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Summary

Despite the central role of alternative sigma factors in bacterial stress response and
virulence their regulation remains incompletely understood. Here we investigate one of
the best-studied examples of alternative sigma factors: the o network that controls the
general stress response of Bacillus subtilis to uncover widely relevant general design
principles that describe the structure-function relationship of alternative sigma factor
regulatory networks. We show that the relative stoichiometry of the synthesis rates of
o8, its anti-sigma factor RsbW and the anti-anti-sigma factor RsbV plays a critical role in
shaping the network behavior by forcing the o® network to function as an ultrasensitive
negative feedback loop. We further demonstrate how this negative feedback regulation
insulates alternative sigma factor activity from competition with the housekeeping sigma
factor for RNA polymerase and allows multiple stress sigma factors to function
simultaneously with little competitive interference.
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Introduction

Bacteria survive in stressful environmental conditions by inducing dramatic changes in
their gene expression patterns [1,2]. For a variety of stresses, these global changes in
gene expression are brought about by the activation of alternative o-factors that bind
the RNA polymerase core enzyme and direct it towards the appropriate stress response
regulons [3]. Consequently, to ensure that these o-factors are only active under specific
environmental conditions, bacteria have evolved regulatory systems to control their
production, activity and availability [3,4]. These regulatory networks can be highly
complex but frequently share features such as anti-o-factors, partner switching
mechanisms and proteolytic activation [4]. The complexity of these networks has
impeded a clear mechanistic understanding of the resulting dynamical properties. In this
study, we focus on one of the best studied examples of alternative o-factors, the
general stress-response regulating o in Bacillus subtilis [5] to understand how the
structure of the o-factor regulatory networks is related to their functional response.

The oB-mediated response is triggered by diverse energy and environmental
stress signals and activates expression of a broad array of genes needed for cell
survival in these conditions [5]. Activity of o® is tightly regulated by a partner-switching
network (Fig. 1A) comprising o8, its antagonist anti-o-factor RsbW, and anti-anti-o-
factor RsbV. In the absence of stress, RsbW dimer (RsbW-) binds to o® and prevents its
association with RNA polymerase thereby keeping the o® regulon OFF. Under these
conditions most of RsbV is kept in the phosphorylated form (RsbV~P) by the kinase
activity of RsbW2. RsbV~P has a low affinity for RsbW2 and cannot interact with it
effectively [6]. However, in the presence of stress, RsbV~P is dephosphorylated by one
or both of the dedicated phosphatase complexes (thereafter, phosphatases): RsbQP for
energy stress and RsbTU for environmental stress [7-10]. Dephosphorylated RsbV
attacks the o®-RsbW2 complex to induce o® release, thereby turning the o® regulon ON
[11]. Notably, the genes encoding oB and its regulators lie within a o®-controlled operon
[12], thereby resulting in positive and negative feedback loops.

Recently, it was shown that under energy stress o® is activated in a stochastic
series of transient pulses and increasing stress resulted in higher pulse frequencies
[13]. It has also been shown that increase in environmental stressor such as ethanol
leads to a single o pulse with an amplitude that is sensitive to the rate of stressor
increase [14]. While it is clear that the pulsatile activation of o® is rooted in the complex
architecture of its regulatory network (Fig. 1A) its mechanism is not fully understood.
Previous mathematical models of the o® network either did not produce the pulsatile
response [15] or made simplifications to the network [13] that are somewhat
inconsistent with experimentally observed details. As a result, it remains unclear which
design features of the o® network enable its functional properties.
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74 To address these issues we develop a detailed mathematical model of the of
75 network and examine its dynamics to understand the mechanistic principles underlying
76  the pulsatile response. By decoupling the post-translational and transcriptional
77  components of the network we show that an ultrasensitive negative feedback between
78  the two is the basis for o® pulsing. Moreover we find that the relative synthesis rates of
79 0P and its operon partners RsbW and RsbV, plays a critical role in determining the
80 nature of the o® response. We also use our model, together with previously published
81 experimental data from [13,14], to explain how the o® network is able to encode the rate
82 of stress increase and the size of stochastic bursts of stress phosphatase into the
83 amplitudes of o® pulses.
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87  Figure 1. o® general stress response network. A. Network diagram of the o® general stress
88 response. Energy and environmental stresses activate the stress-sensing phosphatases RsbQP
89 (QP) and RsbTU (TU) which dephosphorylate RsbV which in turn activates o® by releasing it
90 from the 0®-RsbW. complex. Note only the monomeric forms of RsbW and RsbV have been
91  shown for simplicity. B-D. Dynamics of free o® in response to a step-increase in phosphatase
92  concentration for different combinations of the relative synthesis rates of o® operon partners (Aw
93 = RsbWH+/Bt, Av= RsbV+/Br).
94
95 We further develop this model to investigate how the network functions in the
96 context of other o-factors. As in many other bacteria, o® is one of the many o-factors
97 that complex with RNA-polymerase core that is present in limited amounts [3,16].
98 Therefore, when induced these alternative o-factors compete with one another and the
99  housekeeping o-factor o* for RNA polymerase. We use our model to investigate how
100 the design of this network enables it to function even in the presence of competition
101 from o” which has a significantly higher affinity for RNA polymerase [17]. Lastly, we
102 investigate how multiple alternative o-factors compete when cells are exposed to
103  multiple stresses simultaneously. Using our model we identify design features that are
104  ubiquitous in stress o-factor regulation and critical to bacterial survival under diverse
105  types of stresses.
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106 Results

107  Biochemically accurate model of o® pulsing

108 In a recent study, Locke et. al. [13] demonstrated that a step-increase in energy stress
109 results in pulsatile activation of oB. The study also proposed a minimal mathematical
110 model of the network which reproduced pulsing in 0. However, this model included
111  several assumptions inconsistent with experimentally observed details: (i)
112 Phosphorylation and dephosphorylation reactions were assumed to follow Michaelis-
113 Menten kinetics despite the fact that kinase (RsbW) and phosphatase concentrations
114 are known to be comparable to substrate (RsbV) concentrations [18] so the
115  approximation breaks down [19], (ii) o and RsbV are represented as a single lumped
116  variable rather than separate species and, (iii) partner-switching, and the formation and
117  dissociation of various RsbW2 complexes were not included explicitly. Though this
118  minimal model produces pulses resembling their experimental observations, it does not
119  depict a biochemically accurate picture of the o® network. Consequently it cannot be
120  used to uncover the design features that enable o® pulsing.

121 To understand the o® network response we built on our earlier study [15] to
122 develop a detailed mathematical model that explicitly includes all known molecular
123 interactions in the network. Note that we made one significant change to the model
124  discussed in [15]. The model in [15] assumed that the synthesis rates for o® and its
125  operon partners (RsbW and RsbV) follow the stoichiometry of their binding ratios (i.e.
126  RsbW,/B,= 2 and RsbW,/RsbV,= 1; where B,, RsbW, and RsbV, represent total o8,

127 RsbW and RsbV concentrations respectively). However experimental measurements
128 have shown that 0B RsbW and RsbV are produced in non-stoichiometric ratios [18].
129  Accordingly, in contrast to our earlier study, we assumed o®, RsbW and RsbV can be
130  produced in non-stoichiometric ratios and studied how changes in relative synthesis
131 rates of o® operon partners affect the response of the oB network to step-increases in
132 energy stress phosphatase levels. We note that RsbX, a negative regulator of RsbTU
133  phosphatase [20], is not included in our model. RsbX was excluded for simplicity since it
134 is not essential for the pulsatile response of the o® network [14].

135 Simulations of this detailed model showed that different combinations of
136 RsbW:oP and RsbV:0® relative synthesis rates lead to qualitatively different dynamical
137 responses of the o® network. For operon partner synthesis ratios similar to those
138  estimated in [18], our model responded to a step-up increase of the phosphatase with a
139  pulsatile oB response (Fig. 1B) that resembled the experimentally observed behavior
140 [13]. In contrast, when RsbW:0® and RsbV:c® relative synthesis rates follow the
141  stoichiometry of their binding ratios pulsing is not observed and the oP activity
142 monotonically increases over time (Figs. 1C). Pulsing also disappears when RsbW
143 synthesis is high enough to neutralize both its binding partners (Figs.1D).
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145  Pulsing originates from emergent negative feedback in the network

146 To understand why the pulsatile response is only observed for certain operon
147  partner synthesis rates, we investigated our mathematical model by decoupling the
148  network’s transcriptional and post-translational responses. By varying the o operon
149 transcription rate, while keeping the relative synthesis rates of RsbW:oB and RsbV:c®
150 fixed, we were able to calculate the post-translational response (Fig. 2A, blue curve) of

151 the o® network:[c”]= F,(B,, P, ). This function describes how the free o® concentration

152 ([c"]) varies as a function of total o® (Bt) and total phosphatase (Pt) concentrations. In
153  parallel, we calculated the transcriptional response (Fig. 2A, black curve) B, = F,(c”)

154  which describes how changes in the free 6B concentration affect total 0® concentrations.
155 In this analysis framework, the steady state of the complete closed loop network can be
156  determined by simultaneously solving the post-translational and transcriptional

157  equations, [¢"]= F,(B,, B,) and B, = F,([c"]) at each phosphatase concentration Pr.
158  Graphing both functions provided the steady-state solution as their intersection point
159  (Fig. 2A, red circle).
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161  Figure 2. Negative feedback drives the pulsatile response of the o® network. A. Decoupled
162  post-translational (blue curve) and transcriptional (black curve) responses of the o® network for

163 A, =RsbW, /B, =4, A, =RsbV,/B,=4.5. 0® and Bt represent the concentrations of free

164 and total 0B. Red circle marks the steady states of the full system. B. Sensitivity of the post-
165 translational response (LGr) to changes in total of concentration (operon production). C.
166  Representation of the o® pulsatile trajectory in the o®-Br phase plane (green curve). Blue and
167 cyan curves are the decoupled post-translational responses at high and low phosphatase
168  concentrations. Black curve is the transcriptional response. D. (/lw, /L,) stoichiometry
169  parameter space is divided into regions with positive (Region 1), negative (Region Il) and zero
170  (Region Ill) post-translational sensitivity that respectively correspond to an effective positive,
171  negative and no feedback in the 0B network. Red and black lines represent the analytically

172 calculated region boundaries 4, = 2 + 4, and 4, = 2(1 + A4k, /k,).

