on the full datasets, where we demonstrate
several interesting cancer type-specific clusters of co-expressed miRNAs.
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Materials and Methods

Problem Formulation

The algorithm we propose is for computing a co-expression network among m possible

entities (genes, miRNAs, etc.) measured across a set of samples organized into n groups.
The groups may represent replicates of a condition, patients with a common disease, etc.

Group g has n, samples in it.

We observe R;4s reads for entity ¢ in group g sample s. The total number of reads
for that sample is Rgs = Zz R;gs. We assume that the R;gs, ¢ =1...m, are
multinomially distributed.

Pr(ngm R2g57 sy ngs) = MUItinom(Rgs»plgsap2gsa s apmgs) » (1)

where the p;4, are unknown. Each p;4s represents the idealized fraction of the sample s
in group g that comes from entity i. We can also think of it as what R;4s/Rgs should
converge to in the limit of infinite sequencing depth (Rg4s — 00). We define the group

. . . n . . .
mean idealized fractions as p;q = L <=1 Digs, and the grand mean idealized fraction

Ng
a5 i = L0 iy,

We take the p;4s to be our definition of the expression level. Other common
definitions include reads per million (RPM), or fragments per kilobase per million
(FPKM). Both of these normalize for sequencing depth in a given sample and are
proportional to p;gs. As correlations are independent of scale, working with the p;q, is
equivalent to working with RPM or FPKM. Other normalization schemes could be
accomodated, as long as the expression level can be written as an affine function of the
Digs- However, so as not to overly complicate our notation, we leave this to the reader.

For any two entities ¢ and j the cross-group Pearson correlation of their expression
values is

P _ covy(Dig, Djg) 9
o= . @)
V/varg(pig)varg(pjg)
Ideally, we would like to connect entities ¢ and j in a co-expression network if their

cross-group correlation is statistically significantly large. The problem, of course, is that
the p;g are unknown, so we must estimate them.

The Bayesian Relevance Networks Algorithm

In principle, one could construct a Bayesian belief about the unknown Pearson
correlation itself. However, this is not computationally convenient. Instead, we use
Bayesian methods to construct estimates of the expression levels, p;4s, and then
estimate their correlations. The algorithm we propose has four steps, which are detailed
in the following subsections.

1. Remove low entropy entities from consideration (optional).

2. Compute Bayesian estimates of the cross-group correlations of expression between
every (remaining) pair of entities

3. Use permutation computations to estimate a null distribution for the Bayesian
cross-group correlations

4. Create a network by linking entities whose Bayesian correlations are statistically
significant
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Entropy filtering

This step is optional. We include it for the same reason it was included in the original
Relevance Networks algorithm—that correlations may arise spuriously due to outliers.
For instance, suppose two entities are generally expressed at constant levels, but in one
sample both of their levels are much higher or lower than normal. These two entities
will thus appear to have highly correlated expression levels. In some cases this may be
genuinely true, although we may not be comfortable about the robustness of a
correlation that depends on a single sample being present in the dataset. The same
phenomenon might also arise for more mundane reasons, such as sample mishandling,
contamination, poor sequencing depth, etc. Thus, it may make sense to remove entities
with such expression profiles from consideration.

To allow for direct comparison between our Bayesian approach and the classic
Relevance Networks algorithm, we use the exact same entropy filtering procedure. For
each entity 7, we compute the maximum likelihood expression estimates,

Pigs = Rigs/Rgs. We then compute the minimum, A = ming p;¢s, and maximum,

B = maxg, Digs, expression levels across all samples in all groups. If A = B then we
estimate the entropy of entity i’s expression as H; = 0. Otherwise, we divide the
interval [A, B] into 10 equal-sized bins. We determine the empirical fraction of the pigs
that fall into each of those 10 bins, calling them f;1 ... fi190- We then estimate the
entropy of entity ¢’s expression as H; = — Z}il fijlogy fi;. Entities with estimated
entropies in the lowest Hyp,csn% are discarded, where Hypyesp, 1S chosen by the user.

Bayesian estimation of pairwise correlations

The essence of our Bayesian approach is to first construct beliefs over the true
expression levels of all the entities. We then propose that the Pearson correlation
between two entities be replaced by what we call the Bayesian correlation. We compute
variances and covariances across groups and also with respect to our uncertainty about
the true expression levels. Using u to denote our uncertainty informally—and we will
become formal very shortly—the Bayesian correlation can be written as

B COngu(pigypjg) (3)

N \/VMg,u (Pig)varg u(pjq)

Intuitively, high uncertainty in expression levels may influence the covariance term, but
it will definitely inflate the variance terms in the denominator, leading to lower
estimates of correlation. (More precisely, estimates moderated towards zero.)

