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Abstract

Current evolutionary biology models usually assume that a phenotype under-
goes gradual change. This is in stark contrast to biological intuition which in-
dicates that change can also be punctuated — the phenotype can jump. Such a
jump can especially occur at speciation, i.e. dramatic change occurs that drives the
species apart. Here we derive a central limit theorem for punctuated equilibrium.
We show that if adaptation is fast for weak convergence to hold dramatic change
has to be a rare event.

Keywords : Branching diffusion process, Conditioned branching process, Cen-
tral Limit Theorem, Lévy process, Punctuated equilibrium, Yule—-Ornstein—Uhlenbeck
with jumps process

1 A model for punctuated stabilizing selection

1.1 Phenotype model

Stochastic differential equations (SDEs) are today the standard language to model con-
tinuous traits evolving on a phylogenetic tree. The general framework is that of a
diffusion process

dx(¢) = u(t,X(r))dt + o,dB;. (1)

The trait follows Eq. (1) along each branch of the tree (with possibly branch specific
parameters). At speciation times this process divides into two processes evolving in-
dependently from that point. The full generality of Eq. (1) is not implemented in
contemporary phylogenetic comparative methods (PCMs). Currently they are focused
on the Ornstein—Uhlenbeck (OU) processes

dX(r) = —a(X(t) — 6(¢))dt + 0,dB;, 2)

where 0(¢) can be piecewise linear, with different values assigned to different regimes
[see e.g. 7, 10, 16]. There have been a few attempts to go beyond the diffusion frame-
work into Laplace motion [4, 5, 17] and jumps at speciation points [5, 8, 9]. We follow
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in the spirit of the latter and consider that just after a branching point with a probability
p, independently on each daughter lineage, a jump can occur. We assume that the jump
random variable is normally distributed with mean 0 and variance 6 < co. In other
words if at time ¢ there is a speciation event then just after it, independently for each
daughter lineage, the trait process X () will be

Xt =(1-2)XE")+Z(X(t)+Y), 3)

where X (1~/*) means the value of X (r) respectively just before and after time 7, Z is
a binary random variable with probability p of being 1 (i.e. jump occurs) and ¥ ~
N (0,02).

Combining jumps with an Ornstein—Uhlenbeck process is attractive from a bio-
logical point of view. It is consistent with the original motivation behind punctuated
equilibrium. At branching dramatic events occur that drive species apart. But then sta-
sis between these jumps does not mean that no change takes place, rather that during
it “fluctuations of little or no accumulated consequence” occur [15]. The OU process
fits into this idea because if the adaptation rate is large enough then the process reaches
stationarity very quickly and oscillates around the optimal state. This then can be in-
terpreted as stasis between the jumps — the small fluctuations. Mayr [18] supports this
sort of reasoning by hypothesizing that “The further removed in time a species from
the original speciation event that originated it, the more its genotype will have become
stabilized and the more it is likely to resist change.”

We first introduce some notation, illustrated in Fig. 1 [see also 5, 6, 22]. We
consider a tree that has 7 tip species. Let U, be the tree height, t(") the time from today

n)

(backwards) to the coalescent of a pair of randomly chosen tip species, Tl-(j the time

to coalescent of tips i, j, Y™ the number of speciation events on a random lineage,
v the number of common speciation events for a random pair of tips bar the splitting
them event and vi(j”) the number of common speciation events for a tips i, j bar the
splitting them event. Furthermore let 7} be the time between speciation events k and
k41 and #; 1 be the time between speciation events k and k + 1 on a randomly chosen
lineage.

Let ¢, be the c—algebra that contains information on the Yule tree. The described
above model was studied previously [5] where I showed that, conditional on the tree
height and number of tip species (the n index on p, and GCZ),, will be discussed in the

next section), the mean and variance of a tip species, X <"), are

E [x<") |%} = 0+eUn(Xy—0)
o2 T+1 4)
Var [X(n) |%} _ ﬁ(l _ ef2ocU,,) + Gcz,npn Z 20ty 1+ Hi)

i=2

A key difference that the phylogeny brings in is that the tip measurements are corre-
lated through the tree structure. One can easily show that conditional on the tree, the
covariance between a pair of extant traits, X1(n> and Xz(n) is
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A B

Figure 1: A pure-birth tree with the various time components marked on it. If we
“randomly sample” node “A” then Y") = 3 and the between speciation times on this
lineage are t; = T1, tp = T», t3 = T3 + T and t4 = Ts. If we “randomly sample” the pair
of extant species “A” and “B” then v") = 1 and the two nodes coalesced at time 7).
See also Bartoszek [5]’s Fig. A.8. for more detailed discussion on relevant notation.

