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Abstract

Robustness of a system’s behavior to changes in parameter values is a remarkable
property of natural systems and especially desirable when designing de novo synthetic
gene circuits. Loads on transcription factors resulting from binding to target promoters
have been shown to significantly affect the effective time constants of gene transcription
networks and to thus alter the overall system’s behavior. Here, we employ models that
explicitly account for load effects to investigate how these impact the robustness of a
stable gene transcription network to parameter perturbations. By employing a
combination of sampling-based methods and analytical tools from control theory, we
demonstrate that the presence of loading shrinks the region of parameter space where a
gene circuit performs the desired function. A number of multi-module synthetic gene
circuits are analyzed to demonstrate this point, including an event detector and a
molecular signature classifier. These results indicate that for designing genetic circuits
that are robust to parameter uncertainty it is highly desirable to find ways to mitigate
the effects of transcription factor loading.

Author Summary

Efforts to understand how loads affect gene transcription networks have been underway
in the past decade. Here we perform a numerical investigation on three synthetic gene
circuits to show that loads tend to decrease the robustness of stable gene transcriptional
networks. We complement the numerical findings with analytical derivations that
employ the stability radius to compare the robustness of different networks to
parameter perturbations near an equilibrium point. Consistent with the numerical
finding, the analytical results support that systems with substantial transcription factor
loading have smaller stability radius (less robustness) than systems without loading.

Introduction

Regulation of gene transcription is enabled by the reversible binding reaction of
transcription factors (TF) to their target gene promoter sites. It had been theoretically
suggested before and experimentally shown later that these binding reactions exert a
load on transcription factors, which results in significant effects on both temporal
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dynamics and steady state [5},9,/10,[25]. These effects have been called retroactivity to
extend the notion of electrical loads to biomolecular systems, making load problems
amenable of mathematical study [5]. More recently, the effects of retroactivity have been
studied within gene transcription networks (GTN), which result from the regulatory
interactions among genes and transcription factors. These studies were performed by
employing mathematical models of GTNs that account for the binding of transcription
factors to their target promoters [7,/18,[39]. In particular, in [7] the authors have shown
that the potential landscape of a toggle switch can be biased by loads. In [39], it was
shown that a genetic oscillator can be quenched or robustified depending on what nodes
the load is applied to. Finally, in [18] a general ordinary differential equation (ODE)
model for gene transcription networks was derived to explicitly account for retroactivity
while keeping the same dimension of standard Hill function based models.

Robustness has been studied for a long time in the fields of control, system biology
and synthetic biology as a key system property of genetic networks [11H17]. By
robustness in this paper is meant the ability to maintain a certain property, such as
stability or response time, in the face of parameter perturbations, which may result
from genetic mutations [12], changes of interactions among genes [13], or changes in the
environment [14]. Robustness enables gene regulatory networks to continue to function
despite noisy expression of their constituent genes or even when facing substantial
environment variation. From a design point of view, robustness to parameter uncertainty
is especially useful as it guarantees that the ideal behavior of a given synthetic circuit is
not heavily dependent on the specific parameter values, which are often poorly known.

To study how retroactivity impacts the robustness of gene transcription networks
against parameter perturbations, we compare the robustness of two models: the
standard Hill function-based model, which does not account for retroactivity [26], and
the model developed in 18], which extends the Hill function-based model to include
retroactivity. Numerical experiments are then performed on three networks of increasing
complexity: a toggle switch, an event detector and a molecular signature classifier. We
compare the percentage of success between the system with and without retroactivity
when all parameters are sampled in the same intervals. The numerical results indicate
that retroactivity leads to more failures in these three systems. To explain this finding
more generally, a robustness index called stability radius [29] is introduced to compare
local robustness of GTNs with and without retroactivity close to their stable equilibria.
Analytical results based on the stability radius also support the finding that
retroactivity generally decreases GTNs’ robustness against parameter perturbations.

On the one hand, our finding suggests that natural systems, being inherently robust,
may have evolved ways to mitigate retroactivity |[19-21]. On the other hand, developing
methods to mitigate retroactivity will aid building synthetic biology circuits that are
more robust to parameter uncertainty, suggesting that modularity may be instrumental
for robustness in addition to being already crucial for bottom-up design [24},25|.

Models and Problem Formulation

Consider an n-node GTN;, in which each node has at most two parents. As indicated in
Figll] each node represents a gene or transcriptional component, whose inputs are the
output transcription factors from other nodes. Each directed edge from node i to j
indicated by ¢ — j in Fig[l] indicates that the output of node i regulates the
transcription of node j. In short, gene transcription networks are composed of “nodes”
representing genes and “directed edges” representing regulatory interactions among
genes.

Let x; denote the output transcription factor of node i and let x; denote its
concentration. For simplicity of notation we suppose that each node has at most two
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3

Figure 1. A five-node gene transcription network.

parents. We will consider and compare the robustness of two models of GTNs. The first
one is the standard Hill function-based model [26]. The second model is one that
accounts for the binding of TFs to their target operator sites, which is neglected by the
standard Hill function-based model [18].

The dynamics of the Hill function-based model can be written as :

Y1 = f(x,u) (1)
where ¢ = [ 1 Ty - Xn ]/ eER™ u= [ UL Ug o Up ]I with u; representing
external input to node 7, and the ith element of f(z,u) is given by

with §; denoting the protein decay rate of x;. Here H;(z) is the Hill function that
models the production rate of x; as controlled by its two parents x, and x, and is given
by

mip Mg
T+ T Zp + 75 q + 75 Zp Zq
t P Kn,pKa,p Y Km,qKa,q P4 K pKa,pq Km,qKd,pq
H;(x) = pi i iy i e : (3)
1+ Tp + Tq + Tp Tq
Km,pKd.p Km,,qu,q Km,,pKd,pq Km,,qu,pq

Miq m;

p

In this expression, K, is the binding constants for the multimerization; K, is the
binding constants to the promoters; 7 are specific production rates; p; is the total
concentration of the promoter of node . When all nodes’ p; are the same, we use pr to
denote this value.

