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ABSTRACT

In the Wright-Fisher diffusion, the transition density function (TDF') describes the time-evolution
of the population-wide frequency of an allele. This function has several practical applications in
population genetics, and computing it for biologically realistic scenarios with selection and demog-
raphy is an important problem. We develop an efficient method for finding a spectral representation
of the TDF for a general model where the effective population size, selection coefficients, and muta-
tion parameters vary over time in a piecewise constant manner. The method, called spectral TDF,

is available at https://sourceforge.net/projects/spectraltdf/.

1. INTRODUCTION

The transition density function (TDF) of the Wright-Fisher diffusion describes the time-evolution
of the frequency of an allele (Ewens 2004). The TDF is useful for understanding the effects of
demography, mutation, and selection on genetic variation, and it is a key component of a number of
methods for inferring selection coefficients (Williamson et al. 2004, Bollback et al. 2008, Steinriicken
et al. 2014), predicting allele fixation times (Waxman 2011), and computing population genetic
statistics such as the site frequency spectrum (Zivkovié et al. 2015).

Most existing approaches for computing the TDF assume either restrictive models of dominance
(Kimura 1955; 1957) or selective neutrality (Shimakura 1977, Griffiths 1979, Vogl 2014a), or are
computationally slow for selection strengths commonly observed in biological data (Barbour et al.
2000). However, Song and Steinriicken (2012), Steinriicken et al. (2013) recently developed a
numerically stable and computationally efficient method for finding a spectral representation of the
TDF for a general selection model in the case of constant parameters (population size, mutation
rates, and selection coefficients). Despite the utility of this new approach, assuming that model
parameters remain constant over time is often too restrictive for biological applications (Siepielski
et al. 2009).

Zivkovié et al. (2015) have extended the spectral method of Song and Steinriicken (2012) to
handle piecewise-constant population size functions. However, their approach requires a restricted
model of selection in which the fitness of a homozygote is twice that of a heterozygote (i.e., additive
or genic selection). Furthermore, selection parameters are assumed to remain constant over time

and the model does not allow for recurrent mutations.
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FiGURE 1. Diagram of the model. A population has constant size in each of K
epochs (N7 = 1000, No = 600, N3 = 900). An allele, Ay, at a locus of interest
evolves over time, subject to pressures of mutation and selection that are constant
within each epoch.

Here, we present the first method for computing the TDF under arbitrary models of dominance
and recurrent mutation while allowing selection parameters, mutation rates, and effective popula-

tion sizes to change over time in a piecewise constant manner.

2. MODEL AND APPROACH

We consider a biallelic locus with two alleles, Ay and Ay, evolving in a single panmictic popula-
tion. In the corresponding Wright-Fisher diffusion, X; denotes the frequency of allele A; at time
t, measured continuously in units of generations. We assume that either Xg is given or the distri-
bution of X is specified. The effective population size, mutation rates, and selection parameters
are assumed to be constant within each of K disjoint epochs. As illustrated in Figure 1, the kth
epoch has effective size Ny (diploid individuals) and duration 7;. Epoch boundaries are denoted
by to,t1,...,tKx, with t, = Zle T

Within the kth epoch, the per-generation probability that a copy of allele Ay mutates to allele
Aj is ag, and the per-generation probability that a copy of allele A1 mutates to allele Ag is bg. In
addition, selection acts in such a way that the relative fitness of an individual carrying ¢ copies of
allele Ay is 1+ sg; (i =1,2).