We adopt a standard Bayesian approach to estimate the idealized fractions p;4s. For
each group g and sample s, we employ a Dirichlet distribution to model our uncertainty
about the p;4s. We assume the Dirichlet beliefs for different samples are independent.
Thus, for sample s and group g we adopt a prior belief,

Dirichlet(a(l)gs,ao sl ) (4)

2gs» » “'mgs

P(Z?;l a?gs) ﬁp‘?‘?gs (5)
m 0 198 °
HiZI F(aigs) i=1 g

Pr(plgsap2gsa ce apmgs)

The posterior distribution is

Pr(plgs7p2g87 DR 7pmgs‘R1gS7 RQgsa ey ngs) (6)
= Dirichlet(ags, @ags, - - - ; Qtmgs) (7)
= Dirichlet(al,, + Rigs, a9y, + Rags, - - Qs + Rimgs) - (8)

The prior parameters a?gs may be chosen however one likes. We previously showed

that poor choice of priors can lead to highly biased estimates of correlation [33], and
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thus some care should be taken with the choice. We employ a4 = 1/m, which has
provably low bias for low expression entities represented by few read counts |33]. For
entities with high read counts, the prior makes little difference, as the posterior is
determined almost entirely by the data. With these assumptions, and defining

Qgs = Do) Qligs, the mean of the marginal posterior distribution for p;ys with respect
to our beliefs (which we denote by u for “uncertainty”) is

Qigs
Ey pigs = . 9
o s = ©)

The variance of that marginal posterior is

Qigs (ags - aigs)

O‘.(215 (0‘98 +1) (10)

vary Pigs =

The covariance of our beliefs about the expression of two different entities, ¢ and j # 1,
within the same sample s of group g is

_ T %igsQjgs
COVu(ngsap]gs) - Olgs(Oégs + 1) . (11)
This covariance is nonzero because of the implicit requirement that Z?il Digs = 1.
Intuitively, if we believe that i’s expression is larger, we must believe that the expression
of other entities is smaller.

From these, we can readily compute the within-group means, variances and
covariances between entities, accounting for our uncertainty. Recalling that by
definition, p;4 is the average of p;4s across samples s, we have the following.

1
Eu Dig = Eu Z ;pigs (12)
s=1"9
e (13)
s—1 'tg Qgs
ng 1
vary Pig = Valy Z —Digs (14)
s=1 Ng
1 &
= E Z vary Pigs (15)
9 s=1
1 - aigs(&gs _O‘igs)
= = LA 16
TL2 Z O[2 (ags + 1) ( )

9 s=1 gs

Eq[15] follows because our estimates for different samples are statistically independent,
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so the variance of the sum is the sum of the variances.

ng 1 ng 1
covu(pig,Djg) = covy, (Z —Digs 1 ) —Pigs (17)

s=1"9 s'=1"9
1 ng ng
= ﬁcovu Zpigs ,ijgs' (18)
s=1 s'=1
g MNg
= n2 Z Z COVy ngsapjgs ) (19)
9 s=1s'=1
ng
= 2 Zcovu ngsapjgs) (20)
g s=1
T QigsQjgs
= 21
n2Z Lo 1) (21)

Eq [20] follows because our beliefs are independent for different samples, hence there is
no covariance when s # s’. We can then define the total variance across groups and
uncertainty, for entity i, as

Vargy Dig = Vargll, pig + Egvary pig (22)
"1 "1

= — Eu ig — Eu i 2 - u Pig - 23

;n( Pig i) +;nvar Pig (23)

Similarly, we define the total covariance across groups and uncertainty, for entities ¢ and
7, as

covgu(Pig, Pig) = covg( u Pig, Eu pjg) + Eg covy(pig, Djg) (24)
L 1
= Z:l o Ey pig — Ey pi)(Eu pjg — Eu pj) + Z:l 7 COVu (Pig> Pig) (25)
g= 9=

Eqs 23] and 25] can be substituted back into Eq[3] to completely specify the definition
and computation of the Bayesian correlation. One step of this substitution and
expansion is displayed below, as it will be relevant to our discussion of permutations in
the next section.

7“5 _ covg,u(Pigs Pjg)
\/VZiry,U(pig)Varg,u(pjg)
_ covy(Ey pig, Eu pjg) + Eg covu(pig, Pjg) . (26)
\/(VargEu Pig + Egvary pig)(vargEy pjg + Egvary, pjg)

A Permutation Scheme for Assessing Statistical Significance

Permutation testing is a common approach to assessing significance of associations
between variables. However, in our context, this is not entirely straightforward. It is not
sufficient to simply permute the read counts R;4s for each entity i and recompute
Bayesian correlations. Recall that the estimated expression levels of entity ¢ depend not
only on R;4s but also on the total reads in the samples, Ry,. Permuting the read counts
would change the Ry, and therefore change the estimated expression levels.
Permutation testing should “break” associations between different entities by
reassigning their values to different samples, but it should not change the values
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themselves. It is also not sufficient to permute the estimated expression levels, F, p;gs,
as that could change estimated group expression levels, Fy pig.