173

174 This decoupling approximation allows us to quantify the sign and strength of
175  feedback in the full model. The effective sign of the feedback in the o® network is given
176 by the sign of the product of the sensitivities of two response functions, i.e.

177 sign((aFT/ o[e"])-(0F, / aBT)). Since o-factors function as activators of transcription,

178  F,(c") is a monotonically increasing function of o® (i.e. dF, /[c"]>0). Consequently,

179  the sign of the feedback in the o® network is given by the sign of the sensitivity of the
180  post-translational response to Br (i.e.0F, /0B, ). In other words, if increase in the operon

181  production leads to an increase in free o® then the feedback is positive, whereas if
182 increase in the operon production leads to a decrease in free o® then the feedback is
183  negative. Our results show that for the parameters chosen in Fig. 1B F, is a non-

184  monotonic function of Bt (Fig. 2A, blue curve). At low Br, free o increases as a function
185 of Bt because RsbW is sequestered in the W2V2 complex. However at higher Br, the
186  kinase flux dominates the phosphatase flux resulting in an increased RsbV~P and the
187 freeing of RsbW2 from RsbV. Freed RsbW: sequesters o® in the W208 complex.
188  Furthermore, in the total o® concentration range where dFp/dBt < 0 in Fig. 2B, the post-
189 translational response is quite steep (Fig. 2A), i.e. small changes in Br lead to
190  significant decreases in free oB. This ultrasensitivity can be quantified by calculating the
191  slope in logarithmic space, i.e.

G - d[c”]/[c"] B dlog[c”]

" dB./B,  dlogB,
193  This dimensionless quantity characterizes the ratio of relative changes in o and Bt at
194  steady state (Fig. 2B). The sign of LG, defines the effective sign of the feedback loop

192

195 and if the magnitude of |LGp|>7 defines a super-linear (sigmoidal) response. For
196 |LGp| »1 the response is ultrasensitive. For the o® network, in the region around the
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197  steady state LGp<-1 indicating that the o® network operates in an ultrasensitive negative
198 feedback regime. Two types of post-translational reactions that are known to produce
199 ultrasensitivity play a role here (Fig. S1A,B): (1) Zero-order ultrasensitivity due to
200 competition between RsbW kinase and RsbQP/RsbTU phosphatases for RsbV and (2)
201 molecular titration due to sequestration of o by RsbW. Therefore, near the steady state
202 the oB network operates in an ultrasensitive negative feedback regime.

203 Notably, negative feedback is one of the few network motifs capable of producing
204 adaption-like pulsatile responses [21]. Moreover, ultrasensitivity of the feedback
205 ensures homeostatic behavior — making the steady state robust to variations of
206 parameters [21]. This explains why in Fig. 1B a step-increase in the phosphatase
207  concentration in our model leads to a o® pulse followed by return to nearly the same
208 steady state. Plotting the trajectory of the o® pulse (green curve, Fig. 2C) on the

209 ([6”], B,) plane and over the post-translational and transcriptional responses (Fig. 2C)

210 illustrates the mechanism driving this pulsatile response. Starting at the initial steady
211  state (red circle), an increase in phosphatase shifts the ultrasensitive post-translational
212 response (cyan to blue curve) so that free oB is rapidly released from the RsbW.-g®B
213 complex whereas total o® levels remain relatively unchanged. The increase in o®
214  operon transcription eventually causes accumulation of total o® and the anti-o-factor
215 RsbW. This in turn forces the o® level to decrease, following the post-translational
216 response curve, to the new steady state (gray circle) which has very little free o®
217  thereby completing the o® pulse.

218 The same analysis can be applied for different values of relative synthesis rates,
219 i.e. those that correspond to Fig. 1CD. As shown in Fig. S2 these parameter values do
220 not produce an ultrasensitive non-monotonic post-translational response. Consequently
221  they do not lead to the emergence of overall negative feedback explaining their non-
222 pulsing dynamics. To determine if the presence or absence of negative feedback more
223  generally explains the different dynamical responses in Fig. 1B-D, we sampled different
224 combinations of relative synthesis rates (RsbW,/B,= A, and RsbV,/B, = 4,) and
225 calculated the post-translational sensitivities. Our calculations showed that based on the
226  sign of post-translational sensitivity (LG, ) the relative synthesis parameter space can

227 be divided into three regions (Fig. 2D). For (Aw, Av) combinations in Region | the
228  sensitivity is always positive. Increase in Aw leads the system into an ultrasensitive

229 negative regime (LG, <0 and|LGP|>>1) in Region II. A further increase in Aw or a

230 decrease in Av transitions the system into a non-responsive (LG, ~0) state in Region

231 lll. Dynamic simulations for sampled (Aw, Av) combinations confirm that pulsatile
232 responses to step-up in phosphatase concentration are restricted to Region Il where the
233 effective feedback is negative (Fig. S2).
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234 To understand the boundaries between the three regions and how the level of
235 the phosphatase affects the network, we developed a simplified analytical model that is
236 based on the observation that RsbW and RsbV bind strongly to each other [18] (see
237  Supporting Text for details). This approximation allowed us to determine the boundaries
238 in Fig. 2D (black and red lines) and resulted in a clear biological interpretation of the
239 three regions. In Region | the amount of RsbW, irrespective of phosphatase level, is
240 insufficient to bind all of its partners and consequently some fraction of o always
241  remains free or unbound to RsbW. In contrast in Region Il, the amount of phosphatase
242  determines how much RsbV is in its inactive phosphorylated form RsbV~P and
243  therefore whether the amount of RsbW is sufficient to bind all of its partners depends on
244  the levels of RsbV~P. As a result, for this region, the ratio of kinase and phosphatase
245  (Pr) fluxes determines the post-translational response. Lastly, Region Il is the opposite
246  of Region | in that the amount of RsbW is more than sufficient to bind all of its partners,
247 even when all RsbV is unphosphorylated. As a result, irrespective of phosphatase
248 levels, very little o® is free and its level is nearly insensitive to changes in total oB. Thus
249 negative feedback and consequently pulsing are only possible in Region Il where
250 changes in phosphatase can shift the balance between the prevalent partner
251 complexes.

252 The role of negative feedback in producing a pulsatile response also explains
253 why pulsing does not occur in strains where o® operon is transcribed constitutively [13].
254 In this case, the of network lacks the negative feedback necessary to produce a
255  pulsatile response. A step-increase in phosphatase still leads to an increase in free o®
256  due to the change in the post-translational response; however, this not followed by an
257 increase in total oB levels (Fig. S2C). Consequently, an increase in phosphatase results
258  in a monotonic increase in free o® rather than a pulse (Fig. S2F).

259 Further our decoupling method also sheds light on another experimental
260 observation by Locke et. al. [13]: the dependence of o pulse amplitude on the
261  phosphatase level. Specifically, we found that o® pulse amplitude is a threshold-linear
262 function of the phosphatase concentration (Fig. S3). Our decoupling method shows that
263 this threshold-linear behavior arises because the o network only operates in a negative
264 feedback regime for phosphatase concentrations higher than a threshold. Below the

265 phosphatase threshold, the post-translational response ¢°=F,(B,, P,)~0 and is

266 insensitive to Bt (Fig. S3BC). Thus, the full system lacks the negative feedback and as a
267 result 0® does not pulse. Using our analytical approximation we found that this
268 phosphatase threshold is proportional to the basal level of RsbW kinase synthesis rate
269 and the ratio of the kinase and phosphatase catalytic rate constants (Fig. S3DE).
270 Increase in the basal o operon expression rate increases the phosphatase threshold.
271 Further, an increase in the relative synthesis rate of RsbW (Aw=RsbW1/Bt) makes the
272 phosphatase threshold more sensitive to the o® operon expression rate, whereas a
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273  decrease in ratio of the kinase and phosphatase catalytic rate constants makes it less
274  sensitive (Fig. S3DE). This shows that the phosphatase threshold represents the
275 concentration at which the phosphatase is able to match the basal kinase flux.

276 Altogether these results show how the ultrasensitive negative feedback plays a critical
277  role in determining many properties of the o® network pulsatile response and how the
278 decoupling method can facilitate the identification of essential design features that
279  enable the existence of this negative feedback.

280

281  Under energy stress conditions oB network encodes phosphatase burst size into
282  pulse amplitudes

283 In the preceding sections we have shown how the o® network responds to a
284  step-increase in RsbQP or RsbTU phosphatases by producing a single pulse of activity.
285 However, Locke et. al. [13] have shown that an increase in energy stress leads to a
286  sustained response with a series of stochastic pulses in o® activity. This study further
287 showed that this sustained pulsing response is driven by noisy fluctuations in level of
288  energy-stress-sensing phosphatase RsbQP. While the mean level of RsbQP level is
289 regulated transcriptionally by energy stress [8,13], its concentration in single cells can
290 fluctuate due to the stochasticity of gene expression. To determine if our model could
291  explain this response to stochastic fluctuations in RsbQP, we modified it to include
292 fluctuations in the concentration of this phosphatase.

293 Based on previous theoretical [22,23] and experimental [24] studies we assume
294  that fluctuating phosphatase level follows a gamma distribution which is described by
295 two parameters - burst size (b, average number of molecules produced per burst) and
296  burst frequency (a, number of bursts per cell cycle). The mean phosphatase in this case

297 is the product of burst size and burst frequency (<PT> =ab). Thus, energy stress can

298 increase mean phosphatase by changing burst size or burst frequency or both. In other
299  words, stress conditions can increase phosphatase levels by either producing more
300 phosphatase molecules per transcription-translation event or by making these events
301 more frequent. While the results of [13] cannot exclude either mechanism, we can use
302  our model to uncover which mechanisms is dominant.

303 First, we performed stochastic simulations in which mean phosphatase
304 concentration was varied by changing burst size. These simulations reproduced all the
305 experimentally-observed features of the o® pulsatile response. Specifically our results
306 show that stochastic bursts in stress phosphatase levels lead to pulses of o® activity
307 (Fig. 3A). Moreover, consistent with the experimental observations of [13], our model
308 showed that the amplitude of oB pulses increases linearly with the stress phosphatase
309 level (Fig. 3A,B). Finally, we found that stress-mediated increases in phosphatase
310 concentration lead to an ultrasensitive (effective Hill coefficient ~5.6) increase in the

10
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311 frequency of oB pulsing (Fig. 3C) and an ultrasensitive (effective Hill coefficient ~2)
312 increase in the level of oB target expression (Fig. 3D).