Within each epoch, k, a spectral representation of the TDF, pi(t;x,y), can be obtained by
employing the framework of Song and Steinriicken (2012). The challenge in computing the TDF
for the full model with K epochs lies in knitting together the expressions for the densities py(t; x, y)
across the different epochs. We first review the derivations of Song and Steinriicken (2012) and
Steinrticken et al. (2014) of the TDF in a single epoch of constant size. We then discuss our efficient
polynomial interpolation method for knitting together the TDF across epochs of different constant

sizes.
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2.1. The TDF and its generalization in a single epoch of constant size. We wish to
compute the TDF in the kth epoch, where the density is defined by pi(t; z, y)dy = P(y < Xy, _, 4+ <
y+ dy| Xy, , = x), for t € [tg_1,tx). We are also interested in the generalization, ¢ (t;y) =
fol pr(t; 2, y) pr(z)dz, which extends the TDF to the case of a general initial density pj rather than
a point mass at x.

In an epoch of constant size Ny, let oy = 4Npay, B = 4Npb, ox1 = Nispi1, and o2 =
Nysp 2 denote population-size scaled versions of the per-generation mutation parameters (ag, by)
and selection coefficients (s, 1, sg,2). The Kolmogorov backward operator Ly for the epoch is the

second-order linear differential operator given by

1 d? o)
(1) Ly = 552(33)@ + ,u(m)%.

In Equation (1), the quantity
(2) &(z) = 2(1 - )

captures the contribution from genetic drift and the term

1
(3) () = low = (@ + fi)a] + 20(1 = 2)[ok1 (1 — 22) + ox7]
captures the contribution from recurrent mutation and selection. The TDF is the solution of the

Kolmogorov backward equation

apk (t; xz, y) Nref
4 _ -

satisfying specified boundary conditions [see Song and Steinriicken (2012), p. 119, for a discussion
of the boundary conditions]. We measure time in units of 2N, generations in all epochs, where
Nyt is the size of a fixed reference population. For ease of interpretation, we choose Ny = 1/2 so
that time is measured in units of generations in all epochs.

Song and Steinriicken (2012) derived a formula for the TDF by obtaining a solution of the

backward Equation (4) in the form of the infinite series

3 = 7(4) B (4) B ()
) Dk t? r,Y)= dk’n t, Yy Bk’n €T) = e Ak,nt/(2Nk) ’ s ’
( ) ( ) nz:;] ( ) ( ) nz:;) <Bk,na Bk‘,n)ﬂk

where { By, ,,(z)}52 is the set of eigenfunctions of £ with associated eigenvalues { A ,, }°2 (Section
2.2.1) and the function 7 (y) is given by

(6) m(y) = 7 Wy (1 — g)H,

where 65 (y) = 40k 1y(1 — y) + 204 2y*. The inner product (f, g)., with respect to a weight function

w(z) in Equation (5) is defined for two functions f and g on an interval [a, b] by

b
(7) (fr9)w = / f(@)g(x)w(z)dz.

In Equation (5), the inner product (-,-)r, is taken over the interval [0, 1] with respect to m(y).

Equation (5) can be thought of as a function in either the initial frequency, z, or the final frequency,

Y.
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2.2. The generalized TDF. The generalization ¢ (t;y) = (pr(t;-,vy), pr) of Equation (5) to
the case in which the initial probability density is given by pg(z) is easily obtained by noting
(

that, viewed as an expansion in the basis functions { By, (z)}72, the partial sum pkM) (t;z,y) =

Zﬁ/[:o din(t,y) By n(x) converges strongly to pg(t;x,y), from which it follows that

oS (), o) — rts - 9), o) = 10 (-, 9) — it -, ), 1)
’< (ta ’y) _pk(t;'vy)7pk/7rk>7rk|
(8) < ||pk (t7 7y) pk‘(t; ay)Hﬂ'}chkHl/wk —0as M — 0,

for pp(z) satisfying ||pxl1/x, < co. Thus, we have

o(t;y) = A}iinm@iM)(t; ), Pk)

1 M
= lim S ot/ @Ny) TR () B, nl®)
M—o0 0 pk( )nz_;) <Bk,n7Bl€,n>ﬂ'k
. fo pi(x)Brn(x)de |
— llm e k,n /(2Nk)ﬂ- B "
M*‘”,;) (Bkns Bin )y k(Y) Br,n (y)
(9) = Z ck’ne*Ak,nt/(QNk)ﬂ-k(y)Bk’n(y)7
n=0
where
1
(10) - I (@) Ba(@)dz Jo pe(@)Thn (@) Brn @) 59 (o, 1 B 1/,