With the null hypothesis being that there is no cross-group correlation between
entities, we suggest that a proper way to estimate a null distribution between entities @
and j is to compute many different permutations p: {1...n} — {1...n} of the group
numbers (all permutations, if possible). For each permutation p we evaluate the
following formula.

P covy(Ey pig, Euy pp(j)g) + By covu(pig; Pjg) (27)

& \/varg,u(pig)Vafgm(pjg)

The distribution of that value for many different permutations p is taken to be the null
distribution of the Bayesian correlation.

In comparison with the formula for the Bayesian correlation (Eq , the permuted
values of j’s group-level expression are used in the first covariance term. This is the part
of the formula where the hypothesis of no cross-group correlation would have its effect.
We do not use the permuted j’s in the second covariance term. That term represents
the covariance of our beliefs within a sample, which results from the necessity that
expression levels within a sample add up to one. This is not affected by the null
hypothesis, so we leave it unchanged. The permutations also do not appear in the
variance terms of the denominator, although it would not matter if they did, as the
variances of i’s and j’s expression are independent.

Statistical Significance and Constructing the Bayesian Relevance Network

In the classical Relevance Networks algorithm, a single null distribution for correlations
under the null hypothesis is constructed by combining the permuted correlations across
all pairs of entities. Although it is technically more sound to maintain a separately
estimated null distribution for each pair of entities (i, ), in order to maximize our
ability to compare the results of Bayesian Relevance Networks to the classical algorithm,
we do the same here. Thus, suppose that K times we have permuted the group
idealized fractions, F, p;q4, of every entity ¢, and recomputed the cross-group Bayesian
correlations as in Eq Let rfjk represent the permuted Bayesian correlation between
entities ¢ and j in the k" permutation. We estimate the overall probability of a
correlation of at least ¢, under the null hypothesis, as

. {(3,5,k): i <jand rfjk >t}
B Km(m—1)/2

P(r>1t) (28)
Suppose we construct a Bayesian Relevance Network by connecting any pair of
entities ¢ and j if their Bayesian correlation is at least ¢, obtaining Ny such pairs. Given

that there are m(m — 1)/2 possible pairs of entities, we can estimate the expected
number of false positives at that threshold as F'P, = P(r > t)m(m — 1)/2. The number
of true positives can be estimated as max(N; — F P, 0). The false discovery rate can be
estimated as min(F P;/Ny, 1), as long as Ny > 0. Together, these quantities—estimated
numbers of true positives, numbers of false positives, and the false discovery rate—can
be employed by the user to make a rational choice for the threshold ¢ used to construct
the network.

Data

To demonstrate and evaluate our approach, and potentially to generate some biological
insights in an important area, we decided to analyze miRNA expression data from The
Cancer Genome Atlas (TCGA) [41]. We used the Genomic Data Commons data
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portal [19] to download all available “isoforms.quantification.txt” files on November 10,
2016. These files report counts of miRNA-seq reads mapped to a large number of
genomic intervals. Those intervals are also annotated for whether they represent a
certain pre-miRNA, a mature miRNA, or several other types of objects. From each file,
we collected all lines corresponding to a mature miRNA (specified by a unique
miRBase [18] MIMAT identifier), and then added up all counts corresponding to the
same mature miRNA. This includes reads mapped to slightly different genomic intervals
within the same mature miRNA, as well as entirely different genomic regions that
happen to code for the same mature miRNA. In the end, this left us with read counts
for 2456 distinct mature miRNAs, across 10,999 patient samples.

While this gave us a wealth of data on miRNA expression in cancer, the isoform files
do not specify which types of cancer each patient had (nor any other patient
characteristics). To establish this information, we constructed a json query that,
through the Genomic Data Commons API, returned a list of all isoform quantification
files, along with their project IDs. The project IDs are synonymous with the types of
cancer profiled. In this way, we assigned one of 33 unique cancer types to each
miRNA-seq dataset.

