
Sanctions, partner recognition, and variation
in mutualistic symbiosis

Jeremy B. Yoder and Peter Tiffin

Dept. of Forest & Conservation Sciences, University of British Columbia, Vancouver, BC,
Canada V6T 1Z4; jbyoder@mail.ubc.ca

Dept. of Plant Biology, University of Minnesota, Saint Paul, MN, USA 55108

20 April 2016

Abstract

Most mechanisms proposed to protect mutualistic species inter-
actions against invasion by non-cooperative individuals imply that
mutualist populations should consist only of fully cooperative individu-
als. Empirical studies, however, find that genetic variation in mutualist
quality is widespread. A possible explanation for this paradox is that
mutualistic interactions are mediated not only by assessment of partner
quality, but also by genetically independent partner signals. Here, we
build and evaluate a model of host-symbiont coevolution in which alleles
at one locus determine host recognition of compatible symbionts, and
alleles at a second locus determine whether hosts are able to sanction
non-cooperative symbionts. Symbionts’ expression of signals recognized
by the hosts and cooperation in mutualism are similarly determined by
separate loci. In contrast to simpler models that either fail to maintain
variation in symbiosis outcomes or long-term persistence of cooper-
ative symbionts, this model can maintain variation in both species.
Individual-based simulations conducted over a range of reasonable
parameter values and starting conditions show that the dual-system
model is more likely to maintain variation in mutualism outcomes than
simpler models, more likely to maintain variation in host loci, and
able to promote greater among-site variation in symbiont quality. The
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dual genetic systems of sanctions and host-symbiont recognition also
converge toward conditions similar to one recently-developed model
of symbiosis, in which hosts offering the right incentives to potential
symbionts can initiate symbiosis without prior screening for partner
quality. Our results suggest that a full understanding of mutualis-
tic symbiosis requires integration of communication between partner
species as well as the exchange of benefits.

Keywords: symbiosis, mutualism, coevolution, population genetics

Introduction

Mutually beneficial interactions between species pose two related conundrums
for evolutionary biology. First, how are mutualisms maintained in the face
of the apparent advantages to individuals who accept resources or services
but provide none in return? And second, given a mechanism that prevents5

the evolution of non-cooperative participants, why do members of interacting
species vary in mutualistic quality?

Evolutionary theory offers multiple solutions to the first conundrum, in
the form of coevolutionary dynamics that ensure non-cooperators are at a
net fitness disadvantage over the long term, even if they have a short-term10

advantage over cooperators. Partner choice allows individuals to discontinue
interaction with non-cooperators (Trivers 1971; Axelrod and Hamilton 1981;
Foster et al. 2006), or sanction non-cooperators by providing reduced rewards
(Bull and Rice 1991; West et al. 2002a; West et al. 2002b; Sachs et al. 2004;
Akçay and Simms 2011). Similar to this is partner fidelity feedback, in which15

cooperation prompts physiological responses such that cooperative partners
receive greater rewards without any active “decision” by the reward-providing
species (Doebeli and Knowlton 1998; Weyl et al. 2010; Archetti and Scheuring
2011).

Many real-world mutualistic interactions do appear to work like this. Soybean20

plants are capable of cutting off support to root nodules containing rhizobial
bacteria that do not produce bioavailable nitrogen (Kiers et al. 2003) and
can scale these sanctions quantitatively to reduce support for less-productive
nodules (Kiers et al. 2006). In the obligate pollination mutualisms of yuccas
and figs, host plants’ floral abortion responses prevent over-exploitation by25
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seed-feeding pollinators (Pellmyr and Huth 1994; Jandér and Herre 2010). Re-
duced growth of ant domatia on herbivore-damaged branches of ant-protected
shrubs has also been described as a possible sanctioning response to poor
protection by ants (Edwards et al. 2006).

The second conundrum arises from these solutions to the first. In the absence5

of a cost to the species that exercises them, partner choice, sanctions, and
partner fidelity feedback can all lead to fixation of cooperative genotypes
(Axelrod and Hamilton 1981; Doebeli and Knowlton 1998; West et al. 2002a;
West et al. 2002b). Similarly, models that assume mutualists maximize their
fitness when their traits are matched predict reduced diversity in each of the10

interacting species (Kiester et al. 1984; Kopp and Gavrilets 2006; Yoder and
Nuismer 2010). Yet genetic variation in partner quality is widely observed in
natural populations of mutualists (Heath and Stinchcombe 2013), including
rhizobial bacteria (Simms and Taylor 2002; Heath et al. 2010) and mycorrhizal
fungi (Hoeksema 2010), ant bodyguards (Ness et al. 2006), and seed-feeding15

obligate pollinators (Pellmyr and Huth 1994; Herre and West 1997; Holland et
al. 1999). Indeed, such variation creates the selection necessary to maintain
costly countermeasures against non-cooperative partners (Foster et al. 2006;
McNamara and Leimar 2010), and interactions with non-cooperators can
maintain higher density of cooperators (Jones et al. 2009).20

In contrast to models of mutualism, models of antagonistic interactions provide
coevolutionary dynamics that maintain genetic variation in interacting species,
either through by creating inverse frequency dependent selection on one or
both partners (e.g., Dieckmann et al. 1995; Agrawal and Lively 2002), or other
fitness outcomes that depend on phenotypic matching (Sasaki 2000; Nuismer25

and Otto 2005; Kopp and Gavrilets 2006; Yoder and Nuismer 2010). Such
models are generally drawn from biological systems in which host defensive
responses are activated by recognition of molecules expressed by parasites or
pathogens (Dybdahl et al. 2014; Nuismer and Dybdahl 2016).

Similar recognition may play a role in mutualism, though it is not often30

incorporated into models of such interactions. Legumes exchange and rhizobia
exchange molecular signals as they establish symbiosis (Triplett and Sadowsky
1992), and gene families associated with pathogen recognition have also been
implicated in legume-rhizobium compatibility (Yang et al. 2010; Young
et al. 2011). Interestingly, host-rhizobium compatibility is at least partly35

independent of variation in mutualism outcomes (Triplett and Sadowsky
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1992; Heath 2009). Multiple obligate pollination mutualisms are mediated
by complex, species-specific floral scents that are presumably independent of
rewards offered to pollinators (Svensson et al. 2005; Okamoto et al. 2007;
Soler et al. 2011). Similarly, host plant volatiles guide the colonizing queens of
plant-protecting ant species and direct the activity of ants’ patrols (Edwards et5

al. 2006; Edwards et al. 2007; Schatz et al. 2009), though the chemical basis
of these volatiles can be simple and non-specific (Schatz et al. 2009). Immune
recognition responses also mediate the assembly of animals’ microbiomes
(Cullender et al. 2013; Mutlu et al. 2014; Fishman 2015), which may have
substantial impacts on host health (Cho and Blaser 2012; Pflughoeft and10

Versalovic 2012).

