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Abstract– We propose a coalescent model for three species that allows gene flow be-23

tween both pairs of sister populations. The model is designed to analyze multilocus genomic24

sequence alignments, with one sequence sampled from each of the three species. The model25

is formulated using a Markov chain representation, which allows use of matrix exponentia-26

tion to compute analytical expressions for the probability density of gene tree genealogies.27

The gene tree history distribution as well as the gene tree topology distribution under this28

coalescent model with gene flow are then calculated via numerical integration. We analyze29

the model to compare the distributions of gene tree topologies and gene tree histories for30

species trees with differing effective population sizes and gene flow rates. Our results suggest31

conditions under which the species tree and associated parameters are not identifiable from32

the gene tree topology distribution when gene flow is present, but indicate that the gene33

tree history distribution may identify the species tree and associated parameters. Thus, the34

gene tree history distribution can be used to infer parameters such as the ancestral effective35

population sizes and the rates of gene flow in a maximum likelihood (ML) framework. We36

conduct computer simulations to evaluate the performance of our method in estimating these37

parameters, and we apply our method to an Afrotropical mosquito data set (Fontaine et al.,38

2015) to demonstrate the usefulness of our method for the analysis of empirical data.39

Key words: coalescent, gene flow, migration, hybridization, gene tree, topology, history,40

maximum likelihood, speciation.41
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In multi-locus phylogenetic studies, many different evolutionary factors can cause incon-42

gruence between a gene tree and the species tree for the same set of species (Maddison,43

1997). Incomplete lineage sorting (also called deep coalescence) has long been recognized to44

be one of the major causes of variation in gene trees across a genome (Pamilo and Nei, 1988;45

Takahata, 1989). Another important factor leading to discord between gene trees and the46

species tree is gene flow between populations following speciation (Maddison, 1997; Leaché47

et al., 2013; Degnan et al., 2012). With some exceptions (noted below), these two pro-48

cesses have been studied in isolation. When carrying out phylogenetic analyses for species49

that are substantially divergent, ignoring gene flow following speciation may not bias the50

resulting estimates. However, with the advent of large-scale genomic data sets that allow51

study of evolutionary relationships among closely related populations or species, the neces-52

sity of simultaneously examining these factors is becoming increasingly apparent (Eckert53

and Carstens, 2008; Leaché et al., 2013; Huang et al., 2014). In particular, since gene flow54

may easily occur between sister taxa following speciation, even in the presence of incomplete55

lineage sorting (Yu et al., 2011), it is necessary to incorporate these processes simultaneously56

into models used to analyze data for closely related species or populations.57

Degnan and Salter (2005) derived the probability distribution of gene trees under the58

coalescent model in the absence of gene flow, and provided a method for computing this59

distribution that was implemented in their software, COAL. Wu (2012) provided a method60

of computation that was more efficient than the method of Degnan and Salter, and used61

this method to develop software for species tree estimation called STELLS. Although both62

methods model the possibility of incomplete lineage sorting using the coalescent without63

gene flow, the difference between the two computational approaches is in the method of64

enumerating possible scenarios that are consistent with a given gene tree under the model.65

Degnan and Salter’s approach used the concept of gene tree histories, which can be defined66

to be gene tree topologies together with an assignment of coalescent events on the gene tree67

topology to specific intervals of the species tree. In contrast, Wu used ancestral configurations68
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to carry out the computations, where an ancestral configuration can loosely be defined as69

an assignment of possible states of all lineages at nodes of the species tree (see Wu (2012)70

for details).71

The ability to compute gene tree probability distributions provided several important72

insights into the problem of multi-locus species tree estimation. Important among these was73

the realization that the gene tree topology with the highest probability need not match the74

species tree, a phenomenon that has led such gene trees to be called anomalous gene trees75

(Degnan and Salter, 2005; Degnan and Rosenberg, 2006). More broadly, these studies led to76

the realization that the incomplete lineage sorting process could result in substantial variation77

in the evolutionary trees for individual genes, suggesting the importance of accounting for78

this process in inferring species-level phylogenies. Another important insight was that the79

gene tree topology probability distribution identifies both the species tree topology and the80

speciation times (Allman et al., 2011a), which implies that if this distribution were known81

exactly then the species tree that produced it would also be known. This has led to the82

development of a collection of methods for inferring species trees from estimated gene trees83