In order to better inform our co-expression assessments, we downloaded from
miRbase [18] their version 21 miR definitions in the file “hsa.gff3”. This file specifies
the IDs and genomic coordinates of both stem-loop pre-cursors and mature miRNAs. It
also specifies which mature miRNAs are to be found in which stem-loop precursors.
Multiple genomic occurrences of the same mature miRNA have IDs ending in _1, _2,
etc., to discriminate them. However, the “Alias” field omits these IDs, which could then
be matched to the MIMAT IDs in the TCGA isoforms file. Similarly, we downloaded
from ENSEMBL their latest gene definitions in the file “Homo_sapiens. GRCh38.86.gt{”.
This file describes many types of transcribed entities, including protein-coding genes,
pseudogenes, long non-coding RNAs, miRNAs, etc. Importantly, it includes their
genomic locations. Using these sources of information, we were able to categorize every
pair of mature miRNAs into one of the following categories: (1) “stem-loop” if the two
mature miRNAs occur within the same stem-loop precursor miRNA anywhere in the
genome; (2) “transcript” if the two mature miRNAs occur within the same transcribed
entity (according to ENSEMBL) but not the same stem-loop precursor; (3) “near” if the
two mature miRNAs occur within 10kb on the genome; (4) “cluster” if the two mature
miRNAs occur within the same equivalence class in the transitive closure of the “near”
relation, but are not themselves “near”. For example, if 7 is near j and j is near k, but 4
and k are not near, then ¢ and k are still in the same cluster; (5) “non-local” if none of
the previous categories apply.

Results

TCGA miRNA expression data spans many orders of
magnitude across miRNAs and samples

As described in the Methods section, we obtained miRNA-seq expression data from the
TCGA project through the Genomic Data Commons, resulting in read counts for 2456
miRNAs in 10,999 patient samples, representing 33 cancer types. The data is shown in
Fig [JA. Each row corresponds to a miRNA, and each column corresponds to a patient
sample. The most-represented cancer was breast cancer, with 1207 samples, while the
least-represented was glioblastoma multiforme, with 5 samples. There are clearly
miRNAs with cancer-specific, or at least tissue-specific, expression profiles. Fig
shows the average expression in units of RPM for the top 20 most highly expressed
miRNAs. The most highly expressed miRNA is mir-21-5p, with an RPM over 200,000,

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268


https://doi.org/10.1101/115865
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/115865; this version posted March 10, 2017. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

To appear at GLBIO2017

aCC-BY-NC-ND 4.0 International license.

<+—— samples —

(o8]
3x10°

1x10°  2x10°
expression (RPM)

0

a o a o @ o o o o o
S O T T T TR (S T T 1
- «© I\ Q Q o] [ © o] o)
N ¢ 8§ 8 a3 & 9 & 8 8
Ly L7 93 8 49 T
E £ E £ £ T 3 L L
£ E E £ E E
6 =
10 E
(] [
< 10‘;
Z kel
o 102 8
= o
E o
x
1000)
102
10° 10 102 108
miRNA rank by decreasing expression
3
16005_
s
1200
ks
800 ©
Qo
5
400 2

0
108 107 108
total reads in sample

3 10°

ACC-
uvm -~

Fig 1. Mature miRNA expression data for 10,999 cancer patients from the TCGA
project. (A) Heatmap of expression, with red indicating high and green indicating low,
relative to the mean for each miRNA across samples. miRNAs are ordered based on a
hierarchical average-linkage Euclidean-distance clustering of the reads per million across
samples. Samples are grouped by cancer type, indicated by labels along the bottom. (B)
Average expression across samples of the 20 highest-expressed miRNAs. (C) Curves
showing expression of all miRNAs within each sample, sorted from highest to lowest
expression. (D) Histogram of the numbers of reads (i.e., sequencing depth) in each
sample.

meaning it comprises more than 20% of the total miRNA pool on average. This miRNA
is well known for its role in oncogenesis and metastasis [5}/15}36].

Fig shows the expression of every miRNA in every sample, sorted by decreasing
order within the sample. Expression values range from around 10° RPM to below 1
RPM. Because all miRNAs are measured in the same units—reads—this means that
relative to their expression levels, the miRNAs with lowest expression are measured
with approximately 1/100,000 the precision of the miRNAs with highest expression.
There are also great differences in sequencing depth between samples, as shown in Fig
[[D. The sample with the greatest sequencing depth has over 36 million reads, while the
sample with the shallowest sequencing depth has under a quarter million. There is
approximately a 150-fold difference in resolution between these two samples. Given
these statistics, it is clear that our uncertainties about the true expression levels of the
miRNAs must vary widely by miRNA and by sample.