C (n) (n) _ 07 el o, 2 N ety
ov | X, X% | = E(e 12 —e )+02,pn Y, € 12 )
i=2

1.2 Tree model

In this work we consider a fundamental model of phylogenetic tree growth — the
conditioned on number of tip species pure birth process. By conditioning we consider
stopping the tree growth just before the n + 1 species occurs, or just before the n—
th speciation event. Therefore the tree’s height U, is a random stopping time. The
asymptotics considered in this work are when n — oo, we stop the process when there
are more and more species. The two parameters p, and Gcz,n are fixed for a given n,
but may vary with n. In fact we will later see that for a central limit theorem to hold a
product of them must decay to 0 with n. This is in fact the key characteristic that jumps
bring in.

The key model parameter describing the tree component is A, the birth rate. At the
start the process starts with a single particle and then splits with rate A. Its descendants
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behave in the same manner. Without loss generality we take A = 1, as this is equivalent
to rescaling time.

In the context of phylogenetics methods this branching process has been intensively
studied [6, 11, 12, 13, 14, 19, 22, 23], hence we will just describe its key property. The
time between speciation events k and k + 1 is exponential with parameter k. This is
immediate from the memoryless property of the process and the distribution of the
minimum of exponential random variables. From this we obtain some important prop-
erties of the process. Let U, be the height of the tree and 7 the time (counted from
today) till coalescent of a random pair tips. Let H, = 14+ 1/2+...4 1/n be the n—th
harmonic number, x > 0 and then their expectations and Laplace transforms are [6, 22]

] = an
XU" = bnm
n+1
Wy — 2
2—(n+1)(x+1)by x
[fxﬂ"] _ { e Y7L
%(an )fﬁ x=1,
where
1 r nr 1
bn_’x: ) n o (I’L+ ) (x+ )NF(X+1)H7X

x+1 nt+x  L(n+x+1)

I'(-) being the gamma function.

We will call the considered model the Yule—Ornstein—Uhlenbeck with jumps (YOUj)
process. For it I calculated [5] the mean, variance, covariance and interspecies corre-
lation for random tips. We recall, denoting &, = 2pn03n/(2pn63n +062),8 = (Xo —

0)/\/5 /20

X0 = braXo+(1-bra)e,
3+2 n ¢2n n n
Var[x)] = S (1= i)V (@,8) + 6V (@) o
n 24 2pn o n n
Cov [Xl“ } = %% () i)l (@, 8) + K, CL )(a)),
_ -0 (@.8) e (o)
1=V (0.8)+ 16,V (o)
where,
2—(n+1)(2a+1)by, 20
c(a,8) = o 2 — by e+ 8% (baza —Pg), 0< @05,
@ 21(H ~D) =3+ 8 (8205 a=0s5,
2—(2om—20a+2)(2a+1)b, 24
(n) B w-DRa—1) 2, 0<a#05,
Cc (a) - 2 H 5n—1 =05
ﬁ( "_2(n+1))’ =9,
Vil (a,8) = 1—buoa+82(bura—b2a),
Vi a) = 1—(1420)bn2a.
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For large n these behave as

E [x«»q = 0+0(n%),
2 2
Var {X("")} = JuPefn +22$66”’°° +0(n™%%),
o e ((1 k)OS (0, 8) + ché"")(a)) n2% 0<o<0.5,
Cov [X1 Xy } ~ aszo *y 2n 'lnn, a=0.5,
2(1271}1’1, a>0.5,
((1 k)Y (o, 8) + xmc£°°>(a)) n2% 0<o<0.5,
Pn ~ 2n"'Inn, a=0.5,
s2n !, a>05.
(7N

1.3 Martingale formulation

Our main aim is to study the asymptotic behaviour of the sample average and it actually
turns out to be easier to work with scaled trait values, ¥ ") = (X(") — 8)/,/%,, where
Y := (02 +2p,02,)/20a and then denoting 8} = (Xo— 6)/\/Tn

E\Y?W| = §b,g,
Var (Y| = (1-x)V " (a,8) + 16,V (a), (8)
Cov [y ¥ = (1-k)C" (e, 8) + K, (at).