When the effect of the reversible binding between TF and their target promoters is
considered, the reaction flux corresponding to this binding reaction appears in the ODE
describing the rate of change of the TF’s concentration. This additional flux is what has
been called retroactivity |5] and can substantially slow down the temporal response of
the TF [9,/25]. Explicitly including this flux in the system’s ODE requires also adding as
state variables the concentration of all the complexes that can be formed between
promoter sites and TFs, leading to a system with a much higher dimension than that of
the Hill function-based model. In [18], leveraging the fact that reversible binding
reactions are much faster than the process of gene expression, a reduced model was
derived that has the same dimension as the Hill function-based model, yet incorporates
the effects of the retroactivity fluxes. According to this model, the dynamics of a gene
transcription network modify to:

So: @=[I+R@)] " flz,u) (4)

where R(z) € R™*", called the retroactivity matriz, is given as

R(z) = 3 VIRi(2)Vi (5)
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where V; € R™*™ with n; the number of node i’s parents. The jkth element of V; is 1 if
the jth parent of ¢ is k, and is 0, otherwise. We call R;(z) the retroactivity of node 4
and will be discussed in more details in the following.

The Hill function H;(x) and the retroactivity of node i R;(x) depend on the number
of node #’s parents and the bindings with its parents |18]. If node ¢ has no parent, one

1 o 1 o 1 o . o L . . .
has Rin = Rig = Kage = 0 in and R;(x) = 0; if node i has a single parent node x,,

1o 1 _ g
we let Koy = Rapy — 0 in , and

mip—1 Mip
Mipd T
Ri(x) = pi /> 1+ —= -2 6
(@) m,pid,p ( m,p d,p) ©

When node ¢ has two parents x,, and x4, the values of H;(z) and R;(x) depend on the
binding type, which is typically one of the following:

e Competitive binding: x, and x4 bind exclusively to the promoters of their common
child. In this case, one has - 0 in and

Ka,pq B
2 mip—1 m; my mia—1
MipTp ( zg “? ) _ MipZp P omigzg !
R(:E) — bi Km,pKd,p Km,qKd,q Km,pKdqp Km,qKdgq
a - Mip miq mip—1 mig o mig—1 mip
(1+ Tp + Tq )2 _ MipTp MigTq mi,Tq (1 zp
Km,pKa,p Km,qKd,q Km,pKd,p Km,qKdq Km,qKd,q Km,pKa,p
(M)

o Independent binding: x, and x, do not affect each other in their bindings to a
common child. That is, even if a node’s promoter is bound with one parent, it is
still available to be bound with its other parents. In this case, H;(x) is as defined

in and

2 mip—1 Mip
MipTp 14+ Zp -2 0
R@) =p | PR O R Q
O iqgtaq (1 + Tq )—2

KmaKaq Km.aKaq
e Cooperative binding: x, must be bound to its child’s promoters before x, can bind.
In this case, one has z— =0 in (3) and

»q

Pi
R'L(x) - Mip mip mm,iq
q

1 Lp Tp 2
1+ Km,pKa,p + Km,pKa,p Km,qu,q)

m?pz:”p71 z;ni'q Tnfpz;nip mingliq*1
Km,pKa,p ( Km,qu.q) Km,pKd,p Km,qKdq (9)
mip—1 Mg mip 2 Mmig—1 mip
mipTp MigTq Tp MiqTq ( Zp )
Km,;uKd,p K’"thd,q Km,pKd,p K'm,qu,q KmypKd,p

For details on these derivations, the reader is referred to [1§].

Numerical Experiments

In this section numerical experiments are performed to show the impact of retroactivity
on the robustness of a toggle switch, an event detector and a molecular signature
classifier to parameter variations. This is performed by comparing the parameter spaces
where the desired behavior is obtained for model ¥; (without retroactivity) and model
Yo (with retroactivity). For simplicity we only consider the case where all promoters
have the same total concentration pr, modeling the case in which the systems’ parts are
inserted all in the same plasmid with concentration pr.
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Toggle Switch

We first consider the toggle switch, which is a simple module exhibiting bistable
behavior, originally constructed in [1] and then used as a switch in many other more
sophisticated multi-module systems [2,[3]. As shown in Fig. [2 the toggle switch is
composed of two TF x; and x3, which negatively regulate each other’s transcription.
Here, i 4 j indicated that node ¢ is repressing node j. Under suitable conditions (see [4],
for example) the toggle switch has two stable steady states, at each of which, one of the
TF appears in a high copy number, while the other one is suppressed.

U_.4 @ @___/ ____| bownstream
: System

Figure 2. The Toggle Switch.

With input u regulating x;, the dynamics of the toggle switch without retroactivity
31 are given by

dxy PTT1

e _5
dt 1+ a2/ (Kga1Km) +u Ot
@ _ prT2 .
dt L+ 22/ (KgoKp)

in which we have assumed for simplicity that all the transcription factors have the same
half lives. The dynamical model of the toggle switch with retroactivity s is given by

dxq DT 1
—_— = 3 — 5.131
dt 1+ 25/ (Kg1Km) +u 1+7;
dxo P72 1
—_— = ) — (5162
dt 1+ 27/ (Kq2Knm) 1+
where, from expression @, we have that
4 KgoKm 4 Ko1K _
ry = v/ (Kaz ) T, 2 = —172/( 1 ) (pr + pr)

N 1+x%/(Kd,2K'm) B 1+x%/(Kd,1K7n)

Here pr = Z;"Zl pr; and pr; denotes the total concentration of xo’s jth child promoter
contained in the downstream system. When the toggle switch is not connected to any
downstream system, pr = 0.