These interspecific signals demonstrate that successful mutualistic interactions
rely on more than the quality of goods or services exchanged; communica-
tion between potential partners also is necessary to attract and establish
mutualisms. Because signaling and benefits are likely independent traits in15

most mutualisms, a model incorporating independent, coevolving genetic
systems for signal exchange and mutualist performance might better cap-
ture the complexity of empirical systems. Here, we develop and evaluate
models of host-symbiont mutualism mediated by (1) host sanctions against
non-cooperative symbionts, (2) host recognition of symbiont signals that are20

independent of symbiont quality, and (3) host sanctioning of non-cooperators
paired with recognition of symbionts.

After developing analytic models of allele frequency dynamics within a popu-
lation of hosts and symbionts, we use individual-based coevolutionary simula-
tions to examine a wider range of parameters, and to incorporate the effects25

of genetic drift across a metapopulation of sites connected by migration. We
show that the model incorporating both recogition and sanctions is a better
fit for empirical observations of variation in mutualism outcome than models
with only sanctions or partner recognition alone. Evaluation of this model
also reveals conditions under which mutualisms should evolve as predicted by30

simpler models of host-symbiont interaction.

Analytic Models

In all three models, we consider the interaction of haploid hosts and symbionts
and track allele frequencies in both species within a single population. We
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assume that hosts and symbionts encounter each other at random, and that
each receives a benefit B and pays a cost C of interaction. For both host and
symbiont we assume that fitness is equal to 1 +P , where P is the payout (i.e.,
net benefit) from the interaction with the other species. Payout is determined
by host and symbiont genotype, by the possible benefit (Bi) and the cost5

(Ci) of interaction to each species i, and by the nature of the host-symbiont
interaction.

Host sanctions

First, consider a model of host sanctions against non-cooperative symbionts,
with symbiont cooperation and the host’s ability to sanction each determined10

by a single biallelic locus. Hosts and symbionts meet at random, and engage in
symbiosis. Symbionts with the M allele at a cooperation locus cooperate with
the host; symbionts with the m allele do not. Interacting with a cooperative
symbiont, all hosts pay a cost of hosting symbionts, CH , and receive a benefit
of symbiosis, BH ; cooperative symbionts pay a cost of symbiosis, CS, and15

receive a benefit, BS, while non-cooperative symbionts pay no cost and receive
only the benefit.

Interacting with a non-cooperative symbiont, hosts with the H allele at a
sanctions locus are able to stop the interaction with probability ω; but hosts
with the h allele are not able to do so. The term ω determines the probability20

that sanctioning hosts are able to avoid paying the costs of hosting non-
cooperating symbionts. If ω = 1, sanctioning hosts never suffer the cost of
hosting non-cooperators; if ω = 0, sanctions have no effect. This approximates
a “tit-for-tat” strategy against defection in an iterated Prisoner’s Dilemma
game (Axelrod and Hamilton 1981; Ohtsuki 2010).25

As noted above, host and symbiont fitness are equal to 1 + P , where P is the
payout from the interaction with the other species, determined by host and
symbiont genotype, by the possible benefit (Bi) and the cost (Ci) of interaction
to each species i, and, in models with host sanctions, the effectiveness of
sanctions. From this, we can derive the payouts associated with interactions30

between all possible combinations of host and symbiont genotypes (Table 1).

From these payouts, we can calculate the fitness of each host and symbiont
genotype given the frequency of the symbiont cooperation allele, pM , and
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Table 1: Host and symbiont payouts under the model of host sanctions.

Host
Symbiont H h

Host payout
M BH − CH BH − CH

m (1− ω)CH −CH

Symbiont payout
M BS − CS BS − CS

m (1− ω)BS BS

the host sanctioning allele, pH , and derive the per-generation change in the
frequency of the host’s H allele:

∆pH = pH(1− pH) ωCH(1− pM)
1−BHpM − CH [1− ωpH(1− pM)] (1)

And the symbiont’s M allele:

∆pM = pM(1− pM) ωBSpH − CS

1 +BS[1− ωpH(1− pM)]− CSpM

(2)5

Partner recognition

As an alternative, consider a model of partner recognition in which hosts only
interact with symbionts expressing a signal that is determined by a locus
unlinked to the locus that determines whether symbionts cooperate.

As in the previous model, symbionts cooperate if they have the M allele at10

the cooperation locus, and do not if they have the m allele; but they also
carry either a S allele or a s allele at a second signaling locus. If hosts carry
the R allele at a recogition locus, they initiate symbiosis only with symbionts
carrying the S signaling allele, and if they carry the r allele, they initiate
symbiosis only with symbionts carrying s. Hosts have no ability to sanction15

non-cooperating symbionts; host payouts are determined solely by whether
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Table 2: Host and symbiont payouts under the model of partner recognition.

Host
Symbiont R r

Host payout
MS BH − CH 0
Ms 0 BH − CH

mS −CH 0
ms 0 −CH

Symbiont payout
MS BS − CS 0
Ms 0 BS − CS

mS BS 0
ms 0 BS

symbionts with compatible recognition alleles are also cooperative. This
results in the payouts for host-symbiont genotype pairings shown in Table 2.

