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Multple-trait Bayesian Regression Methods with
Mixture Priors for Genomic Prediction
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ABSTRACT Bayesian multiple-regression methods incorporating different mixture priors for marker effects are widely used in
genomic prediction. Improvement in prediction accuracies from using those methods, such as BayesB, BayesC and BayesCrr,
have been shown in single-trait analyses with both simulated data and real data. These methods have been extended to
multi-trait analyses, but only under a specific limited circumstance that assumes a locus affects all the traits or none of them. In
this paper, we develop and implement the most general multi-trait BayesCI1 and BayesB methods allowing a broader range of
mixture priors. Further, we compare them to single-trait methods and the “restricted” multi-trait formulation using real data. In
those data analyses, significant higher prediction accuracies were sometimes observed from these new broad-based multi-trait
Bayesian multiple-regression methods. The software tool JWAS offers routines to perform the analyses.

KEYWORDS multi-trait; mixture priors; genomic prediction

31 somewhat restrictive mixture model. The “restricted” multi-trait
sz BayesCII presented by Jia et al. (Jia and Jannink 2012) assumes a
s variant affects none of the traits or has simultaneous effects on all
Genomic prediction was proposed by Meuwissen et al. (Meuwis- 4,  traits. This assumption of genetic architecture in that multi-trait
sen et al. 2001) to incorporate whole-genome data into genetic 3 BayesCIT circumstance is violated if some loci have no effect on
evaluation. In genomic prediction, all the marker or haplotype 5 at least one of the traits while having an effect on at least one of
effects are estimated simultaneously, and these estimates can 5, the other traits.
then be used to predict breeding values of individuals not in the In this paper, we present a more general class of multi-trait
training population used to estimate the effects. s BayesCIT and BayesB methods for which the previous multi-
Bayesian multiple-regression methods incorporating mixture 4 trait model is a special case. The new methods are compared
priors for marker effects are widely used in genomic prediction. 4  to the previous multi-trait methods and to single-trait methods
For example, BayesB with locus specific variances accommo- ,, with real data.
dates models where markers have zero effects with probability
T (Meuwissen et al. 2001; Cheng et al. 2015). Another mixture
model, BayesC, assumes a common locus variance for all mark-
ers, and its extension known as BayesCrt further treats 7t asan 4 Multi-trait Marker Effects Model

unknown parameter with a uniform prior distribution (Habier 5 For simplicity and without loss of generality, we will assume a
et al. 2011). s general mean as the only fixed effect, and write the multi-trait

Bayesian multiple-regression methods were first proposed for ,;  model for individual i from 1 genotyped individuals as
single-trait analyses but have been extended to some particular

forms of multi-trait analyses (Calus and Veerkamp 2011; Jia and
Jannink 2012). Those extensions have pertained to a particular,

Introduction

< Materials and Methods
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at locus j for individual i, p is the number of genotyped loci, «;
is a vector of allele substitution effects of t traits for locus j, and
e; is a vector of random residuals of t traits for individual i. The
fixed effects, or general mean in this case, are assigned flat priors.
The residuals, e;, are a priori assumed to be independently and
identically distributed multivariate normal vectors with null
mean and covariance matrix R, which in turn is assumed to
have an inverse Wishart prior distribution, W; ! (Se, ve).

Multi-trait BayesCI1 model

Priors for marker effects The prior for Xk, the allele substitution
or marker effect of trait k for locus j, is a mixture with a point
mass at zero and a univariate normal distribution conditional
2
on o::
k

S N (0, 02) probability (1 — )
T o probability 7ty

and the covariance between effects for traits k and k’ at the same
locus, i.e., X and L is

con (m w o ) _ Joe  if bothay # Oandoc].k/ #0
jlr S 1Ok ) T . .
0 otherwise
Employing the concept of data augmentation, the vector of
marker effects at a particular locus & can be writtenas &; = D; 8 s
where D is a diagonal matrix with elements diag (Dj) =J;=
((5j1,(5j2,5]-3 .. .), where Jj; is an indicator variable indicating

whether the marker effect of locus j for trait k is zero or non-zero,
and B; follows a multivariate normal distribution with null mean

2

0 1 01t
and covariance matrix G = . The covariance
2
Ult ... U't

matrix G is a priori assumed to follow an inverse Wishart dis-
tribution, W[l (S B vﬁ>. Thus the multi-trait BayesCIT model
with data augmentation is written as

p
yi=pu+ ) myDi;+e;. 1
i=1

)