313
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317 Figure 3. Pulsatile response of the o network to stochastic phosphatase bursts during
318 energy stress. Model simulations for oB network response where energy stress leads to an
319 increase in stress-sensing phosphatase RsbQP burst size (A-D) or RsbQP burst frequency (E-
320 H). A,E. Simulations show stochastic bursts in levels of RsbQP lead to pulses of o® target
321  promoter activity. Light and dark green curves are sample trajectory from stochastic simulation
322 at high and low stress respectively. Note that o® target promoter activity pulse amplitude
323  increases significantly with increasing stress for burst size modulation (A) but not for burst
324 frequency modulation (E). B,F. Mean o® pulse amplitude increases linearly as a function of
325 mean phosphatase level for burst size modulation (B) but is insensitive to mean phosphatase
326 level for burst frequency modulation (F). Green circles and errorbars show means and standard
327  deviations calculated from stochastic simulations. Black line is a linear fit. C,G. With increasing
328 mean phosphatase level, mean o pulse frequency increases ultrasensitively for burst size
329  modulation (C) and linearly for burst frequency modulation (G). Green circles and errorbars
330 show means and standard deviations calculated from stochastic simulations. Black curves are a
331  Hill-equation fit with nm=5.6 in (C) and a linear fit in (G) respectively. D,H. Mean o® target
332  expression increases ultrasensitively as a function of mean phosphatase level for both burst
333  size (D) and burst frequency (H) modulation. Green circles are the mean o® target expression
334  calculated from stochastic simulations. Black curve is a Hill-equation fit with ngy= 2 in (D) and in
335 Nain= 1.2 (H)

336
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337 Next, we compared these results with stochastic simulations in which burst frequency
338  was modulated (Fig. 3E-H). These simulations also led to an increase in o® pulsing (Fig.
339 3E) and a non-linear increase in the level of oB target expression as mean phosphatase
340 level was increased with more frequent bursts (Fig. 3H). However, we found that o®
341 pulse amplitude remains constant for burst frequency modulation (Fig. 3E,F) unlike the
342 ~5-fold increase for burst-size modulation (Fig. 3B). Moreover, the frequency of o®
343  pulses increase linearly with phosphatase level unlike the non-linear increase observed
344  with burst-size-increase simulations (compare Figs. 3C and 3G). Notably the
345  experimental observations reported in [13] show that o® pulse amplitude does increase
346  (~3-fold) with an increase in energy stress thus suggesting that increase in phosphatase
347  concentration at high stress is primarily the result of increase in burst size.

348

349  To further reinforce the role of mean burst-size modulation in controlling the of pulsatile
350 response we next examined the cumulative histograms of pulse amplitudes at different
351 phosphatase concentrations. These histograms carry different signatures for burst-size
352 or burst-frequency encoding. The distribution of pulse amplitudes is unchanged with
353 increase in burst frequency (Fig. S4A) because of pulse amplitude is determined by
354 phosphatase burst size and not burst frequency. In contrast, if phosphatase levels are
355 controlled by changing mean burst size then the distribution of pulse amplitudes
356 changes accordingly. Consequently, the normalized cumulative histograms of pulse
357 amplitudes overlap for burst-frequency encoding (Fig. S4A), but not for burst-size
358 encoding (Fig. S4B). Applying this test to the data from [13], we found that the
359 normalized cumulative pulse amplitudes histograms do not overlap (Fig. S4C). These
360 results predict that stress affects the o® network via burst-size modulation of
361 phosphatase production which is then encoded into o® pulse amplitudes. While the
362 molecular mechanism that introduces energy stress to the network is still not fully
363 understood, our prediction places an important constraint on it.

364
365 oB network encodes rate of environmental stress increase into pulse amplitudes
366 Our model can also be used to study the response of of network to

367 environmental stress. Unlike the energy stress phosphatase, the environmental stress
368 phosphatase RsbU is regulated post-translationally by binding of RsbT [25-27]. RsbT is
369 trapped by its negative regulators under unstressed conditions but is released upon
370 stress. Consequently, the concentration of RsbTU complex is tightly controlled at the
371  post-translational level and is therefore expected to be relatively insensitive to gene
372 expression fluctuations but sensitive to the level of environmental stress. As a result,
373  step-up increases in environmental stress agents like ethanol produce rapid increases
374 in RsbTU and result in only a single pulse of o® activity [14]. However it has been shown
375 that for gradual increases in stress, o® pulse amplitude depends on the rate of stress

376  increase [14]. To explain this response, we modeled gradual stress with ramped
12
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377 increase in RsbTU complex concentration (Fig. 4A). Our simulations showed that the
378 detailed model of o® network is indeed able to capture the effect of rate of stress
379  increase on o® pulse amplitudes. Specifically for a fixed increase in RsbTU complex, the
380 pulse amplitude decreases non-linearly as a function of the duration of phosphatase
381 ramp (Fig. 4B, E).
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385 Figure 4. Rate sensitivity of the o® pulsatile response to environmental stress. A. Ramped
386 increases in RsbTU complex concentration were used as model inputs to simulate different
387 rates of stress increase in o® network. B. 0® pulse amplitudes in the wildtype model (kgeg = 0.72
388 hr' is the degradation rate of o® operon proteins) resulting from the ramped increases in
389 phosphatase concentration shown in (A). C,D. o pulse amplitudes resulting from the ramped
390 increase in phosphatase concentration shown in (C) for various degradation/dilution rates (D).
391 E. Non-linear dependence o® pulse amplitude on phosphatase ramp duration for various
392  degradation/dilution rates. Circles and solid curves represent simulation results and Hill-
393  equation fits respectively. Colors represent different kqeg values as in (D). F. Kramp, the half-
394  maximal constant of the non-linear dependence of amplitude on ramp duration, as a function of
395  Keg.

396

397  We hypothesized that this ramp rate encoding is the result of the timescale separation
398 between the fast post-translational and the slow transcriptional responses of the o®
399  network. During the pulsed o® activation, post-translational response is rate-limited by
400 the phosphatase ramp. In contrast, the transcriptional response is slow and its rate is
401 set by the degradation rate of of operon proteins. Following a step-increase in
402 phosphatase, the fast post-translational response ensures that o® reaches its post-

13
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403 translational steady state before the slow increase in RsbW sequesters o and turns off
404 the pulse (Fig. 4AB). However, for a ramped increase in phosphatase the post-
405 translational increase in o® is limited by the rate of phosphatase ramp. This allows
406 RsbW to catch up and terminate the o® pulse earlier, thereby decreasing the pulse
407 amplitude. To test this, we varied the degradation rate of o® operon proteins and
408  proportionally changed the operon transcription rate to ensure that the total
409  concentrations of 0B RsbW and RsbV are kept fixed. We found that indeed pulse
410 amplitude decreases with increase in degradation/dilution rate (Fig. 4CD). Our
411  simulations showed that Kramp, the half-maximal constant for the dependence of pulse
412  amplitude on ramp duration, was indeed sensitive to the degradation rate (Fig. 4EF).
413 This suggests that the timescale separation between the post-translational and
414  transcriptional responses is the basis of ramp rate encoding into pulse amplitude.

415

416 The design of the oB network enables it to compete with o for RNA polymerase
417 The results thus far indicate that o network functions in the effectively negative
418 feedback regime where increase in the operon expression decreases o activity.
419  Negative feedback loops have been shown to increase the robustness of the system to
420 perturbations. We therefore decided to investigate how the of network design affects its
421  performance when it faces competition for RNA polymerase from other o-factors, e.g.
422  from the housekeeping o-factor o* [16,28,29]. Since o* has a much higher affinity for
423  RNA polymerase [17], a small increase in ¢ can dramatically increase the amount of o8
424 necessary to activate the transcription of the o® regulon. Thus, changes in ¢” can alter
425 the input-output relationship of a stress-response o-factor like o (Fig. S5AB) and
426  thereby adversely affect the survival of cells under stress.

427 To understand how the o network handles competition for RNA polymerase, we
428 expanded our model to explicitly include o® RNA polymerase (RNAPol) and its
429 complexes with both o-factors. The presence of o will affect transcriptional activity of
430 0P but not post-translational interactions between o® operon partners (Fig. 5A, left

431 panel). Therefore, post-translational response ¢” = F,(B,, F,) is not affected by o*. In

432  contrast, in the transcription response, an increase in o” decreased the ‘effective
433 affinity’ of o for RNApol and consequently higher levels of free o® are necessary to
434  achieve the same production rate for o® target genes.

435 Using our model, we examined how changes in o” level affect the network
436 response to energy stress signal, i.e. under stochastically fluctuating RsbQP
437  phosphatase levels. Our simulations showed that phosphatase bursts lead to pulses of
438 free 0B and pulsatile transcription of aB-controlled promoters (Fig. 5BC) as the presence
439  of o” does not affect the effective feedback sign. Notably our results also showed that
440 the amplitudes of B target promoter pulses are hardly affected by a ~30% increase in
441 o (Fig. 5C, left panel). This surprising insensitivity of the phosphatase-o® target dose-
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442  response to RNApol competition is the result of the ultrasensitive negative feedback
443  between free 0® and total 0B Due to the ultrasensitivity of this feedback, a small
444  decrease in total oB levels resulting from the increase in o” causes a large increase in
445 o pulse amplitude (Fig. 5B left panel, 5D green line). This increased amplitude
446  compensates for the increased competition for RNApol and insulates the network from
447  perturbations (Fig. 5DE, green curves).
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452  Figure 5. Negative feedback insulates the o response from competition with
453  houskeeping o-factor *. A. Simplified network diagrams of stress o-factor 68 competing with
454  housekeeping o-factor o for RNA polymerase. In all cases, a o® phosphatase controls the
455  stress-signal driven activation of oB. (B,C). Trajectories of free o® (B) and o® target promoter
456  activity (C) in response to stochastic phosphatase input for both networks at two different levels
457  of o” (0* = 9uM — low competition-regime and o* = 12uM — high-competition regime for RNA
458  polymerase). D-E. Mean free o® concentration (D) and mean of target promoter activity (E) as a
459  function of total o” concentration (Ar) for both networks in (A) at fixed mean phosphatase (mean
460 Pr= 0.5 uM). Gray vertical line shows the total RNA polymerase level which was fixed at 10 uM.
461
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462 To further illustrate the importance of the negative feedback in insulating the
463 network, we compared the response of the wildtype network to an “in silico” mutant
464 network wherein the o® operon is constitutive rather than o® dependent (Fig. 5A).
465 Consequently this network lacks any feedback between free o® and total oB. Our
466  simulations (Fig. 5B, right panel) show that the free o® concentration of the no-
467 feedback-network does not show adaptive pulsing and therefore o concentration
468 fluctuates along with the phosphatase levels. Increase in o” did not affect this response.
469  This is expected since in the absence of feedback o” only affects the expression of oB
470 targets in this network (Fig. 5A, right panel). Without an increase in free o® (Fig. 5D), the
471 increased competition for RNApol at higher o” reduced the o® target promoter activity
472 (Fig. 5CE). Similarly a positive feedback network design is also incapable of increasing
473  free o® in response to an increase in o* (Fig. S5CDE). Thus fluctuations in o® can
474  interfere with the o® stress-response of these alternative network designs. In contrast,
475 the wildtype o® network with its ultrasensitive negative feedback design can
476  compensate for competition effects (Fig. 5DE).