For a given input profile u switching from a low value to a high value, the toggle
switch is said to be functional if the output x5 switches from low to high and keeps this
high value even when the input u changes back to its low value. If the toggle switch
output does not switch to its high value and latches to it, the toggle is said to be
non-functional. As a demonstration of the effect of retroactivity on the toggle switch
dynamics, we illustrate numerical simulations in Fig. [3| The system model without
retroactivity ¥; is functional. When the toggle switch is not connected to any
downstream system, that is, pr = 0, the system model ¥ also functions (as indicated
in Fig. a)) but the switching time increases, that is, the system becomes slower. This
is in accordance to what demonstrated in previous studies [8}/18]. When the toggle
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switch is connected to a downstream system, it fails to function as no switch is observed
(Fig. b)) If in this case, one increases the decay rate, the switching is restored even if
the final value is lower (Fig. [3[c)). This is in accordance with the fact that if the
temporal response of a TF is faster (as obtained, for example, by increased turnover
rates), retroactivity has a decreased effect |25].

40 T T
u 2o- :
0 . . . . . .
0 1000 2000 3000 4000 5000 6000 7000 8000
200 -
..... X —X,
P 100 farmmmmnn,
0 e —fl L I L L 1 ]
0 1000 2000 3000 4000 5000 6000 7000 8000
200 - X «
..... —_,
(a) ZZ 400 B L
0 i -/ L L ! L L |
0 1000 2000 3000 4000 5000 6000 7000 8000
200 -
..... X —X
(b) 2, 100 g RS I N H\\\Hl\\\\\IHH\HHHI\HHI\\\\IIH\\IIHHllHHl\\\\\H\\\\HmmmuHml\mumzmm
0 L "1 L L L L L L J
0 1000 2000 3000 4000 5000 6000 7000 8000
100 ¢
B e X, ——X,
(C) %, 50 i
= / I . J J | 1 J
0 1000 2000 3000 4000 5000 6000 7000 8000

time (min)
Figure 3. Effect of retroactivity on the toggle switch. Comparison between 3; and 3o
for fixed parameters. Here, we have set § = 0.01 min~?!, Kg1=Kg2 =K, =1nM,
pr =1nM, 7 = m = 1 min~'. The system without retroactivity ¥ is functional. (a)
Model with retroactivity X9 without downstream system (pr = 0). (b) Model with
retroactivity ¥ with downstream system (pr = 20 nM). (c) Model with retroactivity
Y5 with downstream system (pr = 20 nM) but with increased decay rate § = 0.02.

Robustness to parameter variations

To determine how retroactivity affects the robustness of the toggle switch to parameter
variations, we compare the fraction of parameter space for 3; and ¥ that leads to a
functional toggle switch. A larger fraction of the parameter space leading to a
functional system indicates larger robustness to parameter variations.

To this end, we treat each parameter as an independent random variable uniformly
distributed in a certain interval. Parameters for concentrations are in nM and time is in
minutes. In this section, we choose § € [0.01,0.02], which means that the half life of
proteins is in [30, 60] minutes. Choose pr € [1,100] to include both low and relatively
high plasmid copy number. By considering that in practice the number of copies of each
protein per cell is expected to be less than 20000, we choose 7; such that
1 < B < 20000. Then one has m; € [0.02,2]. Suppose the disassociation constants Ky
and K, are in [1,50] (see, for example [18]). For each fixed pr, we employ the Latin
Hypercube Sampling (LHS) method to take a number of N samples of all the other
parameters from their corresponding intervals and run simulations of ¥; and X5 for
each sample. LHS is a type of stratified Monte Carlo sampling method, which is highly
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efficient. In fact, in practice it is sufficient that N is larger than % times the number of
random variables to provide a statistically sufficient covering of the entire parameter
space . Here, we choose N = 2000, which is much larger than what found to be
sufficient for LHS. For the same input profile u(t) as given in Fig. [3] if a switch in the
output of x5 is observed, we call it a success; otherwise, we call it a failure. We count
the number of successes of 31 and Y5 and summarize the results in the percentages

shown in Fig.

M Only X; works [l Both work M Both fail Only Y9 works
6.45%
l 0.00% Q% 0.00%
pr=0 pr =100 pr = 500
IOOO% 0.00% l l 1.70% 0.00% 0.00%
pr = 1000 pr = 5000 P = 20000

Figure 4. Robustness of toggle switch to parameter perturbations. Percentage of the

parameter space that leads to success of 31 (without retroactivity) and Yo (with

retroactivity) shown in Red plus Blue and Blue, respectively. Here, pr corresponds to

the number of promoter sites in the downstream system that x5 regulates.

Fig. [4 shows that the system without retroactivity X always has a larger fraction of
the parameter space leading to success when compared to the system with retroactivity

Y. In particular, as the number of promoter sites pr that xo regulates in the

downstream system increases, the fraction of the parameter space where the system

with retroactivity functions shrinks to the point of never functioning when pr is

extremely high. Note that the percentage of cases where the system with retroactivity

functions and the one without retroactivity does not is zero.

Event Detector

In this section, we perform simulations on an event detector circuit and illustrate how
retroactivity affects the robustness of such a multi-module system against parameter
perturbations. The event detector (ED) consists of six nodes and is shown in Fig. [5] in
which ¢ — j and ¢ 4 j represent that ¢ is an activator or a repressor of j, respectively.
The event detector detects a decrease in the input by switching the value of the output

node to a low value and by keeping it even after the input has acquired back the

original high value (by virtue of the toggle switch). In particular, when the input u
switches to a low value, the cascade consisting of nodes x1,x2,x3 propagates the signal
to remove repression on the inverter x4, eventually resulting in a switch in the state of

the toggle module, which leads to a switch of the output node x7 to a low value.
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 Inverter | i output

550—@ ©-©

Figure 5. The Event Detector.