An exact analytic examination of equilibria in this model is impractical.
However, if we assume that the costs and benefits of the interaction are
small (Nuismer et al. 2010; Yoder and Nuismer 2010), that the effects5

of the symbiont cooperation (M) and signaling (S) loci are therefore not
strongly epistatic, and that there is free recombination between symbiont
loci, then LD between these loci should approach quasi-linkage equilibrium
(QLE) conditions (Barton and Turelli 1991; Kirkpatrick et al. 2002). If these
conditions hold, we can approximate change in the frequency of the host R10

allele as

∆pR ≈ pR(1− pR)(BHpM − CH)(2pS − 1) (3)

We can similarly approximate change in the frequency of the symbiont’s M
allele

∆pM ≈ pM(1− pM) [pS − pR(2pS − 1)− 1]CS (4)15
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And in the frequency of the S allele

∆pS ≈ pS(1− pS)(2pR − 1)(BS − CSpM) (5)

Finally, we can approximate change in linkage disequilibrium (LD) between
the symbiont’s mutualism and recognition loci, δS:

∆δS ≈ −
1
2 [pM(1− pM)pS(1− pS)(2pR − 1)CS + δS] (6)5

Note the approximations for change in allele frequencies do not refer to
the LD terms δS — as a conseqeunce of the assumption that LD is weak,
changes in allele frequency at each symbiont locus are independent. Also
note that ∆δS has the opposite sign of δS, which means that LD between
the symbiont cooperation and signaling loci will evolve toward zero, unless10

−pM(1 − pM)pS(1 − pS)(2pR − 1)CS < δS < 0, or 0 < δS < −pM(1 −
pM )pS(1− pS)(2pR − 1)CS. For parameter values meeting the assumptions of
the approximation (small CS) this means that LD between symbiont loci will
remain negligible.

Recognition with sanctions15

Finally, we consider a model in which hosts have loci for both symbiont
recognition and sanctions of non-cooperative symbionts, and symbionts have
both signaling and cooperation loci as described in the partner recognition
model. Hosts initiate symbiosis only with symbionts carrying a signalling
allele compatible with the hosts’ genotype at the recognition locus, as in the20

partner recognition model. However, hosts are also able to sanction if they
carry the H allele at the sanctioning locus, as in the host sanctions model.

As in the host recognition model, in order to develop a tractable model we
approximate assuming that the costs and benefits of interaction are small,
and LD is low between freely recombining host and symbiote loci. The payoff25

values for each possible combination of host and symbiont genotypes (Table
3) then lead to the following approximations of change in the allele frequency
at each locus, and change in LD between loci in each species. For the host,
these are
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Table 3: Host and symbiont payouts under the model of recognition with
sanctions.

Host
Symbiont HR Hr hR hr

Host payout
MS BH − CH 0 BH − CH 0
Ms 0 BH − CH 0 BH − CH

mS −(1− ω)CH 0 −CH 0
ms 0 −(1− ω)CH 0 −CH

Symbiont payout
MS BS − CS 0 BS − CS 0
Ms 0 BS − CS 0 BS − CS

mS (1− ω)BS 0 BS 0
ms 0 (1− ω)BS 0 BS

∆pH ≈ pH(1− pH)(1− pM)
[1− pS − pR(2pS − 1)]ωCH

(7)

∆pR ≈ pR(1− pR)(2pS − 1)
[BHpM − pH(1− pM)ωCH − CH ]

(8)

∆δH ≈ −
1
2[pH(1− pH)pR(1− pR)

(1− pM)(2pS − 1)ωCH + δH ]
(9)

And, for the symbiont

∆pM ≈ pM(1− pM) [pRpS − CS(pH(1− pR)(1− pS)]−
BS {pR(1− pS)− pH [1− pS − pR(1− ω − pS)]}

(10)5

∆pS ≈ pS(1− pS)pM

[pR − pH(1− pR)] (BS − CS)
(11)
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∆δS ≈
1
2{pM(1− pM)pS(1− pS)

[pR − pH(1− pR)] (BS − CS)− δS}
(12)

As in the host-symbiont recognition model, the approximations for change
in allele frequencies do not include the terms δH and δS, meaning that
LD between loci does not contribute to the approximated change in allele
frequencies for either species. For the hosts, ∆δH and δH have opposite5

signs, and LD between the sanctions and recognition loci evolves toward
zero, unless −pH(1 − pH)pR(1 − pR)(1 − pM)(2pS − 1)ωCH < δH < 0 or
0 < δH < −pH(1 − pH)pR(1 − pR)(1 − pM)(2pS − 1)ωCH . In symbionts,
LD between the cooperation and signaling loci evolves toward zero unless
−pM(1 − pM)pS(1 − pS)[pR − pH(1 − pR)](BS − CS) < δS < 0 or 0 < δS <10

−pM(1 − pM)pS(1 − pS)[pR − pH(1 − pR)](BS − CS). In both species, the
conditions required for the approximation (small cost, Ci and benefit, Bi

terms for each species) make the values of LD in these ranges negligibly small.

Model evaluation

For each of the three analytic models, we solve for equilibria in the models15

derived above. We are particularly interested in equilibria that maintain in-
termediate frequencies of mutualistic symbionts (i.e., 0 < pM < 1), indicating
conditions under which coevolutionary selection permits genetic variation
in mutualist quality (Heath and Stinchcombe 2013); but genetic variation
in the outcomes of symbiosis is also implied by equilibria with intermedi-20

ate frequencies at the host recognition and symbiont signaling loci. Full
details of these analyses are given in Mathematica notebooks, available at
github.com/jbyoder/mutualism-sanctions-recognition.

Host sanctions

The model of host sanctions in a single population has equilibria when pM = 025

and pH is equal to either 1 or 0; and when pM = 1 at any value of pH .
All of these can be locally stable given the right parameter values. The
rate and direction of change in allele frequencies in this model suggest that
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Figure 1: Dynamics of the host sanctions model. Vector-field plot indicating
magnitude and dirction of change in the frequency of host sanctions (pH)
and symbiont cooperation (pM) alleles at given starting frequencies, with
CH = CS = 0.25, BH = BS = 0.5, and ω = 0.75.

mutualistic symbionts will be maintained near fixation over the long term
when ωBS > CS (Figure 1). If CS > ωBSpH , cooperative symbionts have
lower fitness than non-cooperators, and the M allele becomes less common.
However, sanctioning hosts have higher fitness than non-sanctioning hosts
whenever pM < 1, provided sanctions are effective (ω > 0) and there is5

a cost to hosting symbionts (CH > 0). This fitness advantage increases
as cooperative symbionts become less common, which increases pH until
cooperative symbionts have higher fitness (when pH > CS

ωBS
), leading to

fixation of the M allele.