Bayesian correlations are more reproducible than Pearson
correlations

We expected that Bayesian correlation estimates would suppress correlations between
low expression miRNAs. By contrast, we expected that Pearson correlations would be
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more subject to falsely high or low correlations, due to spurious correlations between
miRNAs with low read counts. To test this, we computed the Bayesian and Pearson
correlations across cancer types for all miRNA pairs. For the Pearson correlations, this
was the correlation across cancers of the with-cancer average expression in units of
RPM. Fig[2A shows a density scatterplot of the Pearson and Bayesian correlations.
Points along the y = x diagonal line correspond to miRNA pairs where Pearson and
Bayesian estimates agreed. We note that there are some miRNA pairs correlated at
essentially +1 by both Pearson and Bayesian estimates, but no miRNA pairs with such
strong anticorrelations. At the same time, there are many miRNA pairs that have high
correlations according to the Pearson estimate, but that are relegated to much lower
correleation levels—including essentially zero—by the Bayesian estimate. These involve
miRNAs that, by our approach, have too much uncertainty in their expression levels to
be able to confidently assert a strong correlation. As a rather extreme example, there
was a strong disagreement in the estimated correlations between miR-4459 and
miR-5692b. The former shows expression in 70 different samples across 12 cancer types,
but is primarily seen in thyroid cancers, albeit at low levels (53 samples, 139 total
reads). The latter is expressed at only 2 reads in a single thyroid cancer sample, and
nowhere else. The Pearson correlation between these two is a near perfect 0.9731,
whereas the Bayesian correlation is 0.0512.

To test the reproducibility of Pearson and Bayesian correlations, we randomly
assigned each sample to one of two data folds, keeping the numbers of samples
representing each cancer type as even as possible. We then computed cross-cancer
Pearson correlations on each half of the data separately (Fig ), and likewise for the
Bayesian correlations (Fig ) For the Pearson correlations, there is broad agreement
between correlations computed based on each fold of the data—the estimates from each
half are themselves correlated. But there are also many miRNA pairs where correlations
from the two folds disagree dramatically. For a substantial number of pairs, one fold of
the data produces a Pearson correlation near 1, while the other fold produces a Pearson
correlation near zero. The two “lines” visible along the x- and y-axes of the density
scatterplot arise from miRNAs that have absolutely zero reads in one fold of the data
(hence no correlation to anything), but some reads in the other fold (and in some cases
strong correlations, although they may be spurious). In comparison, the Bayesian
correlation estimates from each fold of the data tend to be closer to each other. There
are no “lines” of exceptional behaviour for zero-count miRNAs, and no miRNA pairs
with near zero Bayesian correlation in one fold and near +1 Bayesian correlation in the
other fold (although there are a very few near 0.9).

To quantify the reproducibility of the two approaches more carefully, and also to
study the relationship between expression level and correlations, we divided miRNAs
into 21 bins of increasing average RPM expression. Let X denote the set of miRNAs in
one expression bin, and Y denote the set of miRNAs in another expression bin. From
data fold 1, we computed all pairwise Pearson correlations between miRNAs in bin X
with those miRNAs in bin Y, namely, {rfyl cx € X,y € Y}. We did the same for data
fold 2, compute the correlations {rf; :x € X,y € Y}. Finally, we computed the mean
absolute deviation between these two sets of correlations,

MAD(X,Y) = > cx ey [rE} —rL2/|X||Y]. This gives the average disagreement of
Pearson correlations computed from the two data folds, as a function of binned
expression level. Then, we did the same for the Bayesian correlations. Fig shows
those mean absolute deviations. Generally, as the expression of both miRNAs trends
higher, the disagreement between the two halves of the data decreases, and the error in
the Pearson and Bayesian estimates is essentially identical. For these miRNAs, low
signal-to-noise ratio is not an issue, and Pearson and Bayesian estimates are nearly the
same. Error is worst when both miRNAs have low but nonzero expression, and it is
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Fig 2. Comparison of Pearson and Bayesian grouped correlations across cancer types.
(A) Density scatterplot of Bayesian versus Pearson correlations. Non-white points are
where at least one pair of miRNAs has the specified Pearson (x-axis) and Bayesian
(y-axis) correlations. Colored points, going from blue to yellow to red, indicate
increasing numbers of miRNA pairs with the specified correlations. (B) Agreement of
Pearson correlations when the data is divided in half and correlations computed for each
half separately. (C) Agreement of Bayesian correlations when the data is divided in half
and correlations computed for each half separately. (D) For each pair of miRNAs,
organized by their expression quantiles across all samples, the average mean absolute
deviation (MAD) between the two data halves of Pearson and Bayesian correlations.
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nearly as bad when just one of the two miRNAs has low but nonzero expression. When
one of the miRNAs is in the lowest expression bin, error tends not to be quite as bad, as
both methods will tend to assign zero correlation (but Bayesian more so than Pearson).
At all levels of expression, the average error of the Pearson estimates exceeds the error
of the Bayesian estimates. Across all pairs of miRNAs, the Pearson MAD is 0.1304
between folds, and the Bayesian MAD is 0.0843, a difference that is statistically
significant by a simple sign test at a p-value too small for machine precision (easily

p < 107100y,

Entropy filtering improves reproducibility of both Pearson and
Bayesian correlations