The dynamics of the event detector without retroactivity are given by system model
¥ : &= f(z,u) where z = [Il Ty T3 T4 Ty Tg xﬂ and the ith element of
f(x,u) is given as follows:

fi = u—dx
f2 = pTWQ% — dx2
fzs = pTWS% —dz3
fi = meﬁ;(d,s —dx4
1
fo = T T Raa b 22 (KaoKm) O
1
fo = pTﬂ-ﬁl"‘ng/(Kd,sKm) — dxg
fr = prmr ! —dx7

1+ x%/(Kd,GKm)
By considering retroactivity, one has system model 3s:

dzy 1

a1 —|—r(x1)f1
dxg - 1
dat 1 —|—7‘(x2)f2
dxg _ 1
dt 1+ r(ac;;)fg
dry . 14799
dt - (1+711)(1+72) — 72701 Ja
—T12
* (T4 7r11)(1 4+ ra2) — 12721 fo
dl’s - 1
a1 +4(x5/Km)r(x§/Km)f5
dLL'6 - 14 11
dt  (T4+r)(1+7re) —riera Jo
—T21
* (I +7ri)(1+722) — 712721 fa
dx7
o Iz
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where 7(X),r11, 712,721, 122 are the retroactivity expressions given by

~ pr/K4
N S T 97 "
and
o (Ean)(1+ 53/ (KagKm)
TS PI K ¥ a2 (KooK P (11)
_ (x4/Kd,4)(x6/(Kd,6Km))
n2 = 2pT(1+x4/Kd,4+xg/(Kd,6Km))2 (12)
o (1/Kq4)(23/(KacKpm))
S IR 02 (KasKo) )P (13)
Tog = To21 + T222 (14)
with
Fog1 = 4p w6/ (Ka6Km)(1 +74/Ka4)
T T (Ut 24/ Ko + 23/ (KagKm))?
and

x6/(Ka,6Km)
1+ :z:%/(KdﬁKm))2 '

Here, 11,712,721, 7221 follow from @ since x4 and xg bind competitively to their
common child x5, and 7929 follows from @ Note that when all the above retroactivity
expressions are 0, Y5 is exactly the same as ;.

For a given input profile u that switches from a high value to a low value, the ED is
said to be functional if the output x5 switches from high to low and keeps this low value
even when the input u changes back to its high value. If the ED’s output does not
switch to its low value and latches to it, the system is said to be non-functional. As a
demonstration of the effect of retroactivity on the ED’s dynamics, we illustrate
numerical simulations in Figl6|

The output of the ED without retroactivity ¥; indicated by blue plots in Fig. [6]
successfully detects the event while the ED with retroactivity o fails. As we
progressively increase §, both ¥; and X5 work properly. This reaffirms the fact that
retroactivity has less of an impact on TF with faster dynamics as described in the case
of the toggle switch. In fact, it is well known that retroactivity leads to delays in the
temporal response of transcription factors [9,/25], which are accumulated through the
stages of the cascade as illustrated in Fig. [7] ultimately leading to the ED’s failure. A
faster TF turn over rate mitigates the effects of load-induced delays [22,[25].

ro22 = 4pr (

Robustness to parameter variations

To determine how retroactivity affects the robustness of the ED to parameter variations,

we compare the fraction of parameter space for X1 and Y5 that leads to a functional ED.

A larger fraction of the parameter space leading to a functional system indicates larger
robustness to parameter variations.

To this end, we randomly change all parameters in ¥; and Yo and check whether the
ED still functions. We employ as before LHS to select 2000 samples of parameters from
intervals ¢ € [0.01,0.02], m; € [0.02,2], pr € [1,100], K4 and K, in [1,50]. If the output
of the event detector is able to detect the change of the input and maintain it at the low
value, we count it as a success. Results are summarized in Fig. [§] The percentage of
parameter space where ¥; successfully functions (red+blue) is 79.75% while that where
Y5 functions (blue) is only 42.20%. That is, the system model with retroactivity
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0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
time (min)
Figure 6. Effect of retroactivity on the event detector. The output of ¥y (without

retroactivity) and Yo (with retroactivity). Parameter values are set to pr = 1nM,
K,, =10nM, K4,; = 1InM, m; = 2min~!. The value of § is as indicated in the plots.

successfully functions in about only half of the parameter space where the system model
without retroactivity functions.

To further determine the relationship between the circuit copy number pr, which
determines the load applied by target promoters on their transcription factors, and the
failure due to retroactivity, we then fixed pr at the different values 1,5, 10, 20, 50, 100
and randomly changed all the other parameters in their respective intervals. Results are
summarized in Fig. [J] When the total concentration pr is low, the failure due to
retroactivity is only 0.1%, which implies that ¥; and Y5 behave similarly and
retroactivity does not have a dramatic impact. By contrast, when pr is increased to 100,
the failure due to retroactivity grows to 64.60%. That is, the existence of retroactivity
causes 64.60% of the parameter space of the event detector to lead to a non-functional
system. All together, these results indicate that retroactivity dramatically decreases the
robustness of the ED to parameter variations and that an suggest that an ED built on
very low plasmid copy number (pr) will be more robust to parameter variations. Of
course, tradeoffs with noise may become important as the molecule count decreases.

Classifier

In this section, we consider a molecular signature classifier circuit that is composed of

five modules as shown in Fig. These modules are three sensors, an AND gate whose
design is based on [6], and the toggle switch |1]. The output of the classifier should be
switched OFF shortly after all the three inputs w1, us, uz have become high at the same
time. Here, the inputs uq, us, ug represent the concentrations of three different signaling
molecules and the situation of interest is when they are all high simultaneously. As soon
as the inputs become all high simultaneously, the concentrations of TF xg,x7, X5, and

thus of x5 become high. Since TF x3 and x4 are activated by a cooperative interaction
of their parent nodes, the concentration of x4 becomes high when and only when all the
three inputs w1, us, ug are high at the same time. TF x4, in turn represses x7. Therefore,
the toggle switch TF xg switches to its high value and turns OFF the output.