11

.CC-BY-NC-ND 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted April 20, 2016. ; https://doi.org/10.1101/049593doi: bioRxiv preprint 

https://doi.org/10.1101/049593
http://creativecommons.org/licenses/by-nc-nd/4.0/


0.0
0.2
0.4
0.6
0.8
1.0 pM = 0

0 200 400 600 800 1000

0.0
0.2
0.4
0.6
0.8
1.0 pM = 1

A
lle

le
 fr

eq
ue

nc
y

Generation

Host
Symbiont

Figure 2: Dynamics of partner recognition. Allele frequencies over time at
host (solid lines) and symbiont (dashed lines) recognition loci, with intial
frequency of the symbiont cooperation allele pM = 0 (top) or pM = 1 (bottom),
and with CH = CS = 0.025, BH = BS = 0.05, and δ = 0.1.
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Partner recognition

Perhaps the most important feature of the model of partner recognition is
that its approximation of change in the frequency of the symbiont cooper-
ation allele ∆pM , is necessarily less than or equal to zero for all reasonable
parameter values (see derivation in the “recognition” Mathematica notebook5

at github.com/jbyoder/mutualism-sanctions-recognition). That is, there is no
condition under which a rare cooperative symbiont genotype would increase in
frequency until fixation. This means that the system can be fairly described
as a mutualism (pM > 0) only if the cooperation allele is already present at
non-zero frequency in the population, and conditions prevent its loss (i.e.,10

∆pM = 0, its maximum value). There are multiple such coevolutionary
equilbria for the partner recognition system, including some where pM > 0.

Equilibria exist at which variation is maintained either at host and symbiont
recognition loci, or at the symbiont cooperation locus, but none are locally
stable. Two of these occur when pR = pS = 1

2 , and pM is equal to either 0 or15

1 — that is, cooperative symbionts are either lost or fixed. In the first case,
when pM = 0, oscillations occur because hosts experience negative frequency-
dependent selection for the recognition genotype that is compatible with
the least-common symbiont type (Figure 2, top). That is, when mutualistic
symbionts are absent, hosts maximize their fitness by avoiding symbiosis20

altogether. In the second case, equilibrium occurs because all symbionts are
cooperative, so there is no difference in fitness between hosts with different
recognition alleles. At this equilibrium, there is no variation in the outcome
of symbiosis (Figure 2, bottom).

Unstable equilibria also occur when pM = CS

BS
, and when the host recognition25

locus and symbiont signaling locus are fixed for incompatible alleles (i.e., pR =
1 and pS = 0, or pR = 0 and pS = 1). At these equilibria, symbionts maintain
variation for cooperation, but host and symbiont recognition genotypes ensure
that symbiosis is never initiated.

There is no multivariable equilibrium at which LD between the symbiont’s30

M and S loci, δS, is greater than zero. That is, coevolutionary selection in
this model cannot create a stable association between recognition alleles and
mutualism alleles, in spite of the advantage for hosts carrying the recognition
allele more strongly associated with the cooperation allele in symbionts. This
may reflect the constraints of the quasi-linkage-equilibrium, weak-selection35
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Figure 3: Dynamics of partner recognition and host sanctions. Allele frequen-
cies over time at host (solid lines) and symbiont (dashed lines) recognition
loci (left, orange) or sanctions/cooperation loci (right, blue), when the intial
frequency of the symbiont recognition allele pS0 = 0.5 (top), pS0 = 0.75
(middle), or pS0 = 1 (bottom). In plots of allele frequency at the recognition
loci (left), a dotted black line indicates the probability that a randomly-drawn
host and symbiont will have compatible recognition genotypes. In all panels,
CH = CS = 0.025, BH = BS = 0.05, and ω = 0.25.
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Figure 4: Outcomes of partner recognition and host sanctions. Frequency
of alleles at each symbiont and host locus after 500 generations of iterating
equations 7-12 with varying sanction effectiveness (ω) and initial frequencies
of the symbiont recognition allele (pS). For all scenarios, the initial frequency
of the host recognition allele pR = 0.3, host sanctions pH = 0.5, symbiont
cooperation pM = 0.5, CH = CS = 0.25, BH = BS = 0.5, and δH = δS = 0.
White points correspond to coevolutionary recursions illustrated in Figure 3,
top (A), middle (B), and bottom (C) panels.

assumptions necessary to calculate equilibria for the system — the individual-
based simulations, below, allow relaxation of these assumptions.

Recognition with sanctions

The model of partner recognition with host sanctions has a number of equilibria
at which host or symbiont recognition loci remain variable. However, there5

is no locally stable equilibrium at which hosts and symbionts are not fixed
for incompatible alleles and variation is maintained at one or more host or
symbiont locus, or at which LD between loci is greater than zero for either hosts
or symbionts (i.e., at which the signal-recognition and cooperation-sanction
systems evolve non-independently). Iterating the system of generational10

recursions shows that outcomes of the model can be dependent on starting
allele frequencies and the effectiveness of host sanctions, ω.

At sufficiently low values of ω, the system can maintain variation at some loci
if other loci become fixed (Figure 3). These dynamics might be described as a
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race between the recognition/signaling system and the sanctions/cooperation
system. If host and symbiont recognition loci start at similar intermediate
frequencies (Figure 3, top panel) — so that any given host is compatible with
about half of the symbiont population — non-cooperating symbionts have an
advantage and symbiont cooperation is lost (dashed blue line). This occurs5

even as the frequency of sanctioning hosts increases (solid blue line); once
sanctioning hosts have fixed, cooperative symbionts are so rare that there is a
net cost to initiating symbiosis even given the ability to sanction, and the host
type compatible with the smaller fraction of the symbiont population fixes
(solid orange line). As the frequency of one host recognition allele approaches10

fixation, initiating symbiosis becomes so unlikely that symbionts have no
opportunity to obtain the benefit of cooperation, and cooperative symbionts
are lost from the population.

Shifting the initial frequency of symbiont cooperation alleles, however, creates
a situation in which fewer hosts initiate symbiosis. At first, hosts evolve even15

lower compatibility (Figure 3, middle, solid orange line) and more frequent
sanctions (solid blue line), and symbionts evolve lower cooperation (blue
dashed line). Nevertheless, host sanctions become sufficiently common to
give cooperative symbionts an advantage over non-cooperators before host-
symbiont compatibility is entirely lost. Cooperative symbionts then increase20

in frequency until they are fixed (blue dashed line). When cooperation
becomes fixed in the the symbiont population, hosts are no longer under
selection to evade compatibility, and the system achieves a stable state
with intermediate frequency of sanctions and hosts and symbionts fixed for
compatible recognition/singaling alleles.25

Finally, if the symbionts are initially fixed for one recognition type (Figure
3, bottom, orange dashed line), hosts rapidly fix for the other recognition
type (orange solid line). Once the recognition loci achieve this equilibrium
of mutual incompatibility — at which symbiosis is never initiated — host
sanctions or symbiont cooperation are no longer under selection. Note,30

however, that introducing symbionts of the other recognition type (i.e., by
mutation) disrupts this equilibrium, and sanctions-cooperation coevolution
can then result in fixation of cooperative symbionts (Figure 4).