477

478 Negative feedback designs of stress-response o-factor networks minimizes
479  interference

480 The emergent negative feedback design of the network discussed here is not
481 unique to o®. Transcription of many alternative o-factors in B. subtilis as well in other
482  bacteria is often positively auto-regulated but sigma-factor operons often include post-
483 translational negative regulators [3,12,30-33]. For example 6", a o-factor in B. subtilis
484  that controls the response to alkaline shock [34] is co-transcribed with its anti-o-factor
485 RsiW. In the absence of stress, RsiW sequesters o in an inactive complex. "V is
486  activated by stress signals which trigger the cleavage and degradation of RsiW thereby
487 releasing and activating 0" target expression [35]. Although it is unknown whether the
488  o" network functions in a negative feedback regime similar to o® or if it pulses, it is
489 possible for this network to exhibit these design properties. If RsiW is expressed in
490  stoichiometric excess of its binding partner o"V from the o"/-regulated operon which they
491  share [36], then similar to the o® network, ¢"V would operate in a negative feedback
492  regime.

493 To determine if negative feedback control offers any advantages when multiple
494  stress o-factors are active, we built a new model that includes three o-factors: o8 o%
495 and o”. Anti-o-factors RsbW (RsiW) and other details of post-translational regulation
496  were excluded for simplicity. Instead the regulation of free 0® and oV was modeled with
497 simplified identical versions of the negative feedback design of the o® network (Fig.
498  S5A). Under this simplification, free o® and free 6"V are non-monotonic functions of their
499 respective total concentrations, B, and W,. These non-monotonic functions are

500 qualitatively similar to the post-translational response function shown in Fig. 2B and
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501 depend on a signaling proteins Ps (for 0®) and Pw (for o%). Following the previous
502  section, this model explicitly includes o”, RNApol and its complexes with o-factors. As a
503 result, transcriptional activity of both o and o“ depend on o* and RNApol
504 concentrations (see Supplementary Text). Concentrations of RNApol and o* were
505 chosen to ensure that amount of RNApol is insufficient to bind to all o-factors at the
506 same time. All other parameters of the simplified model were chosen to approximately
507 match the full 0B network model and ensure that both o® and 6"V operate in the negative
508 feedback regime. Consequently for the chosen parameters this simplified model acts
509 like our detailed model and responds to step increases in the stress signaling protein Ps
510 (or Pw) by producing a pulse of o® (or o%) activity (Fig. S5CD). To enable a comparison
511  of the competition between o-factors for different types of feedback we hereafter focus
512  on only steady state response, however our conclusions are also valid for the averaged
513 pulsatile dynamical responses that could be characteristic of the negative feedback o-
514  factor networks.

515 We used this simple model to study the response when cells are simultaneously
516 exposed to multiple stresses creating competition for RNApol. For these simulations we
517 fixed o” levels and studied how activation signals for one alternative o-factor affects the
518 activity of another. As before (Fig. S5AB), increased availability of one stress o-factor
519 leads to a competition for RNA polymerase and as a result reduces the activity of
520 another stress o-factor (Fig. S6EF). However, when negative feedback loops are
521  present, surprisingly, increasing the stress signal for one o-factor did not lead to any
522  significant change in the activity of another o-factor. For example, increasing stress
523  signaling protein Ps while keeping Pw fixed leads to an increase in free o® but also
524  results in a small increase in free ¢V (Fig. 6C). This response can be explained by the
525 ultrasensitive negative feedback loops controlling the two stress o-factors. An increase
526 in free o® by stress signaling protein Ps leads to increased competition for RNApol
527 resulting in a decrease in the production of RsbW. But since o% is regulated by a
528 negative feedback, a decrease in total RsbW concentration actually frees up more o
529  thereby insulating o' target activity from the effects of RNApol (Fig. 6E). Similarly the
530 dynamic response of the stress o-factors is also insulated from competition and an
531 increase in fixed Pw levels increases the pulse amplitude of o® in response to step
532 changes in stress signaling protein Ps (Fig. S6A-D). This compensation of changes in
533  RNA polymerase availability comes about because both o® and ¢ are regulated by
534 ultrasensitive negative feedbacks in our model. As a result of this negative feedback,
535 both o-factor networks function as homeostatic modules. Homeostatic resistance to
536 changes in signals is an intrinsic property of ultrasensitive negative feedback motifs .

537 Thus the two stress o-factors are able to function simultaneously despite the
538  scarcity of RNApol. The mechanism minimizing competition between stress o-factors
539 becomes clearer when we track the changes in c—RNApol complexes as a function of

540 the stress signaling protein Ps. As Ps increases, more free-o® becomes available and
17
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541  binds to RNApol (Fig. 6G). However this RNApol must be accounted for by the RNApol
542  lost by the other operating 6"V and o* factors. Comparing the contributions of each o-
543  factor shows that despite the fact that o has a much higher affinity for RNApol, most of
544  the RNApol in the aB8-RNApol complex is drawn from the o”-RNApol pool rather than
545  0™-RNApol pool (Fig. 6G). Thus the negative feedback design allows stress o-factors to
546  minimize their competition with each other at the expense of the housekeeping factor
547 oA
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551  Figure 6. Negative feedback minimizes competition between stress o factors for RNA
552  polymerase. A,B. Simplified network diagrams of stress o-factors o® and o" and housekeeping
553  o-factor o competing with each other for RNA polymerase. o® and o activities are regulated
554 by negative and positive feedbacks in (A) and (B) respectively. In both cases, signaling proteins
555 Ps and Pw control the stress-signal driven activation of o® and o%“ respectively. C, D.
556  Dependence of free o8 and o% levels on Pg at fixed Pw (= 2uM). In the wildtype negative
557 feedback system (C), increase in o® phosphatase leads to an increase in both free o (green
558 curve) and free ¢ (red curve). In the positive feedback system (D), increase in 68 phosphatase
559 leads to an increase in free oB (green curve) and a decrease in free 0¥ (red curve). E, F. o® and
560 0% target promoter activities as a function of Pg at fixed Pw in the wildtype negative feedback
561 system (E), and the positive feedback system (F). G, H. RNA polymerase bound B (Rpol-aB) as
562 a function of Pg at fixed Pw in the wildtype negative feedback system (G) and the positive
563 feedback system (H). Increase in o® phosphatase (Pg) leads to an increase in Rpol-o® (green
564  curve) and corresponding decreases ARpol-c" in Rpol-a% (red area) and ARpol-c* in Rpol-c#
565  (blue area).

566

567 The role of the negative feedback in producing this response becomes clear
568 when we compare the response of an “in silico” mutant network with positive feedback
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569 loops between B and Bt and o and Wr. These positive feedback loops are expected
570 to display no homeostatic properties and as a result, in this network activation of o8
571  should significantly decrease o' activity. Indeed, our simulation for the positive
572 feedback network (Fig. 6D) demonstrates that with increase in stress signaling protein
573 P and the resulting increase in free o8, the free 6"V concentration decreases. As a
574 result of the increased competition for RNApol and the decreased free 6", o" target
575 promoter activity in this network decreases as a function of Ps (Fig. 6F). Moreover
576  comparing changes in c—RNApol complexes as a function of stress signaling protein Ps
577 we find that most of the RNApol in the oB-RNApol complex is drawn from the o'V-
578  RNApol pool rather than o”-RNApol pool (Fig. 6H). Thus the negative feedback designs
579 are essential for stress o-factors not only to tolerate competition from o*, but also to
580 avoid competing with each other when the cell is simultaneously exposed to multiple
581 types of stresses.

582
583 Discussion
584 Taken together, our results show how the design of the o® network includes an

585 implicit ultrasensitive negative feedback that plays multiple functional roles. This design
586 enables pulsatile activation of 0B in response to energy stress and rate-sensitivity to
587 increases in environmental stress. Moreover, our model predicts that the same design
588 feature allows the network to effectively compete with house-keeping and other
589 alternative o-factors for RNA polymerase core.

590 Prompted by recent observations of the highly dynamic pulsatile response of the
591 0% network [13,14], we have developed a mathematical model that reproduces all
592  reported features of the response including pulsatile activation in response to stress.
593  Our model avoids making ad hoc simplifications and instead captures all the known
594  molecular details of the network. By decoupling the post-translational and transcriptional
595 responses in our model we were able to derive a simplified view of the network that
596 illustrates how the pulsatile response is mechanistically based on the ultrasensitive
597 negative feedback in the network. Using this method we identified the relative
598  stoichiometry of o8 RsbW and RsbV synthesis rates as the most critical design
599  property, which by controlling the post-translational response determines the sign of the
600 feedback in the network as well as all qualitative features of the network response. This
601  highlights how ignoring non-transcriptional interactions and focusing on transcriptional
602 regulatory interactions alone can be misleading when trying to identify or characterize
603 network motifs. Notably, recent analyses of networks like bacterial two-component
604 systems [37] and the sporulation phosphorelay [38] have similarly shown how the
605 effective sign of feedback in these networks depends critically on their post-translational
606 interactions.