The dynamics of the above classifier without retroactivity are X1 : & = f(z,u),
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Figure 7. Propagation of load-induced delays in the event detector. Comparison of g
(with retroactivity) and ¥, (without retroactivity).

where z = [Jcl To T3 T4 Ts Tg Ty Ty 1179]/ and the ith element of f(z,u) is

given as follows:

fs
h
fs

f2
fs
Ja
f7
fs
fo

U7 —61‘6
= U2_5x1
us — 0Ts
x1/Kaa
= Tg—t—"— — Oz
pr 21+x1/Kd71 2
332336/(Kd 2K, 1)
= T 2 . — oz
pr 1+ 2ome)(KgoKom1) 3
r3/Ka3
= My———— — dx
pr 41+£U3/Kd,3 4
1 1)
= prm — 07
71+$4/Kd74—|—31‘§/(Kd75Km)
1 0
= o — oz
P 2 (KaoK)
1
PTTY —dxg

L+ 22/ (KgsKm)

(22)

(23)

By considering retroactivity one has a different model denoted by Yo described by

the following ODEs:
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Only 2, works
0.05%

Figure 8. Robustness of the event detector to parameter perturbations. Percentage of
the parameter space that leads to success of ¥; (without retroactivity) and ¥y (with
retroactivity) shown in Red plus Blue and Blue, respectively.

M Only ¥y works Il Both work M Both fail Only Yig works

0.10% 1.20% 4.85%

0.25%
0.00% 0-05%

pr=>5

pr =20 pr =50 pr =100
Figure 9. Percentage of success of ¥; (without retroactivity) and 35 (with
retroactivity) for different values of pr.

dzg 1+B B

ot T T1ATB T TrarB” (24)
% - 1-|-+(X1)f1 (25)
% - 1+11;1|—113‘131f5_1+ﬁ1+31f3 (26)
% - 1izi3f2_1+j+3f6 (27)
% = 1_1_121?_131]03—1_’_1514_31]”5 (28)
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Figure 10. Classifier

% N (1+7’11)(1I:zz)—r12r21f4 (29)
* (1+7’11)(1j|—r71“22)—r12r21f8 (30)
% - 1—|—4x7/K,1nr(x$/Km)f7 (31)
T = T o
+ (1+r11)(1—+r22)412r21f4 (33)
% = (34)

Here, r(X), 711,712,721, 22 are the same expressions as (L0)-(14); A, B, A; and B are
due to cooperative bindings of x5 and x2 to x3, and x3 and x5 to x4, respectively, for
which one has by @

prae/(Ka2Km,1) prxe/(Ka2Km,1)

A - N B =
(1+x2x6/(Kd72Km,1))2 (1+1721l76/(Kd,2Km11))2
A = pras/(KasKm,2) B, — pras/(KasKm,2)
(14 zsas/(Ka3Km,2))?’ (14 z3xs5/(Ka,3Km,2))?’

For a given triple of input profiles u1, us, us, the classifier is said to be functional if
the output zg switches from high to low when and only when the inputs u; become all
high simultaneously. If the classifier’s output does not switch to its low value and
latches to it, the system is said to be non-functional. As a demonstration of the effect of
retroactivity on the classifier’s dynamics, we illustrate numerical simulations in Fig.
For the given input profile uy, us, uz, the output of the classifier without retroactivity
¥1 indicated by the blue plots successfully switches from high to low as soon as all the
inputs become high simultaneously. By contrast, system ¥, fails since its output
becomes low even when the input wus is still low. The reason for which X fails is the
accumulation of time delays in the temporal response of transcription factors caused by
retroactivity. This phenomenon also agrees with the observation of delay’s effects in Fig.
Note from the red plots of Fig. that the time delay experienced by the pulse
resulting from us propagates to x3, so that the AND of x3 and w4 results into a high x4
that ultimately switches the output of the toggle switch OFF, leading to failure of the
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classifier. Once we change § to 0.02, both 3; and X5 function as this delay does not
accumulate as much. This is consistent with the previous observations that retroactivity
has less of an impact if the TF have faster turnover rates.
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Figure 11. Comparison between the Classifier 31 without retroactivity (indicated in
blue) and the one with retroactivity o (indicated in red). Parameter values are given
by pr =1, Kg1 = Kg2 = Kaq3 = K5 = Kgg =1, Kq4 = 10,

Km: m71=Km,2:10,7T1=7T2=773:7T4=7T5:13Ddﬂ'6:2.

Robustness to parameter variations

To determine how retroactivity affects the robustness of the classifier to parameter
variations, we compare the fraction of parameter space for 3; and ¥ that leads to a
functional classifier. A larger fraction of the parameter space leading to a functional
system indicates larger robustness to parameter variations.

To this end, we employ the LHS method as before to obtain 2000 samples from the
parameter space. For each sample of parameters, we employ the inputs uy, us, u3 as
shown in Fig. If the output of the classifier at xg is low if and only if all uy, us, us
are high, we count it as a success; otherwise, it is counted as a failure. Simulation results
including the failure due to retroactivity (marked as red) are shown in Fig. which
suggests that retroactivity leads to malfunction in 47.40% of the parameter space.

To further determine the relationship between pr and the loss of function of the
classifier, we fixed pr = 1,5, 10, 20, 50, 100 and randomly changed all the other
parameters. Simulations are summarized in Fig. When the total concentration pr is
low, for example py = 1, the failure due to retroactivity is 0.05%, which implies that ¥
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\
Only %, works

0.05%

Figure 12. Classifier robustness. Percentage of the parameter space that leads to
success of X1 (without retroactivity) and Xy (with retroactivity) shown in Red plus

Blue and Blue, respectively.

and Yo behave similarly and retroactivity does not have dramatic impact ono the
classifier. When pr is increased to be 100, one observes a large value of the failure due

to retroactivity, which is 70.05%.