These individual cases illustrate the balance between coevolution at the
recognition loci and the coevolution of host sanctions with symbiont co-35

operation. If sanctions are less effective (lower ω), there can be complex
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interactions between coevolution mediated by sanctions and coevolution at
recognition/signaling loci. But if sanctions are sufficiently strong (higher ω),
they can override this dynamic and maintain symbiont fixation for coopera-
tion. Coevolutionary recursions with different possible values of ω and initial
frequency of the symbiont recognition allele pS illustrate the boundaries of5

these two conditions (Figure 4). Symbiont cooperation either becomes fixed
or lost after 500 generations of coevolution; but hosts may often maintain
intermediate frequencies of the sanctioning allele, if the system achieves equi-
librium conditions at other loci before sanctions are fixed or lost (Figure
4).10

Individual-based simulations

Our analytic models provide good insight into coevolutionary dynamics.
However, the approximations necessary to derive our results may limit the
models’ generality. Also, models of dynamics in a single population do not
account for the effects of geographic spatial structure, which can contribute15

to variation in coevolving species (Nuismer et al. 1999; Thompson 2005;
Yoder and Nuismer 2010; Thompson 2013). To examine a broader range
of parameter space and the effects of spatial structure, we constructed an
individual-based simulation of coevolution between hosts and symbionts in a
metapopulation of sites linked by migration. These simulations let us examine20

the effects of stronger selection, migration and drift (effective population
size), and linkage between host and symbiont loci. We ran 1,000 replicate
simulations of each of the three host-symbiont models, and 1,000 replicate
simulations of neutral evolution, as a standard for comparison (see Methods,
below).25

Frequency of sanctioning hosts and cooperative symbionts

After 1,000 generations of host-symbiont coevolution, individual-based simula-
tions with host sanctions ended with the host sanctioning allele at significantly
higher frequency, averaged across all sites in the metapopulation, than ex-
pected from the neutral simulations (Figure 5A; p < 1×10−6, one-sided t-test30

on arcsine-transformed values). At the same time, simulations of sanctions
with recognition achieved lower global mean frequency of sanctioning hosts
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Figure 5: Outcomes of individual-based simulations for each of the three
genetic models of symbiosis in a metapopulation of sites linked by migration.
Distributions of (A) global mean of within-population allele frequencies, (B)
global genetic variation (i.e., expected heterozygosity given global mean allele
frequency), and (C) among-site variation in local allele frequency after 1,000
generations of coevolution in 500 replicate simulations run with parameters
given in Table 4.

18

.CC-BY-NC-ND 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted April 20, 2016. ; https://doi.org/10.1101/049593doi: bioRxiv preprint 

https://doi.org/10.1101/049593
http://creativecommons.org/licenses/by-nc-nd/4.0/


than simulations of sanctions alone (p < 1× 10−6). In simulations of sanc-
tions alone, the global mean frequency of sanctions was strongly negatively
correlated with the cost of symbiosis (ρ = −0.53, p < 1 × 10−6), and with
the benefits of symbiosis to hosts (ρ = −0.37, p < 1× 10−6). By contrast, in
simulations of sanctions with recognition the relationships between the cost5

and benefit of symbiosis and the frequency of sanctions were weak (ρ = 0.04,
p = 0.2155; and ρ = −0.01, p = 0.7752).

Each of the three models, sanctions and recognition alone maintained coopera-
tive symbionts at higher frequency than expected from the neutral simulations
(Figure 5A; t-test p = 0.01, 0.05, and 0.07, respectively), though the differ-10

ences in expected frequency of cooperative symbionts were only marginally
greater than seen in the neutral simulations. Cooperative symbionts were
generally maintained in the simulated meta-populations, though at low fre-
quency; the median global average frequency of cooperative symbionts was
0.15 in simulations of sanctions alone, 0.16 in simulations of recognition alone,15

and 0.15 in simulations with both systems. However, in all three models the
cooperation alleles were more often lost than alleles in neutral simulations
(19% of sanctions-only simulations, 25% of recognition-only, and 25% of sim-
ulations with both; compared to 9% of neutral simulations). There was no
significant correlation between the frequency of cooperative symbionts and20

the costs or benefits of symbiosis to symbionts, in any of the three models.

Genetic variation

Calculating global average genetic variance from local allele frequncies, as
¯p(1− p) allows for comparing the fate of genetic variation at host and symbiont

loci under the different models of interaction (Figure 5B). For hosts, all25

coevolutionary scenarios result in significantly lower genetic variance at both
sanctions and recognition loci than the neutral expectation (p < 1 × 10−6
in one-sided t-tests on arcsine-transformed values from generation 1,000).
Variation at host sanctions loci did not differ in simulations of sanctions
with or without recognition (p = 0.98), but recognition loci maintained more30

genetic variance in the simulations of sanctions with recognition than with
recognition alone (p < 1 × 10−6). In simulations with both sanctions and
recognition, the recognition locus maintained significantly greater variance
than the sanctions locus (p < 1× 10−6).
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In symbionts, all three models of symbiosis led to significantly lower genetic
variance than seen in neutral simulations (Figure 5B; p < 1 × 10−6 for all
comparisons). Variance at the cooperation locus was significantly lower in
simulations of sanctions with recognition than in simulations of sanctions
alone (p = 1 × 10−3), and in simulations of sanctions with recognition the5

symbiont cooperation locus maintained lower variance than the recognition
locus (p = 0.05). However, the results of simulations of sanctions with
recognition did not significantly differ from simulations of recognition alone
at either the cooperation or the recognition locus.