607 The decoupling of the post-translational and transcriptional response greatly

608 facilitated the identification of critical design features despite the complexity of the
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609 network. This separation greatly reduces the dimensionality of the dynamical system by
610 enabling an independent input—output analysis for the two modules. Similar methods
611 have also been applied to deduce core functional properties in other bacterial networks
612  comprising two-component systems and alternative o-factors [39-41]. Interestingly our
613  analysis revealed that the post-translational and transcriptional module structures of the
614 of network and the phosphorelay controlling B. subtilis sporulation are remarkably
615  similar [38]. Despite the differences in molecular details, in both networks increase in
616 total transcription factor levels produces a non-monotonic response in the active
617  transcription factor. Combining this response with the transcriptional feedback produces
618  an ultrasensitive negative feedback in both networks. The relevance of these similarities
619 is evidenced by the fact that both networks produce dynamically similar pulsatile
620 responses even though they are activated by entirely different stimuli.

621 We further showed that energy stress can control o® pulses frequency by
622  modulating the size of stochastic bursts of energy stress phosphatase. This result raises
623 the question whether pulsatile 6B response can achieve proportional expression of
624 downstream genes, as was previously suggested [13,42]. This proportional control
625 requires the distribution of pulse amplitudes to remain fixed even as stress levels
626  increase. However under the burst-size encoding strategy, pulse amplitude distributions
627 change as stress levels increase thereby negating the efficacy of a pulsed response in
628  producing proportional expression of downstream genes. The functional significance of
629 pulsatile response may instead lie in its ability to encode the rate of environmental
630 stress increase. Our model showed that this rate encoding follows from the timescale
631  separation between the fast post-translational and the slow transcriptional responses in
632 the network. As a result cells are able to encode the rate of stress increase into o®
633  pulses. This rate responsiveness is only possible with adaptive pulsatile responses and
634 thus may explain the need for oB pulsing to control the general stress response.

635 We also used our model to understand the response when placed in the larger
636 context of other o-factor networks and competition for RNA polymerase. Our results
637 show how the network design is uniquely suited to insulating its response from RNA
638 polymerase competition from the housekeeping o-factor. Finally we demonstrate how
639 ultrasensitive negative feedback, a ubiquitous feature of stress o-factor regulation
640 enables different stress o-factors to operate simultaneously without inhibiting each
641 other. These results are relevant not only for understanding the stress response of
642  bacteria but also increasingly for the design of synthetic circuits. The movement towards
643 the construction of larger genetic circuits has produced numerous recent designs that
644 include multiple independent modules that rely on shared resources or actuators to
645 function [43-45]. Our results highlight how competition between modules for shared
646  resources can significantly affect the performance of these synthetic circuits. Further,
647 inspired by the design of naturally occurring stress o-factor network we provide new
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design rules that can improve the performance and robustness of the synthetic
networks.
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Methods

Mathematical model of the o® network
The details of all biochemical reactions in the model and the corresponding differential
equations are described in the Supplementary Text.

Mathematical model of of stress-response network

Our mathematical model of o network is based on a previous model proposed in [15].
This ODE-based model explicitly includes all known molecular species, post-
translational reactions and the transcriptional regulation of the oB operon by o®. Below
we formulate the set of reactions and associated differential equations.

Model reactions

The events shown in Figure 1A can be described by the following set of biochemical
reactions:

e Dimerization of anti-o-factor RsbW
2RsbW —2=RsbW, (1)

¢ Reversible binding of the anti-anti-o-factor RsbV to anti-o-factor dimer RsbW: to form
the complexes RsbW2-RsbV and RsbW2-RsbV?2

RsbW, + Rst—’;#“—‘RisZ -RsbV (2)

RsbW, -RsbV +RsbV /’# RsbW, -RsbV, (3)
e Phosphorylation of the anti-anti-o-factor RsbV by RsbW:

RsbW, -RsbV gRisZ +RsbV, 4)

RsbW, -RsbV, kf)RisZ -RsbV +RsbV, (5)

e Reversible binding of o® to RsbW- to form the complex RsbW2-g®
21
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684 RsbW, +o® ;#Rsbwz -o® (6)
685 e Reversible displacement of 6® by RsbV in the complex RsbW2

686 RsbW, -0® + RstZ[ﬁ;Ris2 -RsbV +0° (7)
687 e Dephosphorylation of phosphorylated anti-anti-o-factor RsbV~P

688 RsbV, +RsbP JZ\TL‘RstP -RsbP—%>RsbV +RsbP (8)

689 e Protein degradation/dilution due to cell growth

kdeg

690 X—0 (9)

691  where X is any protein or protein complex in the o® network. For simplicity equal rates of
692 degradation for all proteins and their complexes are assumed.

693

694 e Production of 0B, RsbW and RsbV

695  —>0°+1,RsbW + 1, RsbV (10)

696 0%, RsbW and RsbV were assumed to be synthesized proportionally as all three are
697 part of the same operon. 4, and A, are the proportionality constants of the relative

698  synthesis rats of operon genes. Synthesis was modeled as a hyperbolically increasing
699 function of o® concentration,[c”], due autoregulation:

_ flo”]
700 Vv, = vo(l + O-/K +[UB])j (11)

701  Here v, is the basal synthesis rate, f is the fold change in protein synthesis due to

702  positive autoregulation and K is the equilibrium dissociation constant for the binding of
703  oPf to the promoter DNA.
704
705  The stress signals were assumed to control the concentrations of stress phosphatases
706 RsbTU and RsbQP. For RsbQP, energy stress was assumed to regulate the
707  transcription rate of the phosphatase and the phosphatase concentration was assumed
708  to be subject to stochastic fluctuations resulting from gene expression noise. In contrast,
709 RsbTU concentration is regulated by environmental stress post-translationally,
710 consequently RsbTU concentration was assumed to be stress-dependent but not
711  subject to stochastic fluctuations.
712
713 Model equations
714
715  We assume mass-action kinetics for all the above reactions (equations 1-10) to obtain
716  the following set of equations that describe network dynamics:
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d|B
[dtT] =V, _kdcg[BT]

% = Ayvy — koo [R5, ]
ARSDVL) _ 4~k [RsbV;]

dt
d[;tB] =Vt kda[mdB] + kb4[WzGB][V] - kb3[W2][O'B] - kd4[WzV][GB] B kdeg[O-B]
d[ZZ] = K, [T + kg, + ki VY T+ ks W30 1= (kg [V 14 ks[04 ey )W, ]
d[de] = k [V 1+ ko [V, 1+ kg [V, P1= (ko [P+ ko LV
d [Z;V] = ke, [NV 1+ (kyy + k)W, 1+ Ky [0 1V ]

- (kdl + kkl + kbz [V] + kd4[O-B] + kdeg)[VVJ/]

e NUAA SRRV
% = ks [V, 1P~ Ghys ki, kg VP

Here [03] is the concentration of free aB; /W] is the concentrations of dimeric RsbW;
[V']and [V,] are the concentrations of unphosphorylated and phosphorylated RsbV;
I:VVZGB], [W,V], [W,V,] and [V,P] are the concentrations of the corresponding protein

complexes. [B, ], [RsbW, ], [RsbV,] and [P.] are the concentrations of total 0B, RsbW,

RsbV and phosphatase:
W,0"1+[c"1=[B,]
AW, 1+ 2,0 1+ 2[W,V 1+ 2[W,V, 1 =[RsbW, ]
V1+ W,V 1+ AWV, 1+ [V, 1+ [V, Pl1=[RsbV, ]
[P1+[V,P]=[F]

All model parameters are summarized in Table 1.

To study the effects of competition for RNA polymerase, the o® network model was
expanded to include reactions for o*, RNA polymerase (RNApol) and c—RNApol binding
(see Supplementary Text). To investigate the competition between o8, ¢"V and o#, we
used a phenomenological non-monotonic function to model the post-translational
regulation of stress o-factors (o8 and ¢"; see Supplementary Text for details).
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734

735  Calculation of steady state post-translational and transcriptional responses

736  The decoupled transcriptional and post-translational responses of the network at steady
737  state were calculated using the MATLAB bifurcation package MATCONT. The post-

738  translational response [c”]= FP(BT,PT), was calculated by varying the rate of operon

739  transcription while keeping the component synthesis rates (Aw, Av) and the total
740 phosphatase concentration (Pr) fixed. Similarly, the transcriptional response Br =
741  Fr(oB), was calculated by varying the free 0® concentration as an independent variable
742  to calculate the total concentrations of 8, RsbW and RsbV.

743
744  Simulations

745  The parameter values for reversible binding and phosphorylation reactions were taken
746  from [15] or were analysis driven to obtain pulsing in 8. All the parameters used in the
747  model are summarized in Table S1. In the deterministic set-up (Figs. 1, 2, 4, 6, S1, S2,
748 S3 and S6) the system of differential equations was solved using standard ode15s
749  solver in MATLAB. For stochastic simulations in Figs. 3, 5 and S5, the time-varying total
750 phosphatase level Pt (= P + VpP) was pre-computed using a gamma distributed
751  Ornstein-Uhlenbeck process as in [13]. This gamma distributed Ornstein-Uhlenbeck
752  process permits independent modulation of mean burst size (b) and frequency (a) [46].
753  For each phosphatase level, 50 simulations were performed each lasting 10 hours.
754  Pulses were detected by examining local maxima and minima of the simulated
755  trajectories, and subsequently this information was used to compute statistics for pulse
756  amplitude and frequency.

757

758  For the simulations of the effect of competition for RNA polymerase (Figs. 5 and S5),
759  the total housekeeping o-factor concentration was varied between 5 and 15 uM. In
760  these simulations we used (Aw = 4, Av = 4.5) and (Aw = 2, Av = 2) to simulate the wildtype
761 (negative feedback) and positive feedback networks respectively. For the simulations of
762  the no feedback network we used (Aw = 4, Av = 4.5) and f = 0 and vo = 8.64 uyMhr’ to
763  model the ocB—independent constitutive production of operon components.