M Only X1 works [l Both work M Both fail Only X9 works

0.05%__5.15% 3.30%

0.00%

O.ZS%J

0.70% py = 20 pr =50 pr =100

Figure 13. Percentage of success of the classifier ¥; (without retroactivity) and 3o

(with retroactivity) for different values of pr.

Summary of Findings from Numerical Simulations

Simulations on the toggle switch, the event detector and the classifier suggest the

following. When we sample the parameter space for 3; and X, system with
retroactivity 3o encounters substantially more failures than the system without

retroactivity ;. This indicates that retroactivity shrinks the region of parameter space
where these stable gene circuits perform the desired function and thus decreases their
robustness. In accordance to what previously found, retroactivity’s impact on the
system’s robustness is more dramatic on a slower system than on a faster one. When a

system is fast enough, the impact due to retroactivity becomes negligible.
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Analytical Measure of Robustness

In this section, we analytically compare the robustness of the system with retroactivity
to that of the system without retroactivity and thus confirm more generally that
retroactivity tends to decrease the robustness of stable gene transcription networks
against parameter perturbations. To this end, we analyze the behavior of the systems
(with and without retroactivity) close to the common stable equilibrium x*, where z* is
such that f(z*,u) = 0 for a fixed u. The objective is to compare the robustness of the
equilibrium’s stability to parameter perturbations. We thus consider the linearization of
31 and X5 about z*, which leads to the two following linear systems:

212 T = Ax

and

Yo: d=(I+R) Az
where

B Of(x,u) B
a= () o R R

are constant matrices. For the system’s robustness with respect to parameter
perturbations, we restrict ourselves to additive perturbations, which, compared to
relative perturbations that inherently have a multiplicative structure, are the most
general [28]. To mathematically compare the robustness of ¥; and ¥y against additive
parameter perturbations, we employ the concept of stability radius, which has a long
history in robust control theory [291/30]. The stability radius measures a system’s ability
to maintain certain stability conditions of the equilibrium point under additive
perturbations to the elements of the system’s matrix. If system Yo has smaller stability
radius than system X, it follows that the worst case parameter perturbation in 3o
pushes the slowest eigenvalue closer to the imaginary axis than the worst case
parameter perturbation does in £;. As a consequence, we should expect much slower
convergence to the equilibrium in ¥y as compared to £; in the worst case. In the sequel,
we will say that ¥; is more robust than X5 if the stability radius of the former is greater
than that of the latter.

In particular, let A(M) denote the spectrum of a square matrix M € K"*™ where
K = C or R. Let C~ denote the open left-half complex plane and let C* denote the
closed right-half complex plane. Define the stability radius of M as

r(M) £ inf{|A]: A e K", A(M + A)NCT +# 0} (35)

where | - | denotes the 2-norm. Then rg(M) is the 2-norm of the smallest perturbation
forcing M + A to be unstable. The stability radius defined in is a natural measure
of a system’s ability to maintain stability of an equilibrium point under perturbations to
elements of the system matrix. A system with larger stability radius is able to maintain
its stability under larger perturbations to the system’s matrix in the 2-norm sense.
The computation of rg (M) is in general a challenging problem [32]. To avoid
complex computations, we determine lower and upper bounds of rg (M) for both the
system with retroactivity o and the system without retroactivity £, which can be
more easily computed, and then compare the bounds. The derivations of the bounds
(see the Appendix) can be easily performed when the retroactivity matrix R(z) is
diagonal, corresponding to the case in which transcription factors bind to the
corresponding target promoters independent of each other or almost independent (i.e.,

the off-diagonal entries of R(z) are sufficiently small compared to the diagonal entries).

In such a case, let r and T represent the smallest and largest diagonal entries of R,
respectively. Then, we can analytically prove (see Appendix) that X; is more robust
than 39 when any of the following cases holds:
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(i) 7 = r, that is, the diagonal entries are all close to each other;
(ii) r is large enough, that is, retroactivity is high;

(iii) X1 has some low-pass filtering properties in the sense that the H,, norm of the
matrix A is achieved at w = 0.

Therefore, if the loads resulting at all nodes of the network are balanced (i.e., they are
close to each other), if the loads at all nodes are very large, or if the system response to
higher frequencies stimulations is lower compared to that at low frequencies (low-pass
filtering behavior), which is often the case in biomolecular networks ( [34-36]), then %,
is more robust than Xs.

Discussion

In this paper, we have analyzed how the robustness of a stable gene transcription
network is affected by the loading applied on transcription factors by the promoter sites
to which the factors bind. Here, robustness is intended as the ability of a system to keep
a desired behavior in the face of parameter perturbations. Specifically, the behavior
whose robustness is investigated is the stability of equilibria, which is especially
important in systems with memory, including switches, event detectors, and molecular
signature classifiers. These enable a cell to make a decision based on changes in the
molecular profile of the environment and have been extensively investigated for
synthetic biology applications [40].

Our computational study performed by sampling the biologically relevant parameter
space indicates that the parameter region where the desired behavior is observed is
more than 46% smaller in the system model that includes retroactivity compared to one
that does not include it. Since the impact of retroactivity is controlled by the
dissociation constant of TF to their promoter sites and by the promoter sites number
(DNA copy number), we also studied how the parameter region corresponding to the
desired behavior is affected by increasing the DNA copy number. For low copy numbers,
the two models (with and without retroactivity) have similar parameter regions leading
to the desired behavior (less than 10% difference). However, for medium and high copy
numbers this parameter region is more than 50% and 76%, respectively, smaller in the
system with retroactivity compared to the one without it. Circuits, or portions of them,
are often built on medium or high copy number plasmids, and even when built in a
single copy, TFs still bind non-specifically to a large number of decoy sites [37}[38].
Therefore, unless retroactivity is mitigated, appropriately tuning the parameters is
harder in practice than in an ideal modular system where the functionality of TFs is not
affected by the downstream sites that they regulate. Also, this difficulty becomes more
prominent as the circuit size increases. This is illustrated by the reduced robustness of
the molecular signature classifier as compared to the event detector, and, in turn, by the
reduced robustness of the event detector as compared to the toggle switch (Fig. |4 Fig.
Fig. [0} Fig. [12] Fig. [13).