The initial condition of course will be Yo = ;. Just as Bartoszek and Sagitov [6] did
we may construct a martingale related to the average

Then [cf. Lemma 10 in 6] we define

Hy:=(n+1)e* D0y, n>o0.

This is a martingale with respect to .%,, the c—algebra containing information on the
Yule n—tree and the phenotype’s evolution.

2 Asymptotic regimes — main results

Branching Ornstein—Uhlenbeck models commonly have three asymptotic regimes. [1,
2,3,5,6, 20, 21] . The dependency between the adaptation rate @ and branching rate
A =1 governs in which regime the process is. If & > 1/2 then the contemporary sample
is similar to an i.i.d. sample, in the critical case oc = 1/2 we can after appropriate
rescaling still recover i.i.d. behaviour and if 0 < o < 1/2 then the process has “long
memory” [“local correlations dominate over the OU’s ergodic properties”, 1, 2]. In
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the OU process with jumps setup the same asymptotic regimes can be observed, even
though in [1, 2, 20, 21] the tree is observed at a given time point, ¢, with n, being
random. In what follows in the paper the constant C may change between (in)equalities.
It may in particular depend on .

Theorem 2.1 Let Y, = (X, — 0)/\/Y, be the normalized sample mean of the YOUj
process with Yo = ;. The process Y, has the following asymptotic with n behaviour
depending on q.

(I) If0.5 < a and 637” K, — O then \/(n) Y, is asymptotically normally distributed
with mean 0 and variance 2o+ 1) /(20— 1).

(II) If 0.5 = a and G&n K, — 0 then \/(n/Inn) Y, is asymptotically normally dis-
tributed with mean 0 and variance 2.

(III) If0 < a < 0.5 then n®Y,, converges almost surely and in L? to a random variable
Yy 55 k.. With first two moments

EYosin,] = &T(1+a),
E[Yia;mo = (&f4‘0*—K&hfga>f(l+2a)

Remark 2.2 The assumption 6>

enKn — O s an essential one for o« > 0.5. This is visible
from the proof of Lemma 3.4. In fact this is the key difference that the jumps bring in
— if they occur too often (or with too large magnitude) then they will disrupt the weak
convergence of the process.

One natural way of achieving this desired limit is keeping O'C%n constant and allow-
ing p, — 0, the chance of jumping becomes smaller relative to the number of species.
Alternatively 6627,, — 0, which could mean that with more and more species — smaller
and smaller jumps occur at speciation. Actually this could be biologically more realis-
tic — as there are more and more species, then there is more and more competition and
smaller and smaller differences in phenotype drive the species apart. Specialization
occurs and tinier and tinier niches are filled.

3 Key convergence lemmata

We will now prove a series of lemmata describing the asymptotics of driving compo-
nents of the considered YOUj process. Let %/ denote the c—algebra that contains
information on the Yule tree and jump pattern.

Lemma 3.1 [Lemma 11 in 6]

. O(n%) 0<a<0.75,
Var [E [e*wf WH ={ O(n*mn)  a=0.75 )
on=3) 075<a.
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PROOF For a given realization of the Yule n-tree we denote by 7" and 7.") two inde-

pendent versions of (") corresponding to two independent choices of pairs of tips out
of n available. We have,

(el ]y ol ] e

Writing

n+1 1 k+1 n

=2 k - ...
Tk = S T ey (k1 2)’ flakn)i= o me o

and as the times between speciation events are independent and exponentially dis-
tributed we obtain

E [(E [672a1<">|%*} )2:| Zfzux k l’l) nk+2 Z f2(x k17k2)f4oc(k27 )”nkl T ey -

ky<ko

On the other hand,

(E [eizm’(n } ) (Zszx (ki,n ﬂnkl) (me ka,n) n"kz)

Taking the difference between the last two expressions we find

Var [E [8—2061'("> |@n*} } = % (f4a (k,n) — faq (ka”)z) ﬂ'.r%,k
+2 n)il n)il fralky,k2) <f4a (ky,n) = frq (kz,n)z) Tk, Ton ky -

kli] k2:k|+]

Using the simple equality

ap---ay—by---by=) by---bi_i(ai—bj)ai1---ay

-

i=1

we see that it suffices to study the asymptotics of,

n—1

n—1 n—1
2
Y Ay, and Y Y fralki ko)A, Tk, Tk,
k=1 ki=1ky=k1+1

where

40 ,
At Z Faalk, j) (W)ﬂa(]’n).