In the most general case, any marker effect might be zero
for any possible combination of ¢ traits resulting in 2 possible
combinations of & i For example, in a t=2 trait model, there are
2t = 4 combinations of Jj, namely 61 = (0, 0), 5, = (0, 1), 63 =
(1,0), 64 = (1, 1). In the special case of this model described
by (Jia and Jannink 2012), only §; = (0, 0) and §4 = (1, 1)
have non-zero probability. Suppose in general we use numerical
labels “17, “2”,...,“1” for the 2! possible outcomes for § i then
the prior for J; is a categorical distribution

(-
=M1 (8 ="1") + 101 (8 = “2") + .+ T41 (85 = "1"),

i
1

where II; is the probability that the vector J; = and

YT =1
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A Dirichlet distribution with all parameters equal to one,
i.e., a uniform distribution, can be used for the prior for IT =
(114,11, ..., IT;). As shown below, a Gibbs sampler can be used
to draw samples for all the parameters in this model.

Gibbs sampler | for multi-trait BayesCI1 Suppose the prior for
J; is a categorical distribution whose support is for all 2! possible
outcomes of § j- For convenience, from now on let “1” denote
trait k and “2” the other t — 1 traits. In our sampling scheme,
Bj1 and 6j; are sampled from their joint full conditional distribu-
tions, which can be written as the product of the full conditional
distribution of ;; given J;; and the marginal full conditional
distribution of J;1. Let 6 denote all other parameters except 6j;
and f;1, then our sampling scheme can be written as

f (.lerfsjl | 9,y> =f (.31’1 \ 5j119/y>f (5]‘1 \ B,y).

The full conditional distributions of 1, Jj, I, G and R for
Gibbs sampler I, which were derived in the Appendix, are given
below.

The full conditional distributions of f;;is

when 6;; =0

N (B (c™)7)

P (ﬁfl |5f1’9’y> N (/3}1/ (C},n)_l) when 5 =1

with
ﬁ? _ _ <G11> Glzﬁjz,
3}1 = (Cj1,11> (Tﬂ C],lzﬁj,z) /
C},n _gll 4 R imlzj
i=1
Cli,=G?+RPDp Y m?,

where w; = y; — p; — L4 Mg D]./,Bj/.
The marginal full conditional probability of J;; = 11is

Pr ((sjl -0, ajz\n)

flon=116y)=11+ Pr (05 =1,8p/10)

) N
where H = exp {—% (logC},11 - ,8]11 C]]’,11> - <—% <logG11 - [3%2(311)) }
The full conditional distribution for IT can be written as

f(II|B,D,G,R,y) « Dirichlet (n1 +1, np, +1,...),

”

where #; is the number of markers with §; = “i

The full conditional distributions for R, the covariance
matrix for residuals, is an inverse Wishart distribution,
Wfl (Se +€’e, v, + 1), where e is the n x t matrix for residu-
als with the ith row as e;. The full conditional distribution for G
, the covariance matrix for j, is an inverse Wishart distribution,

w, ! (S!; +B'B, vg+ p), where B is the p x t matrix with the ith

row as ﬁ;
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Figure 1 Comparison of single-trait and multi-trait methods for Rust_bin and Rust_gall_vol traits.

Gibbs sampler Il for multi-trait BayesCI1 The Gibbs sampler
above requires that all 2 outcomes for & j have non-zero prior
probabilities, i.e. none of I1; can be zero. If some I1; are zero,
the markov chain generated from Gibbs sampler I may not be
irreducible. Another more general Gibbs sampler that does not
require all IT; to be non-zero is proposed below.

The full conditional distributions of ,B]», ) i 1L, G, R for Gibbs
sampler II, which were derived in the Appendix, are given be-
low.

Let 6 denote all other parameters except ; and 4, then our
sampling scheme can be written as

f(Bo10y) =7 (5 10y)f(B15,0y).

The full conditional distribution of ﬁj is

f (/3]. 16,6, y) &N (c].—lr,-, cj—l) ,

where C; = D}R‘leZ?:l mlzj + G ! and r} =
’ -1
(Z?:l wimij> R D]

The marginal full conditional probability of & =

U
1

1S

F5=-r103)
) ¥ (y | 8; = “i", 9) f (5]» =i | n)
Lie{r, 2.1} f (y | 0j="1", 9) f (57 =" H) ’

where

1,1 1, _
f(y | 5;,9) =|C; L)z exp{irjcj 1rj}.