(B, Bin)m, (7% By Tk Bl 1 /my Tk Brnlltm,

Determining the generalization, ¢ (¢;%), for any initial condition py € L?([0, 1],1/m) thus amounts
to projecting pj onto the functions {m; By, }72, and plugging these coefficients into Equation (9)
(Steinriicken et al. 2014, Vogl 2014b).

2.2.1. Computing the eigenfunctions { By n(y)}o>,. Before discussing how to extend Equations (5)
and (9) to the case of a population with piecewise constant parameters, which is the goal of this
article, we first review the derivation of the eigenfunctions {By ,(y)}oe, derived by Steinriicken
et al. (2014).

Steinriicken et al. (2014) showed that the eigenfunctions { By, »(y)}52, can be expressed as

(11) Bin(y Z Whnm e~ 7W) R(OBE) (1)),

where Rﬁﬁ’ﬁ)(y) = pgﬁfl’afl)@y — 1), and pT(fL’ )(y) is the nth classical Jacobi polynomial. The

vector Wi p, = (Wkn,0, Wen,1,---) is the left eigenvector of the matrix

4
(12) My = — (A(ak’ﬁk) + qu7gG£>

£=0
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corresponding to the nth eigenvalue A; . In Equation (12), A@B) = diag(A((]a"B), )\ga’ﬁ), ...) is the
diagonal matrix with elements given by A%a’ﬁ ) = %n(n +a+ 3 —1) and gx and Gi are given by

gk,0 = OOk 1,
Qo1 = — (24 3oy + B — 20p,1)0k1 + (1 + a)og 2,
(13) Qe = —100% 1 — (14 o + Br)ok2 + (2 4 2000 + 285 + 4op.2) 0k, 1,
qr3 = 1602’1 — 1204102 + 20272,
Gra = —2(0k2 — 2051)%,

and

(ntag—1)(n+Bk—1)
(2n+tag+Br—1)(2ntar+Br—2)’
1 Br—aiz—2(Br—o)
(14 (Calun = { 2 BT
2(2nt+ag+Pr) (2ntax+Bk—1)’

0, otherwise.

ifm=n—1andn >0,

ifm=nandn >0,

ifm=n+1andn>0,

The eigenfunctions computed using Equation (11) can then be plugged into Equations (5) and
(9), yielding the series expansions of ¢k (t; y) and pi(t; z,y). In practice, we truncate the summations

in Equations (5) and (9) at some large integer N, yielding

N
(15) Or(tiy) = D cne /NI () By ()

n=0
and

N

- B n(y)Bkn($)

16 t,l‘, ~ e )‘k,nt/(QNk)Trk(y) k, , .
(16) pi(t; . y) g Brm Brnlmr

We also truncate the summation in Equation (11) at some large integer M > N, yielding

M
(17) Brn(y) = > wipnme T W2RER (y).
m=0

The eigenvalues, Ay, ,, and eigenvectors, wy, ,, of the matrix My, in Equation (12) are also computed
by truncating the matrix My to dimension D x D, for some large integer D > M.

2.3. The TDF in a population with piecewise-constant parameters. The goal of this work
is to extend the results of Song and Steinriicken (2012) to populations with piecewise constant
parameters. The challenge in computing the TDF for such piecewise constant populations lies in
knitting together the expressions for the densities ¢y (t;y) across the different epochs. This knitting
procedure can be accomplished by taking the density at the end of epoch k as the initial condition
for the density in epoch k+1 (i.e., pr11(y) = ¢r(tk —tr—1;y)) by transforming the time-propagated
coefficients {ck’ne_’\ka"(tk_tkfl)/@Nk)};‘L"ZO at the end of epoch k into the unpropagated coeflicients
{Cht1n}olo at the beginning of epoch k + 1.