Jj=k+1

To consider these two asymptotic relations we observe that for large n
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2
b " b, 1 b b
Ap S da?2nie o . 1T S R W o Sl
b2 iki1 Dida i(4o+i) bt rq ikt b 2
2(n+1)

Now since ﬂ:n_’k = W, it follows

n—1 el n ni o 0<a<l
Y Anity SChuaa Y, —5— SOt Y K <O ntinn a=1
k=1 k=1 k=1

512~
k>bjc 54 n? I<a
and
T Y falkik)a SChuaa LY el
200\K1, K2 )An joy Ton ey Ton ey S n40 b 23
k=1 ky=k;+1 ’ R ki=1ky=k;+1 bry 2abiy 4 Kk
n—1
Y Kt 0<ac<l
k=1
10 'Sl a2 Sl a3 noo gk
S Y YT Y BYPSCent Y k'Yl a=1
k1=1 ko=ky+1 ky=2 k=1
4o & da—4
ne Y kS <o
k=2
—4a
n 0<a<0.75
3 nt* 0<a<0.75
n"Ilnn a=0.75 _3
-3 075 < o < 1 n>lnn a=0.75
<cC n : <cC n? 075<a<l
n*y 1 a=1 n3 a=1
1123:2 n-3 1<a.
n I<a
Summarizing
1 on % 0<a<0.75
Z f2a (k17k2)An,k2 T, ky Tn ky 5 C n73 Inn o =0.75
ki =1kp=ki+1 n3 075<a<l.

Notice that obviously Var [E {e*ZO‘T(") |%*H = Var [E [6,2(”(;:) |%H :
(]

Remark 3.2 The above Lemma 3.1 is a corrected version of Bartoszek and Sagi-
tov [6]’s Lemma 11. There it is wrongly stated that Var [E {e‘z‘”(") |%H =0(n>?)

for all a > 0. From the above we can see that this holds only for o > 3/4. This
does not however change Bartoszek and Sagitov [6]’s main results. If one inspects
the proof of Theorem 1 therein then one can see that for o > 0.5 it is required that

Var {E [6_2‘”(") |%H = O(n~>9)), where & > 0. This by Lemma 3.1 holds. Theorem

2 [6] does not depend on the rate of convergence, only that Var [E [e‘z‘”(n) |%” -0
with n. This is true, just with a different rate.
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Lemma 3.3 Let J; be a binary random variable indicating if a jump took place on
the i—th (counting from the origin of the tree) speciation event of a randomly sampled
lineage. For a fixed jump probability p we have

T4 nt 0<a<025
Var |E Z ]ie*2a(fl‘+l+-~-+li) |%*] ] S p n'lnn a=0.25 (10)
=2 n! 025 < .
PROOF We introduce the random variables
) Y 41
.= Z Jl,e—2a(tr+1+...+z,-)
i=2

and

97 = Ze 20T E(1]2,7].

Recall that Z; is the binary random variable if a jump took place at the i—th speciation
event of the tree and 1; the indicator random variable if the i—th speciation event is on
the randomly sampled lineage. Obviously

w17 ] = Lo

Immediately (for i < j)

* o 2p bn2a
E [(Pz ] - i1 bi,2a )
* ok _ 4p2 bnaa bjoa
E [‘pl ¢/}  ((H+D(+L) bjaa bipa’
b

E[0%] = ppE|EMLI%])].
The term E {(E [1,»|%*])2} can be [see Lemma 11 in 6] expressed as E [15”15.2)} where

151) and 152) are two independent copies of 1;, i.e. we sample two lineages and ask if
the i—th speciation event is on both of them. This will occur if these lineages coalesced
at a speciation event k > i. Therefore

@] - 2 " w2 (N |
E{li L; }—m L nk»”—i_mﬁ”_nii-'rl( L (k+1><k+z)+i+z)

1
k=i+1 k=i+1
fﬂi(L,LJFL) —ntl 6 2 2
n—1i+1 \i+2 o+l ' 42/ 7 n—1 (i+1)(i+2) n—1i+l