Geographic variation10

The variance in local allele frequencies among sites in the simulated metapop-
ulation also differed among the models (Figure 5C). In hosts, all three models
resulted in significantly lower among-site variation than the neutral simu-
lation (in all cases, p < 1 × 10−6 for Wilcoxon sign-rank tests), except for
the recognition locus in simulations of sanctions with recognition, which had15

significantly greater among-site variation (p = 0.02). Host sanctions and
recognition loci both maintained more among-site variation in allele frequen-
cies under the model of sanctions with recognition than in either system
alone (p < 1× 10−6 in both cases). Finally, in simulations of sanctions with
recognition, among-site variation was significantly higher at recognition loci20

than at sanctions loci (p < 1× 10−4).

In symbionts, the three models all resulted in greater among-site variation
than seen in equivalent neutral simulations (Figure 5C; p < 1 × 10−6 in
all cases). Simulations of sanctions resulted in lower among-site variation
at symbiont cooperation loci than simulations of recognition (p = 0.03) or25

sanctions with recognition (p = 0.04). However, among-site variation at
symbiont cooperation loci was not significantly different in simulations of
sanctions with recognition than simulations of recognition alone. There was
also no difference in among-site variation at signalling loci in simulations of
recognition alone versus sanctions with recognition.30
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Figure 6: Host-symbiont compatibilty, after 1,000 generations of coevolution
in simulations of recognition alone (left) or sanctions with recognition (right).

Coevolution of hosts and symbionts

The global mean frequency of the host sanctions allele was negatively corre-
lated with the frequency of the symbiont cooperation allele in simulations
with sanctions alone (ρ = −0.15, p < 1× 103) and in simulations of sanctions
with recognition (ρ = −0.48, p < 1 × 106). In contrast, the global mean5

frequency of the host recognition allele R was negatively correlated with
the frequency of the matching symbiont allele in simulations of recognition
alone (ρ = −0.41, p < 1× 10−6); but there was no significant association in
simulations of sanctions with recognition (ρ = 0.04, p = 0.22).

Among-site variation in the two species was also often correlated. Greater10

among-site variation at the host sanctions locus was not significantly associ-
ated with greater variation at the symbiont cooperation locus in simulations
of sanctions alone (ρ = 0.03, p = 0.28) — this likely reflects the strong
decrease in among-site variation seen at the host sanctions locus in these
simulations (Figure 5C). In contrast, among-site variation in host sanctions15

and symbiont cooperation were strongly correlated in simulations of sanctions
with recognition (ρ = 0.56, p < 1× 10−6). Among-site variation at the host
recognition locus was strongly correlated with variation at both the symbiont
cooperation and recognition loci in simulations of recognition alone (ρ = 0.57,
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p < 1 × 10−6 in both cases); but these correlations were much weaker in
simulations of sanctions with recognition (ρ = 0.04, p = 0.19; and ρ = 0.04,
p = 0.26).

Interactions between sanctions/cooperation and recognition

Coevolutionary selection in the simulations of recognition and sanctions with5

recognition created greater LD between loci, relative to the neutral simulations
— but the greater LD was never substantial. For symbionts in the simulations
of recognition alone, median LD (estimated as |D′| and averaged across the
metapopulation), between the recognition and cooperation loci was 0.002
after 1,000 generations of coevolution, and the greatest observed |D′| was 0.04.10

In the simulations of sanctions with recognition, median |D′| between host
and symbiont loci was similarly low (respectively: median = 0.002, maximum
= 0.133; median = 0.002, maximum = 0.047).

Although substantial LD did not emerge in the simulations, the two genetic
systems (i.e., sanctions/cooperation and recognition/signaling) did evolve15

in response to each other, as expected from our analytic models (Figures 3
and 4). From the allele frequencies at the host recognition locus (pR) and
the symbiont signaling locus (pS), it is possible to calculate the average
host-symbiont compatibility as pRpS + (1− pR)(1− pS), the probability that a
randomly drawn host will initiate symbiosis with a randomly drawn symbiont.20

In simulations of sanctions with recognitino, host-symbiont compatibility was
much higher, after 1,000 generations of coevolution, than in the model of
recognition alone (Figure 6, p < 1× 10−6 in a t-test on arcsine-transformed
values).

In simulations of sanctions with recognition, host-symbiont compatibility is25

strongly and positively correlated with the frequency of sanctioning hosts, pH

(Figure 7, correlation ρ = 0.19, p < 1× 10−6).

Discussion

The establishment of successful mutualistic interactions requires communica-
tion between potential hosts and symbionts as well as cooperation between30
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Figure 7: Scatterplot of host-symbiont compatibilty versus the frequency of
sanctioning hosts, pH , after 1,000 generations of coevolution in simulations
of sanctions with recognition, with predictions for a linear regression model
estimated from arcsine-transformed values. Correlation of arcsine-transformed
values is strongly significant (ρ = 0.20, p < 1× 10−6).
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partners once symbiosis is established. Previous models of mutualism evolu-
tion have not, however, explicitly included both of these stages. The models
we present here reveal that including both stages — communication and
cooperation — can result in the maintenance of variation in mutualist quality
and promote greater geographic variation in symbiont quality than models5

that include only communication or cooperation.

The three analytic models we examine are simple, describing only evolution
in response to host-symbiont selection, and two of them require substantial
simplifying assumptions to find approximate analytical solutions. Never-
theless, the analytical solutions show how host-symbiont selection operates10

in symbiosis mediated by sanctions, recognition, or both systems together.
Even when the fitness effects of mutualism are small and loci responsible for
sanctions and recognition are in linkage equilibrium, the evolution of one
genetic system influences the evolution of the other, and this can result in
maintenance of variation in mutualism quality.15

The individual-based simulations explore conditions beyond those assumed
in the analytic models, incorporating stronger selection, variable recombi-
nation between loci, and the effects of genetic drift and migration across a
metapopulation. Their results are nevertheless qualitatively similar to the
analytic models: sanctions and recognition systems interact by altering the20

coevolutionary conditions each genetic system faces (Figure 7). Notably, even
with low rates of recombination, coevolution in the simulations does not create
substantial LD between the hosts’ sanctions and recognition loci, or between
symbionts’ cooperation and signaling loci. Additionally, the three models
produce qualitatively and quantitatively similar expectations for the evolution25

of host traits but very similar expectations for the evolution of symbiont traits.
In fact, for symbionts the allele frequencies predicted by the three models
are very similar to those generated by neutral simulations (Figure 5A, 5B).
This is consistent with the possibility that, in these simulations, variation in
symbiont cooperation is maintained more by mutation-selection-drift balance30

than by coevolutionary selection.