As the circuit size increases, it is thus important to investigate ways of mitigating
the effects of retroactivity. One avenue is the creation of insulation devices, which can
be placed at suitable locations in the circuit to enable some level of modularity [22}25].
Recent works have developed insulation devices for genetic circuits based on fast
phosphorylation processes [25]. In fact, it was previously demonstrated theoretically
that fast phosphorylation processes can be used to speed up the effective time scale of
TF's, such that load-induced delays, occurring at the faster time scale of
phosphorylation, become negligible on the slower time scale of gene expression [22].
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This is consistent with our simulations showing that when the decay rate of TFs is
artificially increased, proper behavior can be restored (Fig. |3} Fig. @ Fig. .

Our focus here is the robustness of stability of equilibria as opposed to robustness of
instability, such as found in oscillators [41]. In fact, in this case, the effects of
retroactivity are not determined and have been shown to either increase or decrease the
robustness of the oscillator design depending on the circuit topology [39].

We have provided an analytical approach to compare the robustness of stability of a
system with retroactivity to that of a system without retroactivity using the concept of
stability radius. This provides the largest perturbation a linear system’s matrix can
tolerate before the appearance of eigenvalues with positive real part [29]. Since the
stability radius is a tool developed for linear systems, we linearized the system about
the steady state of interest and computed upper and lower bounds to the stability
radius for both the system with retroactivity and the one without it. Comparisons
among these analytical bounds lead to the finding that the system with retroactivity
tends to have a smaller stability radius than that of the system without retroactivity,
and hence a decreased robustness, confirming the numerical results.

In conclusion, our findings demonstrate that modularity leads to more robust
systems in addition to having both evolutionary advantages in nature [21] and design
advantages when engineering novel systems [40]. A modular approach to design,
wherein the subsystems do not depend on their context, is therefore highly preferable to
designs where large systems are monolithically created.

Appendix

Robustness Index: Stability Radius

Let A(M) denote the spectrum of a square matrix M € K"*" where K = C or R. Let
C~ denote the open left-half complex plane and let C* denote the closed right-half
complex plane. Define the stability radius of M as

rr(M) £ inf{|A] : A € K™ A(M +A)NCT # 0} (36)

where | - | denotes the 2-norm. Then rg(M) is the 2-norm of the smallest perturbation
forcing M + A to be unstable. The stability radius defined in is a natural measure
of a system’s ability to maintain stability of an equilibrium point under perturbations to
elements of the system matrix. A system with larger stability radius is able to maintain
its stability under larger perturbations to the system’s matrix in the 2-norm sense. If
A(M)NCT # (, one has rg(M) = 0. In the following, we only consider the non-trivial
case: A(M)NCT =0, that is, M is a Hurwtiz stable matrix.

By the continuity of eigenvalues of a matrix with respect to its entries, the
eigenvalue leaving C~ towards C* must lie on C~, which is the boundary of C~. Thus
we can write

r(M) = 561(191{:7 <A€1££X7L{|A| tdet(s] — M —A) = 0}) (37)

According to [29], one has the following relationship for the complex stability radius
for A € C*™:

M) = inf |(sI— M)~ =||M|7
re(M) = inf_|(sT = M)~} =[|M][5. (38)
where
[|M]|n.., = sup o1 ((jw =)~ (39)
we
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with o1(-) the largest singular value of a matrix. This makes the computation of r¢ (M)
possible. By [30] one has that the real stability radius for A € R™*" is given by

rr(M) = min sup og,—1 M vl

_ 40
weR ~€(0,1] - IWI M ( )

The real stability radius can be computed from , or by algorithms proposed in [31].

However, the computation of rg (M) involves the minimization of unimodal
functions 30|, which is a challenging problem [32]. To avoid complex computations, we
determine lower and upper bounds of rg(M) which can be easily computed.

Lemma 1 Suppose M,A € R" ™. Then
1M]|7L, < re(M) < 0, (M) (41)
where o, (M) denotes the smallest singular value of M.

Proof of Lemma |1 By the definition of the stability radius in , one immediately
has r¢(M) < rg(M), which together with implies the following lower bound

re(M) > || M| (42)

On the other hand, implies

mR(M) < inf(’) <A iﬂr@lf {|A| : det(s] — M — A) = O})
S= e nxXn
= inf {|A|:det(M +A)=0
nf {IA] det(M + 2) =0}
< inf {|A] : det(M + A) = 0}

A€ER™Xn det A=0

which is equal to o, (M) by the Schmidt-Mirsky Theorem [33]. Then one has the
following upper bound
rr(M) < o,(M) (43)

We complete the proof. |

The bounds obtained in Lemma [l] are tight in the sense that they can be reached
under certain conditions as indicated by the following lemma:

Lemma 2 If the Hy, norm of M is achieved at w = 0, one has
on(M)|[M| 1, = 1. (44)
Proof of Lemma 2} Since the H,, norm of M is achieved at w,
IM||#r., = 01 ((jw = M)™") = o' (jw — M).

Then
|M|| o0 (M) = 0n(M)o, " (jw — M)

which is equal to 1 at w = 0. We complete the proof. |
Note that Lemma [I| has given upper and lower bounds for the real stability radius of
a matrix. Such bounds have been shown to be tight in Lemma [2] in the sense that they
can be reached under certain conditions. This in turn provides a simpler way to
compare the robustness of linear systems as will be seen later in the following section.