764

765  For the simulations of the competition between o8, ¢V and o” (Figs. 6 and S6), the total
766  housekeeping o-factor concentration was kept fixed at 12 uyM. We used (nb =7, mb = 5)
767 and (nb = 0, mb = 3) to simulate the wildtype (negative feedback) and positive feedback
768  networks respectively. Ks and Kw were fixed at 5uM for simulations of both networks.
769

770

771
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772 Table 1. List of parameters values used in the model for ® network
773

Parameter Value References
kbw 72 yM-hr! [15,18]
kaw 18 hr [15,18]
kb1, k2, k3, kvs, kev, kva, kppy | 144 pM-"hr! [19]
. Assuming binding affinity of o® operon
)
kar, ka2, keas, Kas 18 hr partner complexes ~ 8nM [18]
kb4 72 uM-'hr! [15]
ka4 72 uM-'hr! [15]
RNApol- o® dissociation constant assuming
1
av LB a binding affinity of 1.2uM [16]
RNApol- o# dissociation constant assuming
]
kda 2.88 hr a binding affinity of 0.02uM [16]
RNApol- oB-pg dissociation constant
1
keapt Ll assuming a binding affinity of 0.1uM
i - 10-3-10-2 &1
s, Ko 36 hr! El;lg]nover rate for RsbW2 kinase: 10°-102 s
kp 180 hr [15]
Kdeg 0.7 hr' Based on ~1hr doubling time
Chosen to ensure total a® level ~1uM in the
1
Vo g vl absence of stress [18]
f 30 [13]
K 0.2 uM Intermediate binding constant for o-factor
<M promoters (Typical range: 109-10 M: [16])
Aw, Av 4,45 Varied
Assuming ~50 specific binding sites for o®
[p3] ot e, per genome
RNApoliot 10 uM [16]
774
775
776

25


https://doi.org/10.1101/032359

bioRxiv preprint doi: https://doi.org/10.1101/032359; this version posted August 17, 2016. The copyright holder for this preprint (which was not

777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819

certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

References

-

. Nichols RJ, Sen S, Choo YJ, Beltrao P, Zietek M, et al. (2011) Phenotypic landscape
of a bacterial cell. Cell 144: 143-156.

2. Nicolas P, Mader U, Dervyn E, Rochat T, Leduc A, et al. (2012) Condition-dependent
transcriptome reveals high-level regulatory architecture in Bacillus subtilis.
Science 335: 1103-1106.

3. Helmann JD (2002) The extracytoplasmic function (ECF) sigma factors. Adv Microb
Physiol 46: 47-110.

4. Osterberg S, del Peso-Santos T, Shingler V (2011) Regulation of alternative sigma
factor use. Annu Rev Microbiol 65: 37-55.

5. Hecker M, Pane-Farre J, Volker U (2007) SigB-dependent general stress response in
Bacillus subtilis and related gram-positive bacteria. Annu Rev Microbiol 61: 215-
236.

6. Dufour A, Haldenwang WG (1994) Interactions between a Bacillus subtilis anti-sigma
factor (RsbW) and its antagonist (RsbV). J Bacteriol 176: 1813-1820.

7. Kang CM, Brody MS, Akbar S, Yang X, Price CW (1996) Homologous pairs of
regulatory proteins control activity of Bacillus subtilis transcription factor sigma(b)
in response to environmental stress. J Bacteriol 178: 3846-3853.

8. Vijay K, Brody MS, Fredlund E, Price CW (2000) A PP2C phosphatase containing a
PAS domain is required to convey signals of energy stress to the sigmaB
transcription factor of Bacillus subtilis. Mol Microbiol 35: 180-188.

9. Voelker U, Voelker A, Haldenwang WG (1996) Reactivation of the Bacillus subtilis
anti-sigma B antagonist, RsbV, by stress- or starvation-induced phosphatase
activities. J Bacteriol 178: 5456-5463.

10. Yang X, Kang CM, Brody MS, Price CW (1996) Opposing pairs of serine protein
kinases and phosphatases transmit signals of environmental stress to activate a
bacterial transcription factor. Genes Dev 10: 2265-2275.

11. Alper S, Dufour A, Garsin DA, Duncan L, Losick R (1996) Role of adenosine
nucleotides in the regulation of a stress-response transcription factor in Bacillus
subtilis. J Mol Biol 260: 165-177.

12. Haldenwang WG (1995) The sigma factors of Bacillus subtilis. Microbiol Rev 59: 1-
30.

13. Locke JC, Young JW, Fontes M, Hernandez Jimenez MJ, Elowitz MB (2011)
Stochastic pulse regulation in bacterial stress response. Science 334: 366-369.

14. Young JW, Locke JC, Elowitz MB (2013) Rate of environmental change determines
stress response specificity. Proc Natl Acad Sci U S A 110: 4140-4145.

15. Igoshin OA, Brody MS, Price CW, Savageau MA (2007) Distinctive topologies of
partner-switching signaling networks correlate with their physiological roles. J Mol
Biol 369: 1333-1352.

16. Grigorova IL, Phleger NJ, Mutalik VK, Gross CA (2006) Insights into transcriptional

regulation and sigma competition from an equilibrium model of RNA polymerase

binding to DNA. Proc Natl Acad Sci U S A 103: 5332-5337.

26


https://doi.org/10.1101/032359

820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862

bioRxiv preprint doi: https://doi.org/10.1101/032359; this version posted August 17, 2016. The copyright holder for this preprint (which was not

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Rollenhagen C, Antelmann H, Kirstein J, Delumeau O, Hecker M, et al. (2003)
Binding of sigma(A) and sigma(B) to core RNA polymerase after environmental
stress in Bacillus subtilis. J Bacteriol 185: 35-40.

Delumeau O, Lewis RJ, Yudkin MD (2002) Protein-protein interactions that regulate
the energy stress activation of sigma(B) in Bacillus subtilis. J Bacteriol 184: 5583-
5589.

Rami Tzafriri A, Edelman ER (2007) Quasi-steady-state kinetics at enzyme and
substrate concentrations in excess of the Michaelis-Menten constant. J Theor
Biol 245: 737-748.

Voelker U, Dufour A, Haldenwang WG (1995) The Bacillus subtilis rsbU gene
product is necessary for RsbX-dependent regulation of sigma B. J Bacteriol 177:
114-122.

Ma W, Trusina A, EI-Samad H, Lim WA, Tang C (2009) Defining network topologies
that can achieve biochemical adaptation. Cell 138: 760-773.

Cai L, Friedman N, Xie XS (2006) Stochastic protein expression in individual cells at
the single molecule level. Nature 440: 358-362.

Friedman N, Cai L, Xie XS (2006) Linking stochastic dynamics to population
distribution: an analytical framework of gene expression. Phys Rev Lett 97:
168302.

Taniguchi Y, Choi PJ, Li GW, Chen H, Babu M, et al. (2010) Quantifying E. coli
proteome and transcriptome with single-molecule sensitivity in single cells.
Science 329: 533-538.

Dufour A, Voelker U, Voelker A, Haldenwang WG (1996) Relative levels and
fractionation properties of Bacillus subtilis sigma(B) and its regulators during
balanced growth and stress. J Bacteriol 178: 3701-3709 sigma.

Kang CM, Vijay K, Price CW (1998) Serine kinase activity of a Bacillus subtilis
switch protein is required to transduce environmental stress signals but not to
activate its target PP2C phosphatase. Mol Microbiol 30: 189-196.

Marles-Wright J, Grant T, Delumeau O, van Duinen G, Firbank SJ, et al. (2008)
Molecular architecture of the "stressosome," a signal integration and transduction
hub. Science 322: 92-96.

Gruber TM, Gross CA (2003) Multiple sigma subunits and the partitioning of
bacterial transcription space. Annu Rev Microbiol 57: 441-466.

Mauri M, Klumpp S (2014) A model for sigma factor competition in bacterial cells.
PLoS Comput Biol 10: e1003845.

Brooks BE, Buchanan SK (2008) Signaling mechanisms for activation of
extracytoplasmic function (ECF) sigma factors. Biochim Biophys Acta 1778:
1930-1945.

Kingston AW, Liao X, Helmann JD (2013) Contributions of the sigma(W) , sigma(M)
and sigma(X) regulons to the lantibiotic resistome of Bacillus subtilis. Mol
Microbiol 90: 502-518.

Mascher T (2013) Signaling diversity and evolution of extracytoplasmic function
(ECF) sigma factors. Curr Opin Microbiol 16: 148-155.

27


https://doi.org/10.1101/032359

bioRxiv preprint doi: https://doi.org/10.1101/032359; this version posted August 17, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

863  33. Yoshimura M, Asai K, Sadaie Y, Yoshikawa H (2004) Interaction of Bacillus subtilis

864 extracytoplasmic function (ECF) sigma factors with the N-terminal regions of their
865 potential anti-sigma factors. Microbiology 150: 591-599.

866 34. Wiegert T, Homuth G, Versteeg S, Schumann W (2001) Alkaline shock induces the
867 Bacillus subtilis sigma(W) regulon. Mol Microbiol 41: 59-71.

868  35. Heinrich J, Hein K, Wiegert T (2009) Two proteolytic modules are involved in

869 regulated intramembrane proteolysis of Bacillus subtilis RsiW. Mol Microbiol 74:
870 1412-1426.

871  36. Huang X, Gaballa A, Cao M, Helmann JD (1999) Identification of target promoters
872 for the Bacillus subtilis extracytoplasmic function sigma factor, sigma W. Mol

873 Microbiol 31: 361-371.

874  37.Ray JC, Igoshin OA (2010) Adaptable functionality of transcriptional feedback in
875 bacterial two-component systems. PLoS Comput Biol 6: e1000676.

876  38. Narula J, Kuchina A, Lee DY, Fujita M, Suel GM, et al. (2015) Chromosomal

877 Arrangement of Phosphorelay Genes Couples Sporulation and DNA Replication.
878 Cell 162: 328-337.

879  39. Miyashiro T, Goulian M (2008) High stimulus unmasks positive feedback in an

880 autoregulated bacterial signaling circuit. Proc Natl Acad Sci U S A 105: 17457-
881 17462.

882  40. Tiwari A, Balazsi G, Gennaro ML, Igoshin OA (2010) The interplay of multiple

883 feedback loops with post-translational kinetics results in bistability of

884 mycobacterial stress response. Phys Biol 7: 036005.

885 41. Tiwari A, Ray JC, Narula J, Igoshin OA (2011) Bistable responses in bacterial

886 genetic networks: designs and dynamical consequences. Math Biosci 231: 76-
887 89.

888 42.Levine JH, Lin Y, Elowitz MB (2013) Functional roles of pulsing in genetic circuits.
889 Science 342: 1193-1200.
890 43. Cookson NA, Mather WH, Danino T, Mondragon-Palomino O, Williams RJ, et al.

891 (2011) Queueing up for enzymatic processing: correlated signaling through
892 coupled degradation. Mol Syst Biol 7: 561.

893  44. Nielsen AA, Voigt CA (2014) Multi-input CRISPR/Cas genetic circuits that interface
894 host regulatory networks. Mol Syst Biol 10: 763.