It is unlikely that different simulation parameters would change this pattern in
the symbiont outcomes. Symbiont population sizes and the payout symbionts
receive from symbiosis in the simulations are, if anything, smaller than
would be realistic for many microbial symbioses, and increasing both in the35

simulations would make coevolutionary selection stronger and more effective.
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Yet hosts, which have smaller populations and experience weaker fitness
effects of symbiosis, show substantial and significant effects of coevolutionary
selection on the frequency of sanctioning alleles (Figure 5A, 5B). It seems,
then, that the different genetic systems we consider shape the evolution of
symbionts’ among-site variation, but not the global frequency of cooperation5

or recognition alleles (Figure 5C).

Comparing the models

In the first, simplest model, host sanctions reliably maintain cooperative
symbionts at high frequency. The analytic model of host-symbiont coevolution,
which includes only selective dynamics, identifies conditions under which the10

frequency of cooperative symbionts may decrease, but the loss of cooperation
increases the relative fitness of sanctioning hosts — and once sanctions
are sufficiently common, the frequency of cooperative symbionts increases
to fixation (Figure 1). This recapitulates results widely seen in theory of
cooperation between species (Trivers 1971; Axelrod and Hamilton 1981; Bull15

and Rice 1991; West et al. 2002a; West et al. 2002b; Foster and Wenseleers
2006).

In individual-based simulations of the sanctions-only model, sanctions achieve
fixation in the majority of replicate simulations (Figure 5A), resulting in
reduced host genetic diversity (Figure 5B) and lower among-site variation in20

allele frequency (Figure 5C) than seen in neutral simulations. In contrast to
the analytical model, simulations of sanctions alone do not result in higher
frequency of cooperative symbionts than expected from the neutral simulations
(Figure 5A). However, simulations of sanctions did result in greater among-site
variation in the frequency of cooperative symbionts (Figure 5C), suggesting25

that coevolutionary selection in this system promotes geographic diversity in
mutualist quality, if not diversity within individual populations.

Symbiosis mediated by host-symbiont recognition, meanwhile, is unable to
maintain cooperative symbionts at non-zero frequency, unless cooperative
symbionts are already fixed in the population (Figure 2, lower panel). When30

cooperative symbionts are lost, selection favors hosts compatible with what-
ever symbiont recognition allele is least common. That is, hosts that avoid
symbiosis have a selective advantage. Since even non-cooperative symbionts
obtain the full benefit of symbiosis in this model, loss of cooperative sym-
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bionts creates inverse-frequency-dependent coevolutionary selection, leading
to cyclical evolution of allele frequencies at the host recognition locus and
the symbiont signaling locus (Figure 2, upper panel). These dynamics would
maintain variation in hosts’ initiation of symbiosis — much as variation
is maintained at host immune recognition loci in antagonistic interactions5

(Dieckmann et al. 1995; Agrawal and Lively 2002). In fact, the loss of coop-
erative symbionts would effectively convert the initially mutualistic symbiosis
to something better described as host-parasite coevolution.

Results from individual-based simulations largely align with these conclusions.
Simulations of symbiosis mediated by recognition alone maintained lower10

global genetic variation in hosts than seen in neutral simulations, but also more
than that maintained at the sanction locus in simulations of sanctions alone
or recognition alone (Figure 5B). Simulations of recognition alone maintained
less among-site variation than seen in neutral simulations, suggesting that
these cycles were synchronized across the metapopulation. For symbionts,15

this system did not increase the proportion of simulations with fixation of
alternate recognition alleles, but it did result in elevated among-site variation,
at both recognition and cooperation loci.

In contrast to these simpler systems, when hosts are both able to sanction
non-cooperative symbionts and to selectively initiate symbiosis based on20

compatibility at recognition loci, hosts can maintain variation in their com-
patibility with symbionts, or their ability to sanction (Figure 3). Depending
on the effectiveness of sanctions, initial allele frequencies at host and symbiont
recognition loci can determine the outcomes at the host sanctions locus and
the symbiont cooperation locus (Figure 4). However, these local dynamics25

predict that symbiont cooperation should either fix or be lost for most starting
conditions.

Introducing the effects of drift and migration across a metapopulation, in the
individual-based simulations, maintains variation at symbiont cooperation
and recognition loci, though coevolutionary selection tends to result in less30

variation than neutral evolution (Figure 5). Still, simulations of sanctions
with recognition maintained more variation at both host sanctioning and
recognition loci than simulations of either system alone; as well as greater
among-site variation in both hosts and symbionts (Figure 5C).
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Interactions of coevolving genetic systems

Importantly, the interactions between the sanctions/cooperation loci and the
recognition/signaling loci shown here emerge in the absence of substantial
LD between host loci or between symbiont loci. Instead, what we see is
that coevolution by one genetic system changes the selective environment5

for the other system. Fixation of incompatible host-symbiont recognition
loci, for instance, can allow the sanctions/cooperation system to achieve
selective equilibrium at intermediate frequencies — since when no hosts
initiate symbiosis there is no advantage to sanctioning, and no cost or benefit
to symbionts’ cooperation (Figure 3, bottom panels). Contrariwise, fixation of10

symbiont cooperation or host sanctions can allow selective equilibrium at the
recognition loci (Figure 3, top panel). Finally, if symbionts fix for cooperation
and hosts and symbionts achieve fixation for compatible recongition alleles,
hosts may settle at intermediate frequency for sanctions (Figure 3, middle
panel).15

These equilibria are unstable in the approximated analytic model we analyze,
but the results of individual-based simulations show that similar results can
emerge and persist in the face of mutation, drift, and migration. In particular,
coevolution at the sanctions locus can help to maintain a higher degree of host-
symbiont compatibility, as sanctioning hosts experience less risk from initiating20

symbiosis. This is seen both in comparing host-symbiont compatibility in
simulations of recognition alone to simulations of sanctions with recognition
(Figure 6), and among replicate simulations with both systems (Figure 7).