PLOS

19/124)

413

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433


https://doi.org/10.1101/037564

bioRxiv preprint doi: https://doi.org/10.1101/037564; this version posted January 21, 2016. The copyright holder for this preprint (which was not

certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

@PLOS | susmission

Robustness Comparison

For genetic networks in practice, parameter perturbations are usually real. If the real
stability radius of ¥ is larger than that of ¥, we say ¥ is more robust than o at
their equilibrium. By definition of real stability radius, this means that for all real
parameter perturbations with a certain upper bound in its 2-norm, the system ¥; is
stable at «* while £5 may become unstable. Note that the dynamics of ¥; is similar to
its linearized system %, when it is sufficiently close to its equilibrium. Thus we call a
non-linear system ; is more robust if its linearized system 3; has larger real stability
radius. In this subsection we will compare the robustness of the two linearized systems
¥, without retroactivity and ¥y with retroactivity under real perturbations to elements
of their system matrices A and (I + R)~'A, respectively, by comparing their real
stability radiuses. Since the real stability radius of an unstable matrix is 0, we only
consider the case when A and (I + R)~!A are both Hurwitz stable.

Based on Lemma [I] one can immediately conclude that ¥ is more robust than X if

IAll5L > on((I+ R)A) (45)
and X, is more robust than ; if
(I +R) Al > oa(A) (46)

These two inequalities ([45]) and give sufficient conditions to determine whether
retroactivity increases or decreases the robustness of the gene transcription network
against parameter perturbations.

When it comes to independent bindings, the retroactivity matrix R is diagonal [18],
which allows us to obtain further analytical results. Let r and 7 denote the smallest and
largest diagonal entry of R. Then

onI+R)=1+r
We further suppose that each node has at least one child. Then r > 0 and thus
on(I+R)>1 (47)

Lemma 3 If
on(I + R) > 0,(A)||AllH., (48)

one has that 1 is more robust than .

Proof of Lemma |3; Let ¢ = %, where ¢ is the unit vector such that
qdAA g = Apin(AA"). Then
on (I +R)"'A) (49)

=  min VU +R)TAA(I+R) o

vER™ |v|=1

V@I +R)TAA(I+R)"q

B qAA'q
- q(I+ R)(I+ R')q
B Amin (AA")
o ¢(I+R)(I+ R)q
on(A)
on(I + R)
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which and imply
on (I +R)TA) < [JAll

Then by Lemmal[l] one has rg((I + R) "' A4) < rg(A). ]

It is worth mentioning that the condition in Lemma [3|separates the retroactivity
matrix R and the system matrix A. From and one has

I+ R) T Al < on((+R)714) <

which implies that the condition can not be satisfied in the case of independent
bindings. Numerical computations suggest that holds in general, the proof of which
is quite challenging though. In the following we will look at serveral cases:

Case 1: Assume that retroactivities corresponding to all TF/promoter bindings in a
gene transcription network are balanced in the sense that % ~ 1. Let

R=(I+R)"- I

1+7
By , one has

rr (I +R)"1A) (51)

1 —
= inf ( inf  {|A|:det(s] — ——A—-A—RA) = 0})
s€dC~ \AeR"Xn 1+7

A )
- inf inf  {|——— — RA|:det (S —A—A)) =0
o (Aelngnm{lpr? | : det (s ) })

, . Al ) )

< f f _ Rl|A| :det (ST — A—A)) =0

= scbe- (A€$nX7L{1+F+\ [|A] : det (3 )) = 0}
rr(A) 1 1

) - A 52
147 +(1+Z 1+?)01( ) (52)

Since = ~ 1, then

AR
o1(A)
It follows that 1 L 1
— A 1— —)|4]5!
(s — 197 < = )4l

from which, ||A||I_{; < rg(A4) and , one has
TR ((I + R)_lA) < TR(A).
Then 31 is more robust than >s.

Case 2: Assume that there exists one TF /promoter binding which leads to
extremely large retroactivity, or in other words, ¥ — oo. Note that

. -1 _
lim o (I +R)714) =0

By the continuity of eigenvalues of a matrix with respect to its entries, there must exist
a finite real number p such that for all 7 € [u, 00), o, (I + R)™1A4) < \|A||;{; Then
Y1 is more robust than Xs.

Case 3: Assume that the retroactivity corresponding to each TF/promoter binding
in a gene transcription network is sufficiently large. Since A is Hurwtitz stable, one has
||Al| s, and 0y, (A) are bounded. Then when r is large enough, one has (438).
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Case 4: Assume that the H., norm of the matrix A is achieved at w = 0, which in
practice suggests that ¥; has a “low-pass filter” behavior. Because of its benefit to
ignore rapid variations and only respond to longer-lasting changes, this low-pass
filtering capacity is a common feature of regulation of transcription, as suggested in F.
coli theoretically [34], verified experimentally [35] and recently observed in
eukaryotes [36]. By Lemma [2/on has ||A||g. on(A) = 1. Note that
on(I+ R)=1+47r>1. Then holds, which implies Y1 is more robust than .

As a summary of the above findings, we have the following theorem

Theorem 1 In the case of independent bindings, let T and r denote the largest and the
smallest diagonal entry of R, respectively. X1 is more robust than Xo if any of the
followings holds:

e retroactivities corresponding to all TE/promoter bindings in a gene transcription
network are balanced in the sense that % ~1;

e there exists one TF/promoter binding which leads to extremely large retroactivity
i the sense that T ~ 00;

e the retroactivity corresponding to each TF/promoter binding in a gene
transcription network is sufficiently large in the sense that r is large;

o the Hy, morm of the matriz A is achieved at w = 0.

Supporting Information

S1 Fig

Supplementary figures to show the percentage numbers appearing in the pie figures are
the values that simulations results converge to.
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