(Than and Nakhleh, 2009; Liu et al., 2010; Fan and Kubatko, 2011; Wu, 2012; Mirarab et al.,84

2014; Bayzid et al., 2015).85

Some models that incorporate both gene flow and incomplete lineage sorting jointly have86

also been proposed. For example, a model with incomplete lineage sorting and gene flow87

leading to hybrid speciation was introduced to estimate the relative parental contributions88

to the hybrid taxon (Meng and Kubatko, 2009) and to detect hybridization within the89

framework of the coalescent model (Kubatko, 2009; Gerard et al., 2011). Yu et al. (2012,90

2013) proposed a model that establishes a phylogenetic network to compute the probability91

of gene tree topologies (Yu et al., 2012, 2013), with “horizontal” branches in the network92

representing gene flow or hybridization events.93

Isolation-with-migration (IM) models (Hey and Nielsen, 2004; Hey, 2010) have also been94

used to model both population splitting and gene flow. Zhu and Yang (2012) recently used95
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this basic model to characterize the genealogical process with both coalescence and migration.96

In particular, Zhu and Yang (2012) calculated the distribution of gene tree histories under an97

IM model with two closely related species subject to gene flow and an outgroup species, and98

used this probability distribution to analyze sequence data for three taxa. They used the99

model to obtain estimates of relevant parameters and to develop a hypothesis test for gene100

flow in a maximum likelihood framework. Andersen et al. (2014) used the two-population101

IM model with an arbitrary number of lineages in each population, and derived gene tree102

probability distributions under this model. They also developed procedures for inferring103

model parameters from sequence data in this setting.104

Here we propose a new IM model for three species (not including an outgroup species) that105

allows gene flow between both sister populations. We formulate our model using the Markov106

chain representation of Hobolth et al. (2011), which allows use of matrix exponentiation to107

compute analytical expressions for the probability density of gene tree genealogies. We then108

use numerical integration to calculate the gene tree history distribution as well as the gene109

tree topology distribution under this coalescent model with gene flow. Our results suggest110

that, in contrast to the situation in the absence of gene flow, the species tree is not identifiable111

from the gene tree topology distribution when gene flow is present. However, the gene tree112

history distribution does identify the species tree topology. We also find that the gene tree113

history distribution can be used to infer the model parameters (such as the ancestral effective114

population sizes and the rates of gene flow) in a maximum likelihood (ML) framework. We115

conduct computer simulations to evaluate the performance of our method in estimating the116

model parameters. An application of our method to an Afrotropical mosquito data set117

(provided by Fontaine et al., 2015) is used to demonstrate the usefulness of our method for118

the analysis of empirical data.119
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Methods120

The IM model for three species with gene flow between both sister taxa121

Our proposed model for three species is shown in Figure 1. Here the three species are122

labeled as A, B, and C, with the species phylogeny ((A, B), C). The two ancestral species123

are denoted AB and ABC. The time since speciation occurred between A and B is denoted124

τ1, and the time since the speciation event between AB and C is denoted τ2, where τ1 and τ2125

are measured by the expected number of mutations per site. The genetic data that we will126

analyze contain multiple loci. For every locus, we assume that one sequence was sampled127

from each of the three species. It is assumed that there is no recombination within a locus,128

and free recombination among loci. There are three possibilities for the gene tree topology129

relating the three sampled sequences at a locus: ((A, B), C), ((B, C), A), and ((A, C), B).130

Probability distributions relating to the gene tree history can be derived using Markov chains131

based on the structured coalescent process, as in Hobolth et al. (2011). We give the details132

of this approach below.133

In our model, we consider gene flow between sister species A and B, and between sister134

species AB and C. More specifically, for species A and B, gene flow can occur from the present135

to time τ1; for species AB and C, gene flow can occur between times τ1 and τ2 (assume that136

there is no gene flow between species B and C, or between species A and C, after time137

τ1). Additionally, to simplify the calculations, we assume that the gene flow rate between138

sister species is the same in both directions. The parameters involved in the model are:139

θA, θB, θC , θAB, θABC ,m1,m2, τ1, and τ2 (see Figure 1). Here θA = 4NAµ, θB = 4NBµ, θC =140