This Gibbs sampler can accommodate the restricted multi-
trait BayesCII that was proposed by Jia et al. (Jia and Jannink
2012), which only allows ¢ jto be a vector of all ones or a vector
of all zeros.

133

134

135

136

137

138

139

140

142

160

161

162

163

Multi-trait BayesB Model

The multi-trait BayesCIT model proposed above can be modified
to accommodate the multi-trait BayesB model. Model equation
(1) can also be used for the multi-trait BayesB method. The
differences in multi-trait BayesB method is that the prior for
,B]- is a multivariate normal distribution with null mean and
locus-specific covariance matrix G;. The locus-specific covari-
ance matrix G; is a priori assumed to follow an inverse Wishart
distribution, Wfl <S B 1/,;) .

The derivations of the full conditional distributions of pa-
rameters of interest for Gibbs samplers are shown in the Ap-
pendix. In the multi-trait BayesB model, the full conditional
distributions for all parameters except G; are similar to the multi-
trait BayesCIT model. The full conditional distribution for Gj,
the covariance matrix for i is a inverse Wishart distribution,

Wt (Sp+ BBy vp +1)-

Data analyses

Published genotypic and deregressed phenotypic data for
Loblolly Pine (Pinus Taeda L.) were used (Resende et al. 2012).
Two disease traits, namely Rust_bin and Rust_gall_vol were an-
alyzed. The reported heritability was 0.21 for Rust_bin and 0.12
for Rust_gall_vol. Loci with missing genotypes were imputed as
the mean of the observed genotype covariates at that locus and
loci with a missing rate >50% were excluded. After these quality
control edits, 4,828 SNPs on 807 individuals with phenotypes
and genotypes on both traits remained.

Prediction accuracy was calculated as the correlation be-
tween the vector of deregressed phenotypes and the vector
of estimated breeding values. Cross-validation using 10-folds
formed the basis for comparing our general multi-trait BayesCIIT
model (MT-BayesCII) to a similar model where the prior for
B is a multivariate normal rather than a mixture of multivari-
ate normals (MT-BayesCO0), the restricted multi-trait BayesCII
proposed by Jia at al. (MT-BayesCII-R), multi-trait BayesB
with known IT (MT-BayesB) and the usual single trait formu-
lations of the mixture models (ST-BayesC0, ST-BayesCr, ST-
BayesB). The constant IT used in BayesB were estimated using
BayesCII methods. All analyses were performed using JWAS
(Cheng et al. 2016), a publicly-available package for single-trait
and multi-trait whole-genome analyses written in the freely-

multi-trait Bayesian methods with mixture priors 3
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available Julia language. Since BayesCO is equivalent to ran-
dom regression best linear unbiased prediction (RR-BLUP), ST-
BayesC0 and MT-BayesCO0 are denoted as ST-RR-BLUP and MT-
RR-BLUP below. The prior for the residual covariance matrix
R in all multj-trait methods was an inverse Wishart distribu-
0.003 0
tion, W1 ,6
0 0.003

, for which the mean of R is

0.001 0
. The prior for the marker effects covariance
0 0.001

matrix G in MT-BayesCIT and MT-BayesCII-R was an inverse

0.003 0
Wishart distribution, W1 ,6

0 0.003

, for which the

0.001 0
mean of G was . The priors for the residual vari-
0 0.001

ance and marker effects variance in single-trait analyses were a
scaled inverted chi-squared distribution with scale parameter
$2 = 0.0005 and degrees of freedom v = 4, for which the mean
of the prior was also 0.001. Marker effect variances estimated
from BayesCIT were used to construct the priors for marker
effect variances in the BayesB methods.

Results

The prediction accuracies from all methods for Rust_bin and
Rust_gall_vol are in figure 1. The prediction accuracies from all
single-trait analyses using JWAS are similar to those in (Resende
et al. 2012). ST-BayesCrt showed higher prediction accuracies
than ST-RR-BLUP for both traits (Resende et al. 2012). The pre-
diction accuracies from ST-BayesB were similar to those from
ST-BayesCrt, when both marker effect variances and 7t estimated
from ST-BayesCrt were used in ST-BayesB.