Together with this

E['*z}: bpaa (n+1 6 14
' pbi,4a n—1(0G+1)(i+2) n—1i+1)"

Now
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n—1 n—1 n—1
Var ;w] = L (B[o7] - o)) +2 X (B[00]] - El0]E[0]]) an
i= i= i<j
_ = by sa (n+1 6 B 1 4 )_ 4]’2 (bn,2a>2
T A\ Pl i1 0)+2) n—Tit1) (+17 \bina
+2”il ( 4p2 busa bj2a _ 4[72 buoa bn,Zoc)
SN+ +1) bjaa biza  (i+1)(j+1) biza bj2a

A

n—1 2
1 bn 4o bn.Za @
2 E (3229 )
pi:1 (H‘ 1)2 < bi,4oc P (bi,2a> )

I P R
P i=1 bi,4a (l+1)2 i+1

n—1 1 birg [ bna byo 2 @
+8p* . . - """—(""") _
g KZJ ((l+1)(1+1) bi,Za bj,4a bj,Za

We use the equality [cf. Lemma 11 in 6]

m
ap--am—bi-- by =Y bi---bi_1(a;—b)aip1 - an
i=1

and consider the three parts in turn.

@

1 2
1 bnga bpoa
i):: (i+1)? (3 bi 4a —2p (bi,za) )

1
_ by bu12a\> [ 30 2pn® 43 nil boioa\2 (kR by aa
= (i+1)2 bina ntda  (n2a)? P bina k+do  (k+20)? ) biaa

e buoi2a\> a2 (372p)n+(372p)405+n_1120£2+3 ”)‘:1 bici2a \2 2 402 bnsa
- j bisa (n+2a)? n+aa P bira (k+20)? k(k+4a) by aq

n n
S 3 _zp)n7405 Z i40572_|_ 12a2n74a Z i4a73
i=1 i=1

Cn—4 0<a<0.25
~ Cn 'lnn a=0.25
B3-2p)d4a—1)""'n"!  025<a.

nflb n n —(4&)711/171 0<a<025
p1'y e ( 6 _ L) <endo-ly a2 pdacl oy el _nl o =0.25
= i=1 —4a) vt 025< .

10
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n—1 bizrg [ bn b, 2 n—1 n bz\ )
L ((i+1)l(.f+1) Bie (b_,{jz - (bj;Z) >) =bnda L TG B e o Byne W)
Cn4@ 0< <025
" Cn~'Inn a=0.25
Scep ey mi2e e o L (1 —20) (4o —1)"'n! 025 <a<0.5
i< n! a=0.5
a—-1)"'4a—-1)"1n"! 0.5<a.

Putting these together we obtain

71 nt 0<a<0.25
Var { Y ¢,-*} < pC{ nllnn o =025
=l n! 0.5< a.

On the other hand the variance is bounded from below by @ Its asymptotic be-
haviour is tight as the calculations there are accurate up to a constant (independent of
p). This is further illustrated by graphs in Fig. 2.

1 w
-

1 <
! -

T T T T T T T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
n n n

1.0 15

0.5
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00 02 04 06 08 10

0.0
0.0

Figure 2: Numerical evaluation of scaled Eq. (11) for different values of o. The
scaling for left: & = 0.1 equals n~**, centre: a = 0.25 equals n~ ' logn and right o =
1 equals (2p(3 —2p)/(4a — 1) —4p/(4a) +32p?a*(1/(8a%) + 1/(2a(2a — 1)) —
1/(402)~" = 1/(20c —1)(4c — 1))))n~". In all cases p = 0.5.

O
Lemma 3.4 Using the same notation as in Lemma 3.3 we have for a fixed jump prob-
ability p
o™ 11 " n*%  0<a<0.5,
Var |E Z J,'efza(r +lv+~-~+lvi+l) |@/n*‘| ] 5 p n_2 Inn a=0.5, 12)
i=2 n? 0.5<a.

11
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PROOF We introduce the notation
v

_ (n)
\P . Z]e 20!(‘[ +iy+... iy, +])
i=2

and we obviously have

lzje_za . +)Q/H E{(E[‘P("”%Dz]—(E{‘P(”)I%Dz.