Conclusions

An important class of mutualism models, based on economic contract theory,25

have suggested that sanctioning mechanisms are best understood not as special
adapations for minimizing the cost of hosting non-cooperative symbionts (Weyl
et al. 2010; Archetti et al. 2011a; Archetti et al. 2011b). Instead, they
propose that sanctions are often pre-existing features of the hosts which
provide “partner fidelity feedback” by positively responding to cooperative30

symbionts, or failing to produce rewards for non-cooperative ones (Archetti
et al. 2011a). Coevolution in the multi-locus model of symbiosis we present
here converges on a result similar to those from economic contact theory.
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Interaction with symbionts of varying quality favors higher frequency, and
often fixation, of sanctioning hosts (Figure 3, 4, 5). In turn, sufficiently high
frequency of sanctions relaxes selection for host recognition alleles that prevent
symbiosis, leading to higher host-symbiont compatibility (Figure 6, 7). In
other words, when hosts sanction at sufficient frequency, they are less likely to5

exclude symbionts using the recognition system. This recapitulates the result
of Archetti et al., (2011a) that hosts offering the right “terms” to symbionts
need not screen for cooperative symbionts prior to initiating interaction. (In
our model, the “terms” offered to symbionts are for cooperation in ongoing
interactions.)10

An observation supporting partner fidelity feedback models is that sanctioning
mechanisms may often be derived from, or identical to, host adaptations to
stress or habitat quality independent of mutualism. In obligate pollination
mutualism, floral abortion in response to pollinator overexploitation may be a
repurposing of plant responses to floral damage; legumes’ reduced allocation15

to unproductive root nodules may arise from adaptations for root growth in
heterogenous soil (Weyl et al. 2010). This biological scenario aligns well with
the results for sanctions with recognition. If the means to apply sanctions
pre-date a mutualism, sanctioning responses would likely be at high frequency
from the origins of the interaction, and coevolution with symbionts will20

maintain a high degree of “willingness” to initiate in symbiosis — for instance,
compatible variants at receptors that might otherwise trigger an immune
response against symbionts.

This conceptual link between partner fidelity feedback models and earlier
models of mutualism is one of several advantages of modelling mutualism25

as mediated by two separate genetic systems. As in models of host-parasite
interaction (Dybdahl et al. 2014), considering multiple forms of host-symbiont
interaction interacting simultaneously reveals a picture of mutualism that
better captures the complexity of empirical systems (Triplett and Sadowsky
1992; Svensson et al. 2005; Edwards et al. 2006; Heath 2009; Soler et al.30

2011), and offers a partial explanation for the paradox that has emerged from
theory and empirical study — that contemporary populations of mutualists
often exhbibit considerable genetic variation for mutualism performance, yet
these interactions are stable over evolutionary time (Heath and Stinchcombe
2013).35

Future empirical study of mutualism must anticipate that multiple genetic
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systems, which may experience very different forms of coevolutionary selec-
tion, can contribute to the outcomes of cooperative interactions between
species. Research in the legume-rhizobium symbiosis, the mutualism in which
specific causal genes are best understood, already provides an example for
studies of other systems, through experimental manipulations that account for5

recognition and sanctioning responses separately (Stanton-Geddes et al. 2013;
e.g., Regus et al. 2014) and using population genomics data to differentiate
candidate genes experiencing different forms of selection (e.g., Paape et al.
2013; Bonhomme et al. 2015). For many well-studied mutualisms, the genetic
resources necessary for the latter are still in the earliest stages of development.10

These resources must be built with the expectation that the genetic systems
mediating mutualism can be more complex than we have previously thought.

Methods

Analytic models

Full details of the derivation of our analytic models of host and symbiont15

coevolution, and evaluation of equilibrium conditions in those models, are avail-
able as Mathematica notebooks provided at github.com/jbyoder/mutualism-
sanctions-recognition.

Individual-based simulations

Parameters for our individual-based simulations are listed in Table 4. The20

simulation script (available at github.com/jbyoder/mutualism-sanctions-
recognition), which runs in R (R Core Team 2015), creates N populations of
Ki haploid individuals for each species i. We chose parameters ensuring that
the interaction would be commnesal or mutualistic (all Bi ≥ Ci); and also
that symbionts would usually have larger population sizes than hosts and25

experience greater benefits from symbiosis — asymmetries that are seen in
many natural mutualistic symbioses.

The simulation starts by randomly creating individuals’ genotypes of one
or two loci, depending on the model simulated, based on starting allele
frequencies drawn from an approximation of the allele frequency spectrum30
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Table 4: Parameter values for the individual-based simulations.

Parameter1 Host Symbiont
For metapopulation structure

N , number of sites 50 50
K, per-site population size U(20, 200) U(200, 2000)

m, among-site migration rate U(0, 0.05) U(0, 0.05)
For interaction payouts

C, cost of symbiosis U(0.01, 0.5) U(0.01, 0.5)
B, benefit of symbiosis CH × U(1, 10) CS × U(1, 100)

ω, effectiveness of sanctions U(0.1, 0.9) U(0.1, 0.9)
For genetics

r, recombination rate U(0, 0.05) U(0, 0.05)
µ, mutation rate 10−6 10−6

1 Parameters are either point values, or drawn from
a uniform distribution with range U(min,max).

for a standard neutral coalescent model at equilibrium (Ganapathy and
Uyenoyama 2009). After creation of the starting populations, the simulation
proceeds through the following generational cycle:

Mating. Mating occurs between pairs of hermaphroditic individuals of each
species, drawn at random from the same population, with replacement. Each5

mating produces one offspring, with genotypes at each locus drawn from the
parental genotypes. In two-locus species, recombination between loci occurs
with probability ri, and mutation from one allele to the alternate allele occurs
with probability µi for each locus. The simulation script draws mated pairs
until Ki offspring are created, then replaces the parental population with10

those offspring.

Migration. A proportion mi of the individuals in each population are selected
at random to join a global migrant pool, which are then distributed at random
back among the N populations.

Coevolutionary selection. Within each population, hosts interact with15

randomly-drawn symbionts, with each individual’s fitness outcome from the
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interaction determined by their genotype and the genotype of their host
or symbiote, following one of the three models outlined above. All hosts
interact; symbionts that are not drawn for interaction with a host are lost
from the population. Interacting individuals of both species survive to be
used as parents for the next generation if their fitness outcome from the5

interaction exceed a normally distributed random value; an additional 5% of
individuals are randomly drawn to survive in each population, preventing
local extinctions.

We ran 1,000 replicate individual-based simulations for each of the three
genetic models of host-symbiont mutualism, as well as 1,000 replicate sim-10

ulations of host and symbiont evolution with no coevolutionary selection,
to provide a neutral expectation of results from drift and migration across
the metapopulation. Simulation parameters were either held constant across
all replicates or drawn at random from a uniform distribution of reasonable
values (Table 4).15
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