The analyses of Rust_bin exhibited no significant difference
between multi-trait and single-trait analyses within each method
(ST-RR-BLUP versus MT-RR-BLUP; ST-BayesCrt versus MT-
BayesCIT; ST-BayesCrt versus MT-BayesCII-R; ST-BayesB ver-
sus MT-BayesB).

In contrast, analyses for the lower heritability Rust_gall_vol
with MT-BayesCIT showed significantly higher accuracies than
ST-BayesCrt. MT-BayesCII and MT-BayesCII-R showed similar
prediction accuracies. The posterior means of IT for both meth-
ods were shown in table 1. The performance of MT-BayesB were
similar to MT-BayesCI1, when both marker effect variances and
IT estimated from MT-BayesCIT were used. Similar prediction
accuracies were observed in MT-RR-BLUP and ST-RR-BLUP for
trait Rust_gall_vol.

Discussion

In the single trait analyses, accuracies from ST-BayesCm and
ST-BayesB were higher than those from ST-RR-BLUP, suggesting
that these two traits are influenced by a few QTL with large
effects. The effect of genetic architecture on the performance
of multi-trait analyses has been studied in previous simulation
analyses (Jia and Jannink 2012). Using simulated data they found
that multi-trait Bayesian variable selection methods outperform
multi-trait RR-BLUP in the presence of major QTL. This observa-
tion was confirmed in our real data analyses that MT-BayesCI1
and MT-BayesB outperformed MT-RR-BLUP for both traits.
Significant differences between multi-trait and single-trait
analyses were only observed for Rust_gall_vol within BayesCr

4 Hao Cheng et al.

217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257

258

259

260
261

262

263

264
265
266
267
268

269

and BayesB methods (MT-BayesCII versus ST-BayesCr; MT-
BayesB versus ST-BayesB). MT-BayesCII and MT-BayesCIT-R
outperformed ST-BayesCr for Rust_gall_vol, and the accuracy
gain was 26% (from 0.287 to 0.364). The lower-heritability trait
Rust_gall_vol may borrow information from the other corre-
lated trait Rust_bin. Thus higher prediction accuracy from
MT-BayesCI1 were observed in trait Rust_gall_vol instead of
Rust_bin. Results in (Jia and Jannink 2012) showed no difference
between MT-BayesCII-R and ST-BayesCrt because a reduced
marker panel (500 markers) was used. The performance of MT-
BayesB was similar to MT-BayesCI1, when both marker effect
variances and IT estimated from MT-BayesCII were used. Fur-
ther analyses may be required to study the effects of priors in
MT-BayesB.

The fact that RR-BLUP showed no improvement in multi-trait
analyses suggested that benefits from MT-BayesCII may caused
by the estimation of hyper-parameter Il. In the MT-BayesCI1,
the mean of the posterior probability that a marker has a null
effect on Rust_gall_vol was about 0.97, calculated as the summa-
tion of posterior mean of IT for categories (0,0) and (1,0). The
posterior mean of 77, the probability that a marker has a null
effect, in ST-BayesCrt for Rust_gall_vol was 0.74, different from
the equivalent value, 0.97, in MT-BayesCI1 showed above. Thus
ST-BayesCrr with constant 7t, equal to 0.97, were performed. Pre-
diction accuracies from ST-BayesCrr with constant 77 = 0.97 was
0.361, which was similar to the accuracies from MT-BayesCII.
This suggests that high-heritability traits may help with variable
selection in correlated low-heritability traits.

The difference between MT-BayesCIT and MT-BayesCII-R is
that MT-BayesCII-R assumes a locus has an effect on all traits
or none of them. This assumption of genetic architecture is
always violated. MT-BayesCII and MT-BayesCII-R, however,
showed similar prediction accuracies. This can be explained
by the estimation of IT in MT-BayesCII and MT-BayesCII-R
in table 1. The posterior probability means for (0,1) and (1,0)
were almost zero in MT-BayesCIT and for (0,0) and (1,1) are
similar in MT-BayesCIT and MT-BayesCII-R, suggesting that the
assumption of genetic architecture for MT-BayesCII-R is valid
for these two traits.