895 45. Segall-Shapiro TH, Meyer AJ, Ellington AD, Sontag ED, Voigt CA (2014) A
896 'resource allocator' for transcription based on a highly fragmented T7 RNA
897 polymerase. Mol Syst Biol 10: 742.

898 46. Barndorff-Nielsen OE, Shephard N (2001) Non-Gaussian Ornstein-Uhlenbeck-
899 based models and some of their uses in financial economics. Journal of the
900 Royal Statistical Society Series B-Statistical Methodology 63: 167-207.

901

902

28


https://doi.org/10.1101/032359

bioRxiv preprint doi: https://doi.org/10.1101/032359; this version posted August 17, 2016. The copyright holder for this preprint (which was not

903

904
905

906
907
908
909
910
911
912
913
914
915

certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Supplementary Information

Role of autoregulation and relative synthesis of operon partners in
alternative sigma factor networks

Jatin Narula®’, Abhinav Tiwari®” and Oleg A. Igoshin?’
a Department of Bioengineering, Rice University, Houston, TX 77005
* These authors contributed equally to this work

' To whom correspondence should be addressed. Email: igoshin@rice.edu

29


https://doi.org/10.1101/032359

bioRxiv preprint doi: https://doi.org/10.1101/032359; this version posted August 17, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

916 Supplementary Figures

917
=== Post-translational
== Transcriptional
A 5 : ;

4 = -
S5 -
mb 2 L -

'1 I~ -

0

B 1 [ T T
= —(Vp+VpP)/V;
o,ar \—o®B, 1
So6r |\ 1
3]
© 04 1
L -
0.2r .
C O
O |
Q
2 -5
£
8 -10
8
S-15
20 ! L
0 5 10 15
918 By(uM)

919 Figure S1. Ultrasensitive negative feedback in the o® network. A. Decoupled post-translational (blue
920 curve) and transcriptional (black curve) responses of the o® network for A, = RsbW, /B, =4,

921 A, =RsbV, /B, =4.5. c®and Br represent the concentrations of free and total o®. Gray circle marks

922 the steady states of the full system. Red and blue lines represent the piecewise analytical approximations
923 of the post-translational response. B. Decrease in the fraction of phosphorylated RsbV (Vp+VpP — orange
924  curve) and unbound (green curve) as a function total operon expression level according to the post-
925 translational response. C. Sensitivity of the post-translational response of phosphorylated RsbV (Vp+VpP

926  — orange curve) and unbound (green curve) to changes in total operon expression level (Br). At the
927  shown steady state (gray circles) both responses have LG<-1.
928
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931 Figure S2. o® does not pulse for networks that lack negative feedback. A-C. Decoupled post-
932 translational and transcriptional responses of o networks that lack negative feedback. (A) Aw = 2, Av = 2
933  (Region | in Fig. 2D) - positive feedback system; (B) Aw = 8, Av = 4.5 (Region Il in Fig. 2D) a non-
934 responsive system; (C) Aw = 4, Av = 4.5 with no transcriptional feedback — no feedback system. In each
935 panel cyan and blue curves show the post-translational response at low and high phosphatase
936 concentrations, and black curve shows the transcriptional response. Gray and black circles mark the
937 steady states of the full system. Step-increase in phosphatase causes a shift in the post-translational
938 response from low phosphatase-cyan to high phosphatase-blue and leads to an increase in o® (green
939  curve) in all three systems. D-F. Time-course representations of green trajectories described in A-C. Note
940 that oc®does not pulse in any of the three systems.
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Figure S3. Dependence of o® pulse amplitude on phosphatase concentrations and post-
translational parameters. A. Time-course representations of o® pulse trajectories for small (0.1uM-
orange curve) and large (0.4uM-blue curve) step-increases in phosphatase. Aw = 4, Av = 4.5 for both
trajectories. B,C. Representation of the of pulse trajectories and decoupled post-translational and
transcriptional responses of a® network for small (B) and large (C) step-increases in phosphatase. Cyan
and green curves show the post-translational responses at initial and final phosphatase levels. Black
curves show the transcriptional response. Black and gray circles mark the steady states of the full system.
Note that at the initial phosphatase level the 5~0 and Br is at the basal level of o® operon transcription.
The small step-increase in phosphatase does not significantly shift the post-translational response around
the initial steady state leading to minor, transient increase in o® (orange curve in B). The large step-
increase in phosphatase (C) does significantly shift the post-translational response around the initial
steady state leading to prominent pulse in o® (blue curve in C). D. o® pulse amplitudes show a threshold
linear response to increase in phosphatase level. The threshold phosphatase level increases with
increasing basal level of a® operon transcription (Basal Br). E,F. Phosphatase threshold for pulsing as a
function of Basal Bt for different values of the (E) RsbW relative synthesis rate (Aw) and (F) the ratio of
phosphatase to kinase rates (kp/kk). The circles represent threshold levels calculated from simulations.
The black lines represent the analytical approximation: Pr=vo*kk*(Aw/2 - 1- Awkdeg/kk)/Kp/Kdeg, Where vo and
Kdeg are the basal rate of o® operon transcription and protein degradation/dilution rate respectively. Basal
B1= Vo /Kdeg.
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967
968 Figure S4. Pulsatile response of the of network encodes phosphatase burst size not burst

969 frequency. A-C. Simulation results for the response of the o® network model to stochastic fluctuations in
970 levels of stress-sensing phosphatase RsbQP for fixed mean burst size and varying burst frequency.
971  Green circles and errorbars show mean levels and standard deviations calculated from stochastic
972 simulations. Black line is a linear fit. Mean o® pulse amplitude (A) is insensitive to mean phosphatase
973 level. Mean o® pulse frequency (B) increases linearly as a function of mean phosphatase level. Mean o®
974  target expression (C) increases non-linearly as a function of mean phosphatase level. D-F. Normalized
975 pulse amplitude cumulative histograms for stochastic simulations with (D) burst frequency modulation, (E)
976 burst-size modulation and (F) experimental data taken from [13]. Different colors represent varying levels
977  of mean phosphatase (Pt) in the model or mycophenolic acid (MPA, energy stress) in experiments.
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982 Figure S5. Sensitivity of the o target expression to o* and competition for RNA polymerase. A.
983 Steady-state dependence of the oF target expression on free o® for different total levels of the
984  housekeeping o-factor (At). B. Ksige, the half-maximal constant of the dependence of o® target
985  expression, as a function of the total levels of the housekeeping o-factor (Ar). C. Simplified network
986  diagrams of a positive feedback regulated stress o-factor o competing with housekeeping o-factor o* for
987 RNA polymerase. D-E. Trajectories of free o® (D) and o® target promoter activity (E) in response to
988  stochastic phosphatase input at two different levels of total o* (At = 9uM-low competition for RNA
989  polymerase; At = 12uM-high competition for RNA polymerase).
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991 Figure S6. Pulsatile response and RNApol competition in the multiple stress o-factor model. A,B.
992 Decoupled ©® post-translational and transcriptional components in the simplified model for the
993 competition of stress o-factors. Cyan and blue curves show the post-translational response at low and
994 high concentration of o® stress signaling protein Ps. Black curve shows the transcriptional responses. A
995 step-increase in Ps causes a shift in the steady-state post-translational response (from low phosphatase-
996 cyan to high phosphatase-blue) and leads to a pulsatile o® response trajectory (green curve).
997  Concentration of " stress signaling protein Pw was kept fixed at 0.1 yM (A) and 2 uM (B). C,D. Time-
998 course representations of the green trajectories in (A,B) showing o (C) and o® promoter activity (D)
999 respectively. E. Steady state dependence of the concentration of o® target promoter activity, on the level
1000 of free o® for different levels of the o-factor o"V. F. Ksigs, the half-maximal constant of the dependence of
1001  target expression on oB as a function of the concentration of the stress o-factor " for different levels of
1002 the housekeeping o-factor o*. Total RNA polymerase core concentration was kept fixed at 10uM for all
1003 simulations.
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1005  Supplementary Methods
1006

1007  Derivation of steady state asymptotes for the o® post-translational response

1008

1009  To understand the steady state post-translational response of o® network (Figs. 1, 2) we
1010  used the mass balance for the operon components RsbW, RsbV and o® together with
1011  the phosphate flux balance to derive approximate dependence of free o® on Br. We
1012  found that the post-translational response of the network varies depending on whether
1013  the concentration of operon components is lower or higher than a threshold level
1014  defined by the concentration of the stress phosphatase Pr.

1015

1016  For low Bt (Bt < 2Ptkp/kk/min[Aw, Av]), the maximum phosphatase flux (kr*Pt) exceeds
1017  the maximum kinase flux (k*min[Wr, V7]/2) and as a result, Vp=0. In addition most of
1018 the anti-anti-o-factor V is in the W2V2 complex. Taking this into account and applying the
1019  mass balance for RsbV,

1020

1021 V1=V +Vp+ VpP + W2V + 2W2V2= VpP + 2W2V2

1022

1023  Next applying the balance for kinase and phosphatase fluxes,
1024

1025  kk(W2V + W2V2) = KdegVp + (Kptkdeg)VPP

1026  or, kkW2V2 = (kptkdeg)VPP

1027

1028  This implies that: W2V2 = min[V1/(2 + Kkk/(kp+Kdeg)),WT/2], where the minimum function is
1029 applied to account for the fact that the concentration of W2V2 cannot exceed half the
1030 total RsbW concentration.