Here, we focus on the extension of the generalization ¢ (¢;y) to multiple epochs, rather than

generalizing py(t; z,y) itself. The TDF, pp(t;x,y), along with generalized transition densities for
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other initial distributions pi(x) are obtained as special cases of ¢ (¢;y) in Section 3 by fitting the
initial values of the coefficients {c1,}52, to different initial conditions, py(x).

2.4. Transforming coefficients across epochs. Plugging Equations (16) and (17) into the con-
dition pr41(y) = ér(te — tr_1;y) and dividing both sides by 41 (y)e T+ W)/2 gives

N M
Z Chalnm Z wk+1,n7mR£)?k+thﬂ)(y)

n=0 m=0

i (y)e o+ W)/2 e (tr—tr1)/(2Ng) (@ Br)
18 — IS ne kn\tk—lk— 1 k w nm R’n?k’ k y .
(18) e (W) okﬂ(y)/zz k mzo o @)

Because the left-hand side of Equation (18) is a polynomial of degree M, it is determined by
M + 1 points. Therefore, we can determine the coefficients on the left-hand side by evaluating
both sides of Equation (18) at a set of points y = {yo,...,yam}. We choose the set y to be the
Chebyshev nodes because they minimize Runge’s phenomenon (Epperson 1987).

Evaluating Equation (18) at each of the points {yo,...,ys} and re-writing Equation (18) in

matrix form gives

(19) Cr1 Wit 1R 1(y) = chEx(tr — to— 1)) Wi R (y) Hi o1 (y),
where the quantities in Equation (19) are given by

(20) Ri(y)]iy = B™™ (),

(21) [Bi(rlig = g7/,

(22) [(Wilij = wrig,

Wk(yl.)e*&k(yi)/Z
T (yi) e~ Tkt (yi)/2’

(23) Hi o1 (¥)]ij = 03

and ¢, = (¢k0,Ck,1,--.). In Equations (21) and (23), d;; is the Kronecker delta function satisfying
0;; = 1if i = j and d;; = 0, otherwise. The coefficients ¢4 in epoch k + 1 are obtained from the
coefficients ¢ in epoch k by solving Equation (19) for ¢4 1 using standard approaches for solving
linear systems.

The generalization, ¢k (¢;y), of the TDF at time T = Zszl T is evaluated by iteratively solving
Equation (19) to obtain ck in the final epoch, K, starting from a set of initial coefficients, ¢;. The
final value of ¢x(t;y) at time T is then computed as

N

(24) Ok (Tiy) = Y cxpe Mo Tt/ CNO (1) B (y).
n=0

Equation (24) can be used to compute ¢ (t;y), at any time t € [0,7] by defining T' = ¢, and
choosing K to be the interval such that ¢ € (tx_1,tx].

3. INITIAL CONDITIONS

By fitting the coefficients, {ci »}7o ), in Equation (24) to different initial distributions of frequen-
cies at time ¢ = 0, we can obtain the multi-epoch TDF, along with generalizations of the multi-epoch

6
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TDF to other initial distributions. Formulas for the starting coefficients ¢; = (c1,0,¢1,1, - - .) were
presented in Steinriicken et al. (2014) for three different initial conditions: mutation drift balance,
mutation selection balance, and the case of an initial starting frequency, xg. For completeness,
these formulas are presented again below.