In practice, genetic variances from previous conventional
analyses are always used to construct priors for marker ef-
fect variances. For single trait analyses, under some assump-

tions, it can be shown that the marker effect variance U’D% =
2

% 2 : : . )
T2 7)) where g is the genetic variance, pjis the al

lele frequency for locus j and 77 is the probability that a marker
has a null effect. Following similar strategies, the marker effect
covariance matrix G in two-trait analyses can be obtained as

Qn _ Quw
G— 1 p(0=(11))+p(d=(10)) p(6=(11))
ZZp-(l - p) Qn Qx»
ey p(3=(11) p(0=011)) +p(6=(01))
@
where Q = Qu Cr is the genetic covariance matrix and
Qu Q2

p(6=1(0,1)),p (6 =(1,0)), p(d = (1,1)) are the probability a
marker has null effects on the first trait but not the second trait,
on the second trait but not the first trait and on no traits. Thus
the probability that a marker has an effect on the first trait can
be obtained as p (§ = (1,1)) + p (6 = (1,0)), which is the de-
nominator of the upper left element in (2). This strategy relating
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Different Categories of &

(0,0)

(1,1) (0,1) (1,0)

MT-BayesCI1 0.966
MT-BayesCII-R  0.971

0.029 0.002 0.003
0.029 NA NA

Table 1 Estimation of 7 for alternative multi-trait BayesCIT methods. Posterior mean of IT were given for different categories of
¢. Different categories of ¢ are denoted as (k1, k), where k; = 0 if a marker has a null effect on Rust_bin, otherwise k; = 1, and
similarly for k; representing sampled effects for Rust_gall_vol. Combinations listed as NA do not exist in the restricted model.

genetic covariance matrix to marker effect covariance matrix
can also be used for analyses with more than two traits. Note
that positive definite matrix Q may result in negative definite
matrix G using (2), especially when the prior for the probability
a marker has null effects violates the truth.
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Appendix
Gibbs sampler algorithm for multi-trait BayesCI1

Single-site Gibbs sampler for multi-trait BayesCI
The full conditional distribution of f;; can be written as

f (ﬁjl |5j1/ﬁ—j1'D—jerfR/y> «f(y|mBD,GR)f (ﬁjl/ﬁjz | G)
x exp [—; i (wi - miijﬁj)’ R (wi - mz‘ijﬂjﬂ exp <_%ﬁ}G_lﬁj) ’

i=1

where w; = y; — p; — L4 m;y Dy ﬁj" Further, by dropping factors that do not involve g1,

1 ’ ro n _ n / _
f (ﬁ]l | (Sjlrﬁf]’erfjl/G/Rry) xexp {—2 |:ﬁ] (D]R 1D]- Zm%] + G 1) ﬁ] -2 Zwimin 1D]ﬁ]:| }
i=1 i=1

/] Cinn Cinz| B

1 [s
cxexp{—i 61 B, ol |5, [

-2 {7]'1 T]-z ﬂ
72

C2 (/5]‘1 + (Cj,uﬁjz - 7’j1> C;111>2}
« N (C]flll <Tj1 - Cj,12ﬁjz> ’C;lll)
N (1, Cjih)

where C; = D'/R™'D; ¥y w2 + G~V and ;= (L wim;; ) R™1D;.
Note that when (5]'1 =0,

[ ~0 0
C — CGu G

0 0
1Cio1 Cim

e G1?
G G +D,R®Dpy)  m

[0 L0
Tj [rfl sz}
[ / R12
= |0 (2;’:17,01-7111']') R Djz
Whenéjlzl,
[ ~1 1
C - Cn Cn
e,
i1 G
1, pll 2 12, pl2 2
| GU R m G2+ R2Dp Y, i

21 ! 2l yn 2 22 ! P21y v 2
_G —l—D]-ZR i=1 M G +Dj2R DJZZizlmij
’

L= |l 1
T {rﬂ sz}

’
= (Z?:l wimij>

Rl / R12
(2?11 w,-mij> Dj

R2l R22
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Thus when 6;; = 0, the full conditional distribution of §;; is

f (Bt 161 =08, D_j1,GRy) N (ﬁ?l, (C,Q,n)fl) =N <_ (GU)* G2, (Gn)ﬂ) |

When 6;; = 1, the full conditional distribution of ;; becomes

f <.3j1 |0 = 1/57]‘1/1)71'1/(;/ R, y) xN (/5;1'1/ <C},11)_1) =N ((C},n)_l (rjl - C]l,uﬁjz) ’ (C},ll)_l) :

308 The marginal full conditional distribution of §;; can be written as

T )
f (5]1 =1l B,y) - 25j1€(0r1)f <5j1’6’y>

_ f(y |01 = 1,9>f(<5j1 =1,0p | I'[)
Lsye01) f (!/ | 5]‘1/9) f <5j | H) .