As described in the Introduction, the classical Relevance Networks algorithm begins by
filtering out entities whose expression demonstrates low entropy. The purpose of this
step is to avoid correlations that arise from a single sample or small set of “outliers.”
Whether or not such an approach is appropriate is situation dependent. For example, if
a subset of miRNAs were highly expressed only in glioblastoma multiforme tumours,
and no others, such miRNAs would appear to have low entropy. (Remember, just five
out of our 10,999 samples are for that disease.) We may not want to naively dismiss
correlations among such miRNAs; as they arise from a clear disease relevance.
Nevertheless, in the worst case, individual samples may be faulty and can create
spurious correlations.

To test the effect of entropy filtering on both the Pearson and Bayesian correlations,
we first computed the entropy of each miRNA’s expression (Fig ) In the original
paper [10], it was suggested to discard the 5% of entities with lowest entropy (dashed
red line). However, the appearance of the empirical entropy distribution suggested to us
cut off around 10% (solid red line) would better separate entities with a “normal range”
of entropies from those that appear unusually low. Hence, we chose 10% as our cut off,
and defined miRNAs with entropies below that to be “low entropy” and the remainder
to be “high entropy.” Fig examines the relationship between miRNA expression and
entropy. For the most part, the low entropy miRNAs also have very low expression.
However, a small number of miRNAs with above average expression also have low
entropy. The miRNA with the highest average expression that is still classified as low
entropy is miR-205-3p, a miRNA with some known associations with cancer [12}22}/40]|.
This miRNA is exceptionally high in two patient samples, one thymoma and one head
or neck squamous cell carcinoma, where its expression levels of over 10,000 RPM are
more than 100 times greater than in any other sample.

Restricting attention to the high-entropy genes, and we recomputed the density
scatterplots of Pearson correlations from the two halves of our data (Fig ), we see
that the lines of exceptional correlations along the x- and y-axis are gone. (Compare to
Fig ) However, the overall qualitative shape of the point cloud remains, as do
numerous miRNA pairs that have near +1 correlation in one half of the data and near
zero correlation in the other half. Fig[BD shows the Bayesian correlations of the
high-entropy miRNAs from each half of the data. There is little apparent change
compared to Fig 2IC, which includes the low entropy miRNAs. Perhaps surprisingly,
entropy filtering does not improve the mean absolute deviation between the two halves
of the data. For Pearson correlations restricted to high-entropy miRNAs, the MAD is
0.1305 (versus 0.1304 for all miRNAs), and for Bayesian correlations the MAD is 0.0894
(versus 0.0843). Although filtering eliminates some spurious correlations, it also
eliminates many (correctly) zero correlations between low- or non-expressed miRNAs,
driving the average error up.
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Fig 3. The effects of entropy filtering on Pearson and Bayesian correlations. (A)
Empirical distribution of entropies of miRNAs’ expression across samples. Dashed red
line indicates 5! percentile and solid red line indicates 10" percentile. (B) Empirical
distribution of expression levels (average RPM across samples) for low entropy and high
entropy miRNAs. (C) Comparison of Pearson grouped correlations from two halves of
the data, when restricting attention to the high entropy miRNAs. (D) Comparison of
Bayesian grouped correlations from two halves of the data, when restricting attention to
the high entropy miRNAs.
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Bayesian Relevance Networks have lower false discovery rates

As Bayesian correlations between miRNAs match better between data folds than do
Pearson correlations, we predicted that Bayesian Relevance Networks built based on
each half of the data would agree better than classical Relevance Networks would. To
test this hypothesis, we performed permutation testing on each half of the data,
estimating null distributions for both the Pearson correlations and the Bayesian
correlations based on all miRNAs (not just the high-entropy ones). The results are
shown in Fig[4A,B. The blue curves indicate the observed distributions of correlations
on each half of the data, while the red curves indicate the estimated null distributions.
For both Pearson and Bayesian correlations, there appear to be stronger positive
correlations than would be predicted based on the null hypothesis of no statistical
association between miRNAs. The shapes of the distributions estimated from each half
of the data are in close agreement. There are more Pearson correlations at the highest
levels (near 1) than there are Bayesian correlations—because of the tendency of the
Bayesian approach to discount apparent correlations between low expression miRNAs.