3.1. Initial frequency. When the initial condition is a specified frequency, g, the initial density
is p1(x) = 6(x — x0), where 6(-) is the Dirac delta distribution. Steinriicken et al. (2014) showed
that this choice of initial conditions gives rise to the transition density function pi(t;zg,y), where
the coefficients {c1 ,}22 are given by

(M1 Bin, Pk)1jm Bin(2o)

25 Cln = N ’
( ) L (71'1317”, 7['1B1,n>1/7r1 T1n
where
2 i = 3w

m=0
and
(27) g8 — L(m +a)T(m + )

Cm+a+B-DI(m+tat+B—1T(m+1)

3.2. Mutation-selection balance. Under the initial condition of mutation-selection balance, the

initial density is the normalized stationary density

(28) m1(y)/Cr

where 7(y) is given in Equation (6) and Cy, is a normalizing constant defined such that
JoS m1(y)/Crydy = 1. Using this initial distribution, Steinriicken et al. (2014) showed that the
initial coefficients are given by

_ B1o(0)

29 Cln
(29) b 71,0

0,n»

where 71 o is given by Equation (26). The numerator in Equation (29) is given by

N qyrg . Flmten)
(30) 31,0(0)—m220( 1) 1’0’mI‘(m+1)F(0¢1)'

3.3. Mutation-drift balance. Finally, under the initial condition of mutation-drift balance, the
initial density is given by
y A -yt

B(ay, p1)

7

(31)
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FiGURE 2. Plot of the TDF for the model shown in Figure 1 with the parameters
specified in the example in Section 4, evaluated at the times t1,to, and T

where B(q, 3) is the beta function. Steinriicken et al. (2014) showed that the initial coefficients in

the case of mutation-drift balance are given by

1 (o)
32 Clnm = — W1 pn,mW7 mdfﬁl’ﬁl),
32) di,nB(au, B1)By(0) 2 Winmti,

m=0
where the values w,_, . are the entries of the nth left eigenvector of the matrix M}, with o1 1 and
01,2 replaced by —o1,1 and —o1,2, respectively, and By (z) is the corresponding eigenfunction.

4. IMPLEMENTATION

Our algorithm has been implemented in JAVA. The inputs to the program are the effective pop-

ulation sizes (number of diploid individuals) N = (Ny, ..., Nk); epoch durations 7 = (71, ..., TK);
per-generation mutation rates a = (a,...,ax) and b = (b1,...,bk); selection parameters s; =
($11,-.-,5K1) and Ss2 = ($12,...,SK2); initial allele frequency Xp; and the time ¢ € [0,7] at

which the TDF will be evaluated. A plot of the TDF evaluated at each epoch boundary point
(t =71,71 + 72, and T') in Figure 1 is shown in Figure 2. The full command options are detailed in
the user manual distributed with the software.

The approach described in Section 2.3 for knitting together transition densities across epochs,
combined with the method of Song and Steinriicken (2012) for computing the eigenfunctions (Sec-
tion 2.2.1), produces a computationally efficient method for computing px (t;x,y) and ¢x(t;y).
Table 1 shows the runtime of our method, Spectral TDF, for different numbers of epochs, and for
different values of the parameters that control the precision of the eigenvalue computations.

High precision computations are sometimes required when selection coefficients are large and

waiting times between sampling events are short. However, such high precision computations
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TABLE 1. Runtime (in seconds) of the Spectral TDF algorithm for different numbers

of epochs.
Max Number of Epochs
Precision Cutoff 1 2 3 4 5 6 7 8 9 10

60 150 35.8 439 511 544 603 673 719 78.6 83.4 90.7
80 250 108.3 156.6 198.0 223.7 260.3 300.5 339.0 3654 404.1 443.3
100 350 271.5 4449 563.6 775.2 928.9 896.7 994.7 1114.3 1241.0 1332.0

are often unnecessary. Table 1 shows that SpectralTDF can be used to compute the TDF in a
population with ten epochs in under two minutes, and for scenarios requiring higher precision in

under ten minutes.

5. DISCUSSION

Our implementation provides a fast and numerically stable method for computing the TDF for a
general model with piecewise-constant population sizes and a broad range of time-varying mutation
and selection parameters. It also allows for a variety of initial conditions, including a specified initial
frequency and stationary distributions under mutation-selection balance or mutation-drift balance.