_ {1+f<y|‘5j1—019>f<5j1 —0,5jzn>}

f(y | o = 116>f<‘5j1 =1,8p | H)

309 The factor f (y | 91, 6) can be written as
£(v181,6) o [ £(v|nBB1.D,GR)f (BB G)dpy
1& "o 1.
IS /exp {—2 ) <wi - miij/S]-> R7! <wi — miijﬁ]-)] exp (_EﬁjG 1ﬁj) dBj
i=1
1 ] ! ! 2 —1
x exp _E ZwiR w; — erZﬁjZ + ﬁjzcj',zzﬁjz — (rjl — Cj/12ﬁj2) Cj,ll
1
1 ~\2
X /exP {—5 (ﬁjl - ﬁjl) Cj,ll] dBj
_% 1 ’ -1 ! / 2 1
[e8 (Cj,ll) exp 75 ZwiR w; — 2r]-2,3j2 + ,szcl'lzzﬁjz - (1’]'1 - Cj,12Bj2) Cj,ll
1
7% 1 [—1 1 ’ ~A 2
1

f(y|5j1=1/9)
f(yl62=0,8)

_1 1 1/ .9
H = (C},H) 2 (Gn)z exp (_E (’3?12(;11 _ ]11 C},ll))
1 A2 1 X

=exp {*E (logC},H - B le,ll) - (*E <108G11 - ﬁ%an))}

311 Thus the conditional probability of 6;; = 1is

310 Note that ) ; w;R’lwi, r;'zﬂjz' ﬁjz/lezz,sz are same when 6;; = 0 or 1. Thus the ratio becomes

- _ -1
flon=00)f(5=08pim))| H(njOH) !
f <y |61 = 1,9> f (5]'1 =10p] H) I
2 where HjO = Pr (5]1 = 0,5]2|H) and Hjl = Pr ((5]1 = 1,5/2|H>
313 The full conditional distribution for IT can be written as

@

f(I|B,D,G,R,y) o f (J|IT) £ (IT)
o TI 12 IT"
o Dirichlet (ny +1,np+1,...),

757
1.

s where n; is the number of markers with §; =
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a5 Joint Gibbs sampler for multi-trait BayesCI'1
Let 6 denote all other parameters except f; and J;, then our sampling scheme can be written as

£ (B0 10.9) = £ (510.9) F (B;1.0.y)
The marginal full conditional distribution of §; can be written as
Ls; f (5]'/ 0, y)
1) (om)
nof(ie0) s (51m)

f(‘sj | 9/]/) =

ss Denote w; = y; — p; — Ljzjm;y Dy By, then
f(vlé0) “_/f(ylﬁ,D,R)f(ﬁj G) dp;

o / exp {;lé <wi - mi]'D]'ﬁ]), R1 (wi - Miijﬁf)} exp (*%ﬁ}cﬂﬁj) dp;

: 1 / ’ _ LC _ L ’ _ L ! _
oc/exp{—z B; (D]-R 'D; Y mi+G 1) B —2) wmyR™'D;B;+ ) wR 'w;
L i=1 i=1 1

i= i

fo

: 1 [ ! ! n ! ’
“/ex’”{z (B —ric; ') i (8- ¢'m) *;wz”rlwi*’f‘:fl’f }dﬁf

}

/ !