Next, we constructed Relevance Networks at different correlation thresholds. At
each threshold, we determined the number of miRNA pairs above threshold, as well as
the expected number of such pairs under the null hypothesis. Based on these, we
estimated the false discovery rate (FDR) for links in the Relevance Networks as a
function of correlation threshold. At the same time, we compared the specific links
constructed from each half of the data to the links in the other half. Links appearing in
one half but not the other were labeled as putative false positives, and from these we
constructed a second estimate of the FDR as a function of correlation threshold. The
results are shown in Fig[@IC,D and are radically different for Pearson and Bayesian
approaches. Firstly, the Bayesian FDRs are uniformly better than the Pearson FDRs,
especially at higher correlation thresholds. The estimated Pearson FDRs from
permutation testing hover around 0.2 for most correlation thresholds, whereas estimated
Bayesian FDRs are smaller than 0.15. The empirical Pearson FDRs, based on
comparing the networks obtained from each half of the data, are worse than 0.4 at all
thresholds. The empirical Bayesian FDRs are somewhat different between the two folds
of the data, but average to around 0.3 at most thresholds. The Bayesian FDR estimates
either improve (drop) with increasing correlation threshold (permutation-based) or are
relatively constant (based on data folds). This is a reasonable behaviour, as increasing
the threshold intuitively means increasing stringency. However, Pearson FDRs actually
get worse at the highest thresholds, as the relative number of spurious correlations from
low-expression entities grows.

We then repeated the entire experiment while restricting attention to the
high-entropy miRNAs only. Fig[E,F shows the percentage improvement in empirical
FDR for Pearson and Bayesian approaches—as quantified by
(FDR.; — FDRy.)/FDRy, where FDR,y; is the false discovery rate when analyzing
all miRNAs, and FDRy, is the false discovery rate when analyzing only the
high-entropy miRNAs. The Pearson approach benefits modestly from the entropy
filtering, especially at the higher correlation thresholds, where improvements of up to
20% can be seen. However, its performance still does not reach that of the Bayesian
approach. The false discovery rate of Bayesian Relevance Networks seems almost
entirely immune to entropy filtering (Fig [4F).

A Bayesian Relevance Network describing co-expression of
miRNAs across 10,999 patients with 33 types of cancer

Having established the soundness of the Bayesian Relevance Networks algorithm in the
previous sections, we conclude the Results section by presenting the Bayesian Relevance
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Fig 4. Permutation testing and agreement of Relevance Networks constructed based on
Pearson or Bayesian correlations. (A) Empirical (blue) and permutation-based (red)
distributions of Pearson correlations from each half of the data. (B) Empirical (blue)
and permutation-based (red) distributions of Bayesian correlations from each half of the
data. (C) Estimated false discovery rates (blue, based on permutations) and empirical
false discovery rates (red, taking other half of the data as gold standard) at varying
Pearson correlation thresholds. (D) Estimated false discovery rates (blue, based on
permutations) and empirical false discovery rates (red, taking other half of the data as
gold standard) at varying Bayesian correlation thresholds. (E) Percent improvement in
empirical FDR when restricting attention to high-entropy genes, as a function of
Pearson correlation threshold. (F) Percent improvement in empirical FDR when

restricting attention to high-entropy genes, as a function of Bayesian correlation
threshold.
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Network obtained by analyzing the full dataset. We chose not to filter out miRNAs
based on low entropy, so that we would not overlook potentially interesting connections,
and because our results above suggest there would be little benefit. Accordingly, we
computed all pairwise Bayesian correlations, and we performed 100 permutation
computations to assess statistical significance. The empirical distributions of actual and
permuted Bayesian correlations are shown in Fig [JA. As expected, we see many miRNA
pairs that are highly correlated. However, high correlation can also be obtained by
chance, as shown by the permutation testing. Even at a threshold of r = 0.99, which
links just 60 miRNA pairs, our permutation testing suggests that four of those would be
false positives.

We decided to construct the relevance network at the threshold r = 0.96. This gave
us 1479 links between 338 distinct miRNAs, with an estimated 95 false positive links, or
an empirical false discovery rate of 6.5%. We chose this level because it produced a
large enough relevance network to see some interesting results, without letting the FDR
grow too far out of control. The network is depicted in Fig [5B. We used Cytoscape [35]
to construct the layout of the network. Links are colored by their locality: blue for
miRNAs in the same pre-miRNA stem-loop, red for miRNAs in the same transcript,
light green for miRNAs nearby on the genome, dark green for miRNAs in the same
genomic cluster, and black for those not having any of those locality properties. As is
typical for relevance networks, and indeed many types of biological networks, we observe
connected components of widely varying sizes. Several major components have tens of
miRNAs each, heavily cross-connected, while there are also many isolated pairs of
miRNAs connected by a single link. The majority of the links do not represent any
locality relationship (Fig )

A typical cluster is indicated by (i) in Fig . Only a few links are related to
genomic locale; most of the miRNAs are spread throughout the genome. miRNAs in
this subnetwork are highly expressed in acute myeloid leukemia (TCGA code LAML)
(Fig ) We found that many of the other connected subnetworks are also highly
expressed in just one or a few cancer (or tissue) types.