1031

1032  Using the above equation in the mass balance for W we solve for W2B and thereby o®,
1033

1034  2W2B = Wr- 2W2V2= Wr—2*"min[V1/(2 + ki/(Kp+kdeg)), WT/2]

1035

1036  Br= 0B+ W2B = oB + min[W1/2 - V1/(2+kk/(Kp+Kdeg)),0]

1037

1038 0B = Bt + min[W1/2 - V1/(2+kk/(Kp+kdeg)),0]= BT(1 + min[Av/(2+kk/(kp+kdeg)) - Aw/2,0])
1039 =~ Br(1 + min[Av/2 - Aw/2,0])

1040

1041  In contrast, for higher Bt (Br>2P1kp/ki/min(Aw, Av)), where the RsbW kinase dominates
1042  the phosphatase, Vr is not negligible and the phosphatase is saturated (VeP=Pr). Again
1043  using this in the mass balance for RsbV,
1044
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1045 V1=V +Vp+ VPP + W2V + 2W2V2= Vp+VpP+2W2V2

1046

1047  And applying the balance for kinase and phosphatase fluxes,
1048

1049  kkW2V2 = KdegVP + (Kdeg + Kp)VPP = KdegV/p+(kdeg + kp)PT
1050

1051 V1= (kkW2V2- (Kdeg + Kp)PT)/Kdeg + PT+ 2W2V2

1052

1053  W2V2= (V1+ Ptkp/Kdeg)/(2 + Kk/kdeg) = VTKdeg/kk + P1kp/kk
1054

1055  2W2B = Wt - 2W2V2 = Wt - 2V1Kdeg/kk - 2P1kp/Kk

1056

1057 Bt= 0B+ W2B = 0B + W1/2 - V1kdeg/kk - PTkp/Kk

1058

1059  0B= Bt + V1kdeg/kk + P1kp/kk - WT/2

1060

1061 0% =B7(1 + AvKdeg/kk - Aw/2) + Ptkp/kk= BT(1 + Avkdeg/kk - Aw/2) + Bo(PT)

1062

1063  where Bo(Pt) = P1kp/k«k

1064

1065 Note that since o® concentration cannot be negative this approximation only applies for
1066  BT<Bo(PT)/(AW/2 - 1- Awkdeg/kk). For higher Br, o8 ~0.

1067

1068  Taken together the dependence of oB on Bt can be described by the following system of
1069  equations:

1070
Befl+minlip/2 = 42,00}, Br = Wﬁ%ﬁ]
8 m | BrlL+ Apkaeg/ R — Al 3) + BolPr), Tﬁ%ﬁ] i f{:t}j&n‘mﬁ"k}
Bt i
1071 \ . lAéa = 1'1'5 r"i-fkmrf ko) o
1072

1073 Based on the above equation, the sensitivity of the o post-translational response
1074  depends on (Aw, Av), i.e. the stoichiometry of operon components:

1075

1076
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afy
L+ min[dpd2 — Af2, 0 fr = xminlde Ay

- 2P ByiFr)

R P Ry = Ad 3 —EF—] & Br =

75 v Kaegl i = A 2, fegmmiitbl Ay, Ay ’ fAia =1 'A?kﬁff"“k“f]

BofPr)
0 L
1077 \ " \wd2= 1 = dekaealki)

1078

1079  Which shows that the (Aw, Av) parameter space can be divided into three regions based
1080  on qualitative differences in the post-translational response.

1081

1082 Region | (Aw<2+Avkdeg/kk): 00®/0BT>0 and free oP increases as a function of Br
1083 irrespective of Pr.

1084 Region Il (2+2*Avkdeg/kk<Aw<2+Av): 90B/0BT>0 for Br<2Ptkp/k/min[Aw, Av] and
1085  00B/0B1<0 for Br>2Ptkp/kk/min[Aw, Av]. Thus free o® is a non-monotonic function of Br.
1086  Region Il (A\w>2+Av): d0®/0B1<0 and free o® decreases as a function of Br irrespective
1087  of Pr.

1088

1089  Thus the asymptotic description shows how relative synthesis rate of o® operon partners
1090 by controls the sign of post-translational response sensitivity (9oB/0Bt). Specifically it
1091  shows that do0®/0Bt <0 is only possible in Region Il where 2 + 2*Avkdeg/kk < Aw < Av + 2.
1092  This implies that the overall feedback in the o® network can only be negative in Region
1093 Il, thereby explaining why pulsatile responses are only seen combinations sampled from
1094  this region (Fig. 1B-D). Note also that the boundary equations for Region Il closely
1095 approximate the boundaries of the operon stoichiometry space calculated by sampling
1096  (Aw, Av) combinations (Fig. 2D).

1097

1098  The asymptotic description also explains (Fig. S3) the observation that a threshold level
1099 of phosphatase is essential for pulsing [13]. As shown above, d0%/0B71<0 in Region I
1100  only when:

1101

1102 Bt<Bo(P1)/(AW/2 - 1- Avkdeg/Kk)

1103

1104  where Bo(PT) = Ptkp/k.

1105  However Bt>Vvo/kdeg since B operon transcription has a basal rate independent of o®
1106  level. vo and kdeg are the basal rate of transcription and protein degradation/dilution rate
1107  respectively.

1108  Consequently, d0%/0B1<0 in Region Il only for:

1109

1110  Pt> vo*kk*(Aw/2 - 1- AvKdeg/kk)/Kp/Kdeg
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This defines the threshold level of phosphatase essential for 08/0B1<0 and for the of
network to operate in a negative feedback regime. As a result, the o® network only
pulses for phosphatase levels above this threshold. Note that this threshold level is
proportional to both the basal level of 6 operon expression and the ratio of kinase to
phosphatase rate constants and increases as a function of the RsbW synthesis ratio Aw
(Fig. S3). This indicates that it represents the basal level of kinase flux that the stress-
regulated phosphatase flux must exceed to trigger a response.

Mathematical model of competition between o® and o*

Additional reactions for the model of competition between o® and o”

To model the competition for RNA polymerase between o® and the housekeeping o-
factor o* (Figs. 5 and S5), we extended the model described above and supplemented

reactions (1-9) with the following reactions:

¢ Reversible binding of o-factors and RNA polymerase
o° +RNApol=“=RNApol-c®

o* +RNApol—===RNApol-¢*

e Reversible binding of RNApol-oB complexes to target promoters
RNApol-6® +p, —==RNApol-6°-p, (2)

e Production of o8, RsbW and RsbV

RNApol-o®-p, ﬁ>RNApoI-0B +pg +0° +A,,RsbW + A RsbV (3)
250 + A, RsbW + A ,RsbV 4)

Where vo is the basal synthesis rate and vs=vo*f/[ps]wt is the maximal rate. f is the fold
change in protein synthesis due to positive autoregulation and [ps]wt is the total
concentration of the o® promoter.

Model equations
The following set of equations that describe network dynamics of this extended model:
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d[B;]

dr =VytVg— deg[B ]
d[W
=y Vo + Ay vy — deg /2
d[V

/’LVVO + ﬂ’VVB deg[V ]
d[JB]

=V T Vg _kb3[VV2][O-B]+kd3[VVzO-B]+kb4[VVZO-B][V]_kd4[VVzV][O-B]_kdeg[o-B]

—k, [0 IRNApol]+ k[ RNApol - 5]
d[W] =k [W] + (kg + kI, V]‘*‘kda[WO_ 1- (kbl[V]+kb3[O- ]+kdeg)[W]
a1
dt
d,y]
dt

=k W,V 1+ ki, [WV, 1+ kys [V Pl = (ks [P1+ kg IV ]

=k IV 1+ (kg + Ko )WLV, 1+ Ky [0 " 1V ]

—(kgy + ko + ke, [V1+ k0" 1+ kg IWV ]

d[w,v,]
dt
d[V,P] _
dt hS[V ][P] (de +k +kdeg
d[RNApol - o ]
1144 dt

=k, WV, V1= (k,y + Koy + e, NIV, ]

cg

IWpP]

k,,[o” [IRNApol]-k,,[RNApol - * 1~ k[ p, I RNApol - 5]

+k,, JRNApol -5 - p,1+v,[RNApol -c* - p,1-k,

d[RNApol - *° pB]
dt

d[RNApol -
[ f;t 1 ky,[o* [IRNApol]- k,,[RNApol - 5*1- k, [RNApol - ]

[W,6°1=[B;]-[0"]-[RNApol -5"]-[RNApol -5* - p,]
[71=[RsbW,1-2[W,1-2[W,5"°1-2[W,V - 2[W,V, ]
[V1=[RsbV, 1-[W.V]-2[W,V,]1-1V,]-1V,P]
1145 [P1=[P]-[V,P]
[Ps]1=[ps]; -[RNApol - -p,]
[c"1=[c"], -[RNApol -]
[RNApol]=[RNApol,]-[RNApol - 5" 1-[RNApol -5 - p,1-[RNApol - 5]

[RNApol -5’ - p,]

cg

kys[ D5 JIRNApol - & 51- k ;s [RNApol -o” - Pg]— kg [RNApol -o’ - Pyl

1146
1147  Model equations for the model of competition between o8, a"V and o*
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1148
1149  To model the competition for RNA polymerase between o® the housekeeping o-factor
1150 o” and the alkaline stress response o-factor ¢V (Figs. 6 and S6), we simplified the
1151  model for the post-translational control of stress o-factors while explicitly including
1152  reactions for the binding/unbinding of RNA polymerase, o-factors and target promoters.
1153  This model included the following set of equations:

d[deT] = VotV - Ky,

d[w;]
dtT =Vt Vy - dcg[W]

M do [1 ([BT]/KB)"”j[GB]
BO deg free

[B;]

dr (71"
d[O'W ]free ([W ]/K )nw
TZVWO +Vy -k 1+[TPW—]"1V:: [O-W]f’ee
d[RNApol - c*]

& =k, [o”[RNApol]-k,[RNApol - 5”1 - Ky D5 JIRNApoL - o1+ k 4, [RNApol - o’ -p,l

+v,[RNApol - ° -pB]-kdeg[RNApol-O'B -Ps]
d[RNApol - ¢° pB]

ky,; [P ][RNApol - o 1- kdpb[RNApol—O'B -ps1-ky, [RNApol -c* - p, ]

dt ©
1155 d[RNAZ ;’l o'l k,[" IRNApol]-k,,[RNApol - " 1-k, [ p, IRNApol - " ]
dpw[RNApol o” - Py 1+ v, [RNApol - o” -Pwl- deg[RNApol o” - Py ]
ARNAPOL T~ Pu_ (RN APOI-0" 1-k,, [RNApOL 6" - py 1~k [RNApol 0" -,
d[RNAstOZ o] _ k,.[o" 1[RNApol]- k[ RNApol - 51~ ky [ RNApol - o]

[6°1=[6"1,.. —[RNApol - 5" 1-[RNApol - 5" - p,]

[6”1=[c" ]ﬁ_ee —[RNApol - " 1-[RNApol - " - Py ]

[ps]1=[ps]r ~[RNApol-c” - p,]
1156 [Py 1=[py]; —[RNApol-5" - p, ]

[o*]=[c"], ~[RNApol -]

[RNApol]=[RNApol,1—-[RNApol - 5" 1-[RNApol -5° - p, ]
-[RNApol - " 1-[RNApol -" - p,, 1-[RNApol - 5]

1157
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