We introduce the random variable

O = Z1;e 24Tt A1)

and obviously (for i} < i)

Elg] = ,il bp2a/bisas
E [¢i2] = 13_1)1 n, 406 /bl 4o
4 bn o bi 200
[(pil ¢iz} = £ da 22

(i1 +D)(i2+1) biy aa biy 20

Asusual let (’L'l(") , 1)1(") , ‘PY”) and (’L‘z(")7 1)2(") , lI‘gm) be two independent copies of (t("), v, W)
and now

E [(E [\y<n>|%*})2} e [e[wa B [eay] | - e e [eel o] | - [eel].

Writing out

Var [E [\P(">|@n*” — E [\Pﬁ"@g”)} — (E {W)DZ (13)
) ® ®
= kgl 7'[:]%"< Z ( [(plz] E[¢ ) +2 Z E[¢: ¢i,] —E[9:,]E[¢3,]) >

i=1 1=i1<ip

n—1 ki—1
+2 Z nkhn”kz,n( Z (E [¢12] _E[q)i]z) @

1=k <ky i=1
k-1 ki—1ky—1

+2 Z ¢:1¢12 [(bl] ¢12 +2 Z Z ¢11¢l2 [¢11}E[¢12])>
1=i;<ip i1=1ip=1

) ®

We first observe

12
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2 2 2p (basa 2 (ba2a\2\ _ 2p (_ (412 (i+D+(@a—)+(i+) " a(a—1) bua
E [q)’ ] —Elg]" = i+1 (bi,4a ) (bi,2a> ) T ((i+1+206)2 (i+1+4a) bitaq

+402 by da "il blow 1 n (bn,Z(x ) 2 0(1-2p)+4a(1-2p) +n~ 402

biza j=it2 bjsa J(j+4a) bina n+da

and

E[¢:, ¢;,] —E[¢:,]E[¢;,] = (i1+;‘)’éz+1) (b"’4“ bip2a (hnla ) (hn,za ))

biy 40 bij 20 biy2a ) \ iy 20

o 4p2 bn,4abi2,2a n b?.Z(X 4062
- (i1+1)<i2+1) bil 720617122?20( bj,4a j(j+40€) :

Jj=ir+1
Using the above we consider each of the five components in this sum separately.

®

k—1

n—1 5
k)z:l n,in i)::l (E [97] ~El41] )

n n
S dpn ey (014 (o — )it 2 4 da(a— )it 3 40?2 (1-2p)ite ) ¥ k4
i=1 k=i+1
n~* 0<a<0.75
< pC{ n3Inn a=0.75
n3 0.75<
n—1 k—1 n k k
Y 72, L (E[¢y0,] —E[0,]E[gy]) S64a?p>nte ¥kt y g%ty 397
k=1 1=i; <ip k=1 =1 ir=i1+1
4o & a2 & -4
n4°“211 Y k 0<a<0.5
ll:]n kz/ilH nt 0<a<l
< Ccp? n?yYktyl a=05 <Cp*S ntlnn a=1
nk:] i2=nz n* l<a
nhey {Be2 Yyt 05<a
i=1 k=ij+1
n—1 k171 5 )
Z nkl,nnkz,’n Z (E [(pl ] _E[(Pl} )
1:k1<k2 i=1
n n
< 8pn ey (%4 (4o — )it 2t da(a — )it 40202 (1-2p)itel) Y k)
i=1 ki=i+1
nt%  0<a<0.5
< pC{ n’lnn a=0.5
n2 0.5<a
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n—1

k-1

)» Ty ;0 Tlhey n X (E[(Pil ¢i2]_E[¢i|}E[¢i2])
1=k <ky 1=i1<ip
) " n % 0<a<0.75
S 6datp’n Tt Y ktkt Y (1'3%7) SpACE n*lnn a=0.75
1=ky <ky 1=i1<ip n73 075 <o
n—1 kl lkz 1
)» Ty n T n Y X ( [¢i1¢i2]_E[¢i1}E[¢i2])
1=k <ky ll* ir=1
g 64a2p2n74a Z kl 2](2 Z Z (20! 120! 2)
1=k <ko i1=1ip=1
n n
z B Y KA L3 Y K2 agf{os)
i1= ki=i1+1 ir=1 ko=ir+1
— n n
< 6da’pin Y k1'< y kzzH;Q) a=0.5
k=1 ko=ki+1
Ly i a=1
2 2 =
1=k <ky
n? a=0.5
n n
nt Y A Y kP e (0.1)\ {05} n 0<a<05
< p*C h=l k=i <p*c{ nl 05<a<1
" a=1 n—3 I1<a
202 v 201 w2 = Q.
n202 Yy i Y Kk I<a
i1:] k1:i1+l
Putting -V together we obtain
n 0<a<0.5
Var [‘PW} <pc! n?ln a=05
n—2 0.5< .