A notable subnetwork is the “C”-shaped one in the upper left of the layout. This
includes many miRNAs that are nearby on the genome (within 10kb) or at least within
the same genomic cluster. However, the most densely connected part of the subnetwork,
towards the bottom of the “C”, contains a mixture of stem-loop, transcript, local and
non-local links. When we analyze miRNAs in three different parts of that network, we
see different expression patterns (Fig ) The mostly-back cluster at the bottom is
expressed almost exclusively in testicular germ cell tumors. At the opposite end of the
“C”, the dense genomic cluster in green is expressed somewhat in testicular tumors but
primarily in thymomas. miRNAs in between those two ends display a mixture of
testicular tumor and thymoma expression. These miRNAs comprise the primate-specific
C19MC miRNA cluster, which has normal functions in the placenta [29,[39]. This
cluster’s roles in various cancers are still being worked out [6}24}32}3§].

Although one must zoom in on the figure to see clearly, the vast majority of the
links between isolated pairs of miRNAs do have some kind of locality
relationship—unlike the majority of links in the network. Nearly half of the isolated
miRNAs pairs are in the same stem-loop (11 of 23), five are in the same transcript, and
five are nearby on the genome. Only two links are non-local, between miR-1180-3p and
miR-6511b-3p, and between miR-548d-3p and miR-3613-5p (Fig[FJF). These pairs show
some evidence of cancer/tissue-specificity, with the first pair largely expressed in
glioblastoma multiforme and ovarian cancer samples, and the latter pair largely
expressed in acute myeloid leukemia samples and thymomas.
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Fig 5. A Bayesian Relevance Network describing cross-cancer correlations between
miRNAs. (A) Empirical distributions of Bayesian and permuted correlations. (B) The
network obtained at a correlation threshold of r = 0.96. (C) Numbers of links with
different locality relationships. (D) Normalized expression of miRNAs in the
mostly-black subnetwork (i) near the center of the diagram in panel B. (E) Normalized
expression of miRNAs at the top (), middle (%), and bottom (7v) of the “C”-shaped
subnetwork in the top left of panel A. (F) Normalized expression of four miRNAs
participating in the only two non-local miRNA pairs in the relevance network.
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Discussion

In this work, we have proposed Bayesian Relevance Networks as an update to the
classical and widely-used Relevance Networks algorithm [10], with the aim of making it
better suited to high-throughput sequencing data. Our approach accounts for the fact
that sequence-based expression measurements can have widely varying precision, both
for different entities (e.g., genes or miRNAs) and for different samples. It builds on our
recent proposal for Bayesian correlation analysis [33], adding two main ingredients
helpful for the construction of co-expression networks: 1) a method for estimating
uncertainties in the expression levels in groups of samples; and 2) a permutation-testing
scheme to assess statistical significance of Bayesian correlations. In testing on a
large-scale miRNA expression dataset from The Cancer Genome Atlas [41], we found
that Bayesian estimates of co-expression were more reproducible than the Pearson
estimates used in the classical algorithm. As a consequence, we found that Bayesian

Relevance Networks had lower false discovery rates than standard Relevance Networks.

We also found that the entropy filtering step, with its additional and arbitrary cut off
parameter, is unnecessary in the Bayesian approach, leading to a simpler algorithm over
all. Although we focused on this single, large-scale dataset for demonstration and

empirical evaluation, an important direction for future work is testing on other datasets.

We suspect that one area where Bayesian Relevance Networks will be particularly
helpful is in the analysis of single-cell RNA-seq data [21]. In such datasets, the average
number of reads per gene are much smaller than for bulk RNA-seq data, and there can
be great variability in the sequencing depths for each cell. This is exactly the situation
where uncertainties in expression levels need to be considered, and where Bayesian
approaches can provide a solution.

As mentioned in the introduction, since the publication of the original Relevance
Networks algorithm, many other algorithms have been proposed for the construction of
co-expression networks |1,/8,9141/34,/42]. All these algorithms contain important insights
about the assessment of co-expression. Although we chose in this paper to develop a
Bayesian version of the Relevance Networks algorithm—the “grandfather” of all
co-expression algorithms—an important avenue for future research is incoporating
similar notions of Bayesian reasoning about expression levels and uncertainty into other
co-expression network construction algorithms.
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