The JAVA implementation is designed to be used either as a stand-alone application or in
combination with other methods. For example, the code can be easily incorporated into the method
of Steinriicken et al. (2014), allowing the inference of selection parameters from time series data
sampled from populations with time-varying demographic and selection parameters. In general,
the method we present provides a flexible and efficient tool for studying the evolution of allele

frequencies over time under complex evolutionary scenarios.

ACKNOWLEDGEMENT

We thank Daniel Zivkovi¢ and Anand Bhaskar for helpful discussions and collaboration on earlier
related work. This research is supported in part by NIH grants R0O1-GM094402 (MS, YSS) and
R01-GM109454 (EMJ), and by a Packard Fellowship for Science and Engineering (YSS).


https://doi.org/10.1101/029736
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/029736; this version posted October 23, 2015. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-ND 4.0 International license.

REFERENCES

Barbour, A., Ethier, S., and Griffiths, R. (2000). A transition function expansion for a diffusion
model with selection. Annals of Applied Probability, pages 123-162.

Bollback, J., York, T., and Nielsen, R. (2008). Estimation of 2N.s from temporal allele frequency
data. Genetics, 179, 497-502.

Epperson, J. (1987). On the Runge example. American Mathematical Monthly, 94(4), 329-341.

Ewens, W. (2004). Mathematical Population Genetics: I, 2nd ed. Springer.

Griffiths, R. (1979). A transition density expansion for a multi-allele diffusion model. Advances in
Applied Probability, pages 310-325.

Kimura, M. (1955). Stochastic processes and distribution of gene frequencies under natural selec-
tion. In Cold Spring Harbor Symposia on Quantitative Biology, volume 20, pages 33-53. Cold
Spring Harbor Laboratory Press.

Kimura, M. (1957). Some problems of stochastic processes in genetics. The Annals of Mathematical
Statistics, pages 882-901.

Shimakura, N. (1977). Equations différentielles provenant de la génétique des populations. Tohoku
Mathematical Journal, Second Series, 29(2), 287-318.

Siepielski, A., DiBattista, J., and Carlson, S. (2009). Its about time: the temporal dynamics of
phenotypic selection in the wild. Ecology Letters, 12(11), 1261-1276.

Song, Y. S. and Steinriicken, M. (2012). A simple method for finding explicit analytic transition
densities of diffusion processes with general diploid selection. Genetics, 190(3), 1117-1129.

Steinriicken, M., Wang, Y., and Song, Y. S. (2013). An explicit transition density expansion for
a multi-allelic Wright-Fisher diffusion with general diploid selection. Theor. Popul. Biol., 83,
1-14.

Steinriicken, M., Bhaskar, A., and Song, Y. S. (2014). A novel spectral method for inferring general
diploid selection from time series genetic data. Annals of Applied Statistics, 8(4), 2203-2222.
Vogl, C. (2014a). Biallelic mutation-drift diffusion in the limit of small scaled mutation rates.

arXiv, page 1409.2299.

Vogl, C. (2014b). Computation of the likelihood in biallelic diffusion models using orthogonal
polynomials. Computation, 2, 199-220.

Zivkovi¢, D., Steinriicken, M., Song, Y. S., and Stephan, W. (2015). Transition densities and sample
frequency spectra of diffusion processes with selection and variable population size. Genetics,
doi:10.1534 /genetics.115.175265.

Waxman, D. (2011). A unified treatment of the probability of fixation when population size and
the strength of selection change over time. Genetics, 188, 907-913.

Williamson, S., Hernandez, R., Fledel-Alonl, A., Zhu, L., Nielsen, R., and Bustamante, C. (2004).
Simultaneous inference of selection and population growth from patterns of variation in the
human genome. Proc. Nat. Acad. Sci., 102(22), 7882-7887.

10


https://doi.org/10.1101/029736
http://creativecommons.org/licenses/by-nd/4.0/