The variance is bounded from below by @ and as these derivations are correct up to
a constant (independent of p) the variance behaves as above. This is further illustrated
by graphs in Fig. 3.

g

4 Proof of the central limit theorem, Theorem 2.1

Lemma 4.1 Conditional on %, for given p,, Kk, > 0 and denoting v, = ap; 'k, the
first two moments of the scaled sample average are
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Figure 3: Numerical evaluation of scaled Eq. (13) for different values of ¢. The scaling
for left: o = 0.35 equals n~**, centre: o = 0.5 equals 16p(1 — p)n~2logn and right
a = 1equals (32p(1 —p)(1/(4a—2) — 1/(4ot — 1)) /(4a))n~2. In all cases p = 0.5.

E [Yn|%*] — 6*670([]”

— " (n)
A nI(I—Kn)—(l—Kn—S,fz)e2°‘U"+(1—n1)(1—K,,)E[ezmij I%*}

T+1
+n71v,, E|lY Jkef2a(ty+1+...+tk) ‘g/n*
k=2

v+1 (n)
+H(1=n" W B| L Je 2T et ||
k=2

(n)
(1 —1) — (1 —K,)e 2% 4 (1 —n1)(1 — x,)E {ez‘”if |@n*}

Var [Y,|%,]
1 Y41 5
+n v, E |: Z Jre™ a(tr+1+...+tk)%*:|

k=2

v+1
+(1=n"")v,E [ )} Jke2“<f(”)+’v+1+~~+’k)|%*] ,
k=2

where Jy is the binary random variable indicating if the jump took place at the k—th
speciation event on the randomly sampled path.

PROOF The first equality is immediate. The variance follows from
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n Yi+l (i))

- (i)
Var[Y] + ...+ Y,|%] n(l—1k)(1—e 204y, ¥ ¥ Je 20ty ety
i=1 k=2

n )
+2¥% ((I—Kn)(e 20T _ g 20Un) 4
i<j
)+l —205(17.(7)+t(i‘j) +.‘.+t(i‘j))
v X Jpe 0ttt
k=2

(n)
= n(1—x)—n*(1—K)e 2 4 n(n—1)(1—&,)E |e %% |2*
n

141
+nv, B [ y Jke‘2a(’Y+1+~-+’k)|%*]
k=2

vt (n)
+n(n—1)v,E| ¥ Jpe 20t +’v+1+~~+’k)\@n*
k=2

This immediately entails the second moment.

PROOF OF PART ((I)), & > 0.5
We will show convergence in probability of the conditional mean and variance

(1 02) = (V/AE [Tal %] nVar [T %)) <o, Zi) n e,

as due to the conditional normality of ¥, this will give the convergence of characteristic
functions and the desired weak convergence, i.e.

o . 2041 2
E {elxﬁ'Yn} —-E {elunxfﬁfxz/z} Se a-n* )

Using Lemma 4.1, the Laplace transform of the average coalescent time [Lemma 3 in
6]

() 2— 1)(2 1)b 2
E[ez‘”z‘j } _ 2=+ Do+ Dbiza _ n'+0(n%) (14)

(n—1)Q2a—1) C2a—1
and the following expectations [Appendix A.2 in 5]

Y+1
E[Zz eza(’”'*“‘*‘f’} = E (= (14+2@)bu2a) = Z+0(n )
v+l
_ et | 2 (2-QatDan—2a+2)be\ 4 _ _
E[Eze ralmth s +r)} = ﬁ( n-D2a—1) : )* 2aRa-1" '+ o(n?)
(15)
we obtain
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S i
vl = o(E[4] () = 5 (e 5] (e 1)) 87 b 2.
— 8 anbyaa ): b, gy = O,

E[G,ﬂ = n(n (]_K")_(I_K")E[ezaU”]‘f'(l—nl)(l—Kn)E[ 2M(n)}

T+
+n~'v,E kaefZO‘(’rH+ +fk>]