X | Cj?l |% / | C]fl |*% exp [f% (,B]» ferj%) C; ([3] — C;lrj)} dﬁj

_ 1 ]. 1 ro ro_
| C; 112 exp {—2 L w; R 'w; —1,C; 11’]'] },
a7 where C; = D}R‘le Y mlzj + G tand r} = <Zf:1 w;m,-]-> R‘lD]-.
Note that }; w;R’lw,« is same for different §;. Thus the marginal full conditional distribution of §; can be written as
f(v16;,0)f(s11)
Lo, f (v18;,0) (6110

o

1] , mo
o</exp{—2 ,BjCjﬁ]-—erﬂj—&-;wiR w;

1|& /
o<exp{—2 [Z iR_lwi —er]Tlrj

i=1

1

f (5]' | 9/.1/) =
where
1,1 1.
f <y | 5]-,9) | C; Bk exp{irjcj 1r]-}.
318 The full conditional distribution of ﬁ]- is
1& "o 1.
5 L (wi—myD;;) R (wi - m"J'DJ'ﬂf)} exp (‘EﬁfG 1/5]-) /

n n
B; (D]-RlD]- Y. mi+ G1> Bi—2Y). wim,-]-Rleﬁj] }
i i=1
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a9 Gibbs sampler algorithm for multi-trait BayesB

320 Single-site Gibbs sampler for multi-trait BayesB

For convenience, from now on let “1” denote trait k and “2” the other traits. Thus, ,Bj can be denoted as ﬁj ! and Dj can be denoted
B
51 0 . . . . L
as . The Gibbs sampler for B and Jj is derived as below. In our sampling scheme, 1 and ;; are sampled from their joint
0 D;
j2

full conditional distributions, which can be written as the product of the full conditional distribution of B, given §;; and the marginal
full conditional distribution of J;. Let 6 denote all other parameters except 6;; and 1, then our sampling scheme can be written as

f (.ler5j1 | B,y> =f (.3]’1 | ‘5j1/9/y> f (5j1 | ﬂfy) :

The full conditional distribution of §; can be written as
f (ﬁjl | 5]'1,!37]‘1,13—;'1/Gj,G—j/R/y> < f <y |n.B,D, G],G_],R)f (ﬁjl/ﬁp | Gj)
xexp [—2 1:21 (w, m,]D],B]) (wl m,-]-D]-ﬁjﬂ exp < ﬂ ,8])

where w; = y; — p; — L4 iy D]./ ﬁj" Further, by dropping factors that do not involve 1,

n n

! -1 2 —1 ! -1

B; <D]-R DjZimij+Gj )ﬁj22wimin Djﬂ]]}
1=

i=1

f(.le ‘ 1/ —jls 7]1,G],G,],R y) cxexp{

xexp

{ Bt -8 |
len cinl (B B;
711 j12 71 / i1
& exp ﬁ]l :sz} -2 [rjl 7']'2}
Cio1 Cina| |Bj2 B
1
o exp { 7 ],115,1 + (2C1,12ﬂ]2 27]'1) ,le)}

] 11
o« exp

(b0 + () 1)}
« N (C] 1 (rj1 - Cj,12l3j2) IC[111>
« N (/3;1/(3[111)

321 where C]' = DjRile Y m,z] + G;l and 1= <Zfl:1 wim,-j> RilD]'.
322 Note that when (5]-1 =0,

GH G2
C]- — ] ]
21 22 ! 22 2
Gi' GP+D,R?DpY  m?
: R'?
_ n . ,
1= 0 (Zizl wim,]) R2 Dj
323 When (5]'1 =1,
[~1 1
C. — Cj,ll Cj,lz
e, ¢
L-7.21 7,22
| G RUE m G +RZDp Y ) m

21 21 2 22 ! p22 2
G —|—D]2R " m; G;*+DjpR Djzz?zlmij

ij
L= |41 1
Tj [rjl sz]
I Rl R12

B (Z’n:lw"mif> R2 (Z?:lwimif) R2 Dp2
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Thus when §;; = 0, the full conditional distribution of B;; is

f (,le | o5 = O'ﬁfjlfD—]'l'Gf’G—]"R’y> N (_ (an)fl G*Bps (GJn)il) '

When 6;; = 1, the full conditional distribution of ;; becomes

f (B 61 =181, D-1,G;, G, Ryy) o« N (Cliy! (rp = ChiaB) €l ) -

324 The marginal full conditional distribution of §;; can be written as

£ (51,6.9)
Lsye01) f (5]‘1/9#)
B f(y |01 = 1,9>f(5j1 =1,6p | H)
- Lsye) f (y | 5]‘1,9) f (5]' | H) '