+(1—=n""v,E { )y Jke2a<r<">+tu+1+...+zk)]>
k=2
= (I-x)+(1— Kn)zaz T+ anza + Knm +0(n72a+l>

20042 —
(1= k) 22 4, 202 4 o2,

We now write out, where € is an appropriate constant [see Lemma 3.1 and Lemma 11
in 6]

Var [67] = n? Var [Var [Y,|%,|] =n~? Var[Var[Y} + ...+ Y,|%,"]]
I (n)
=n"2Var |n(1 —k,) —n*(1 — k,)e 2% + n(n—1)(1 — x,) E |:e20”i/' |@n*}

r+1 ] [v+1 ") 17
+m,E| ¥ Jke’za(’Y+1+"'+”<)|%* +n(n—1)vE| Y Jre™ 20(t" 1) |2
Lk=2 J k=2

=n"2Var |—n*(1 — k,)e 2V +-n(n—1)(1 - k,)E |:e g |@n*}

[r+1 1 [v+1 £ 17
+nv, E zjkeﬂa(fﬂﬁwﬂk)wn* +n(n—1vE | ¥ Jre 20T Horrtti) g«

J L k=2
(n)
<4n=2 ( n*(1—K;,)? Var [e2*Un] +n?(n—1)*(1 — K;,)? Var E[ez‘”ij | %"

Y+1
+n?v2 Var {E [ )Jf Jke_z"‘(’”1+”'+”<)%*” +n?(n—1)>2 Var [E { Y Jre 20ttt |@*} })

k=2 k=
<C(n*n~** +n?n 27 + o2, k! +n26627n Kan~?) = 0(n —2(2a-1) +n_£ +o; nKn)

Therefore as we assumed p,, — 0 we have Var [G,ﬂ — 0. Together this implies the
desired L2 and hence in P convergence of (i,,02) — (0, 2a+1)/(2a —1)).
On the other hand

v+ .
Var [67] > n2 Var | —n?(1 — k,)e **Yn +-n(n—1)v, E { Y Jre 2007 )+tv+1+"'+’k)|%*”
k=

V41 .
> (1 - %) n=? (n4(1 — Ky)? Var [e2%Un] + n?(n — 1)?v} Var [E LZZ Jee™ 20 o ittt |%*] })

— Q(n72(2(171) + GLG Kn)~

From these we obtain that the assumption that 62, &, — 0 is a necessary one for a CLT
to hold.
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PROOF OF PART ((II))
This is proved in the same way as PART (I) except with the normalizing constant
equalling nln~' .

PROOF OF PART ((III))
We notice that the martingale H, = (n+ 1)e(“+]>U"7n has uniformly bounded second
moments. Namely by Lemma 4.1 and Cauchy—Schwarz

E[H,ﬂ — (n+1)%E {62(05—1)U,1E {Yﬁm/n*” <cn?(n'E [6—2(1—04)1/"} 1E [e—z(l—a)un—zmlf?)]
+n v, E [e’z(l’a)U"‘P*(")] +wE [e’zu*a)U"‘I—‘(") ) <Cn? (n’ln’z(l’o‘) +n 210,20

+n‘11<,,n‘2(1‘“)n‘4"‘+Knn‘z(l‘“>n‘4“) §C(n‘1+2°‘+1+Knn‘20“1+1<,,n‘20‘) W C < oo

Hence sup,E [H,ﬂ < oo and by the martingale convergence theorem H,, — H., a.s. and
in L. Notice that this convergence result does not depend on &, — 0. In fact in this
regime K, can be constant (by definition k;, < 1). As in Bartoszek and Sagitov [6] we
obtain [Lemma 9 in 6] n%Y,, — ve-DH_as. asin L2. We may also obtain directly
the first two moments of n®Y,,,

n*E Y, 8in%byq — 850(1+ )
o t;’zl = (=) = (1=K — 8 )n® by 26 +n2%(1—n~")(1 - 1) B [eﬂafw}
+n20-1, {‘P*(")} + 2%, E [‘P(”)}
(1= Ko — 8)M2a+1) + (1 — 1) H22T(1 +201)
= (87 + (- k)% )T +20),

Notice that again in this regime the convergence of the moments does not depend on
how k;, behaves with #.
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