{y s

f(ylon=16)f(5n =16 1)

f(5j1=1|9/}/) =

azs The factor f (y | 91, 6) can be written as

f (y | 5j1/9> O‘/f <.1/ | 1 Bj B_j1. D, G/R> f (5;‘1//3]‘2 | Gj) dBj1
: 1& ! _ 1.,
[¢8 / exp |:2 Z <w,~ — mljD]ﬁ]> R 1 (w,‘ — ml]D],Bj)] exp (7513](;] 1ﬂ]) d‘B]l
i=1
1 I : ; 2
xexp —E ZwiR w; — 2rj2ﬁj2 + ﬁjZCj/ZZ:BjZ - (1’]’1 - C]',12ﬂ]'2> Cj,ll
1
N 1 R 2
X /exP {*5 (,le - ,le) Cj,ll] a1
-3 1 I , ' 2
I3 (C]-Jl) exp {—2 (Z w;R™ w; — 2rj2ﬁ]-2 + ﬁjzc]-,zzﬂjz — (7]'1 — Cj,lzlgjz) Cj,11> }
1

-3 1 I ! ’ ~A 2
o (Cj/ll) 2 exp {2 <ZwlR 1wi — 2r]-2/3]~2 + ﬁjzcj',zzﬁﬂ — ﬁ]l C]',n) } .
1

. 61=1,0
326 Note that }; w;R_lw,-, r}z ﬁjz, ﬂ]-Z’C i22 ﬁjz are same when 6;; = 0 or 1. Thus the ratio % becomes

1

“2 2 1( 2 52
H= (C}'ﬂ) 2 <G}1>2 exp <_§ (ﬁ%zc}l - Bh C},n))
1 52 1 N
=ep {3 (s leln) - (-3 (s A0 )}

327 Thus the conditional probability of ;; = 1is

(ot od o |
f (3/ |01 =1, 9> f (5]‘1 =1,0p | Hllnz...) j

328  where HjO = Pr ((5]1 = 0,5]2|H> and Hjl = Pr ((5]1 = 1,5]2|H>
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30 Joint Gibbs sampler for multi-trait BayesB

0 Let 6 denote all other parameters except ; and 4, then our sampling scheme can be written as

£ (B0 10.9) = £ (510.9) £ (B;1.0.9)

w1 The marginal full conditional distribution of §; can be written as
f (5 5,6, y>

s f <5j, 0, y)

_ f(vlg0)f (s 1m)
T (v15,0) (& 1)

f(5j | 3/3/) =

w2 Denotew; =y; —p; — Lz My Dj/ ,B]./, then
f(v16.0) [ fvIBD.R f(B;1G;)dp,
1 & o 1.,
X /exp |:—2 21 <w,‘ — mljD]ﬁj) R 1 (w,‘ — ml]D]ﬁ])} exp (_Eﬁ]G] 1ﬂ]) dﬁ]

| I e N 1 SN -1 SN
o /exp {—2 ﬁj (D]-R D, Z; mi; + G]- ,Bj -2 Z; w;m;iR Djﬂ]- + Zi w;, R~ w;
L 1= = i=

’
o

fo

]_ ’ ! L I
o« /exp {—2 ,BjCjﬁ]- —erﬁ]-+ ZwiR 1w,-

i=1

1 ’ r1 -1 1 -1 rq
m(/exp{z (ﬁjf"jc/‘ )Cj (ﬁij]« rj>+1;wiR w,-ferj 7
~1,1 -1 ,-1 1 J ’ 1 —1
x| et exp [_E (8;-rcit)ci (8- rj)} dp;
Note that }; w;R’lwi is same for different §;. Thus the marginal full conditional distribution of §; can be written as

f(y \ 5j/9>f(5j | H>

1|& ,
xexp {—2 [ w; R w; — er]-_lrj
i

ws  where Cj = D}R‘lD]- Y le] + G]fl and r;- = <Z?:1 w;mij> R_le.

f(di10y)= ,
) Lo, f (v18;0) (o110
where
11 1.
f (y | (5]',6) | C; ik exp{irjcj 1rj}.
384 The full conditional distribution of g; is

,% i (wi - m,-ijﬁj)/ R (wi - m,«ijﬂjﬂ exp (—%ﬂ}cﬂﬁj) ,

n n
- [ﬁj (DjR_lD]» Y. mi+ G]._1> Bi—-2) wim,-]-R_leﬁ]} }
1 i=1

multi-trait Bayesian methods with mixture priors

11


https://doi.org/10.1101/102962