4NCµ, θAB = 4NABµ, θABC = 4NABCµ, where Nx refers to the effective population size in141

species x, and µ is the mutation rate per site. The parameters m1 and m2 are defined to be142

the gene flow rates between the sister species (Hobolth et al., 2011).143

We use the term gene tree genealogy to include information for both the gene tree topology144
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A B C

m1

m2τ1

τ2

θA θB θC

θAB

θABC

Figure 1: The model species tree ((A, B), C) for three species with gene flow between sister
species. The speciation times are denoted as τ1 and τ2, respectively. θA, θB, θC , θAB, and
θABC are the coalescent rates for each species or ancient species. The rates of gene flow
between each sister species are assumed to be equal in both directions. The gene flow rate
between species A and B is m1, and the gene flow rate between species C and the ancient
species AB is m2.

and the associated coalescent times (Degnan and Rosenberg, 2009). For a given species tree145

with known speciation times, we can classify gene tree genealogies into gene tree histories146

based on where coalescent events occur in relation to speciation times. We note that there147

are infinitely many gene tree genealogies for any number of taxa because the coalescent times148

associated with the genealogy are continuous parameters. However, there are finitely many149

gene tree histories for any species tree since there are a finite number of speciation intervals150

into which the coalescent times can be placed. Figure 2 will help to clarify the concept of a151

gene tree history.152

It is easy to see that high rates of gene flow will generate more variation in gene tree153

histories. Under our model in Figure 1, every species tree topology can have eleven possible154

histories. We denote a genealogy with gene tree topology ((A, B), C) by G1, a genealogy155

with gene tree ((B, C), A) by G2, and a genealogy with gene tree ((A, C), B) by G3. Within156

each of these there is variation in the times at which coalescent events occur and we denote157
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A B C A B C A B C A B C A B C

τ1

τ2

(a) G1H1 G1H2 G1H3 G1H4 G1H5

 

 

τ1

τ2

(b) G2H1(G3H1) G2H2(G3H2) G2H3(G3H3)

A B C A B C A B C
(B A C) (B A C) (BA C)

Figure 2: (a) Five possible gene tree histories with gene tree topology ((A, B), C) (denoted
by G1). For these gene tree histories, the first (most recent) coalescent event always occurs
between the lineages from species A and B. If the first coalescent event occurs before τ1, and
the second coalescent event occurs between τ1 and τ2, the gene tree has history G1H1. If
the first coalescent event occurs before τ1, but the second coalescent event occurs after τ2,
the gene tree has history G1H2. The other three gene tree histories are denoted by G1H3,
G1H4, and G1H5. (b) Three possible gene tree histories with gene tree topology ((B, C),
A) (denoted by G2) and three possible gene tree histories with gene tree topology ((A, C),
B) (denoted by G3, species names labeled in parentheses). For these gene tree histories, the
first coalescent event occurs between the lineages from species B and C (for topology G2)
or species A and C (for topology G3). If the first coalescent event occurs before τ1, and the
second coalescent event occurs between τ1 and τ2, the gene tree has history G2H1 or G3H1.
The other two gene tree histories are denoted as G2H2/G3H2 and G2H3/G3H3.
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the possibilities by Hx where x is an integer and H was chosen since these genealogies are158

classified to histories. As shown in Figure 2 (a), G1H1 to G1H5 show five different histories159

consistent with topology ((A, B), C). In Figure 2 (b), G2H1 to G2H3 show three histories160

consistent with topology ((B, C)), A). G3H1 to G3H3 are not shown in the figure, but they161

are the same as G2H1 to G2H3 with the labels for species A and B switched, leading to162

gene tree topology ((A, C)), B). The speciation times are labeled as τ1 and τ2 in the figure,163

while the coalescent time t1 (for the first nearest coalescent event from present) and t2 (for164

the second nearest coalescent event from present) are not labeled in the figure.165

The probability distribution of gene tree histories166

Under our model, we can extend the Markov chain formulation of Hobolth et al. (2011) to167

calculate the probability distribution of the gene tree histories. We divide the species tree168

into three time periods. The first goes from the present time to τ1, and three species, A,169

B, and C exist during this time period; the second time period goes from τ1 to τ2, with170

two species AB and C; and the last goes from time τ2 to infinity, with only one species,171

ABC. In each time period, we can use the structured coalescent to explain the genealogical172

process. The method to compute the density through matrix exponentials was introduced173

by Hobolth et al. (2011), and the instantaneous rate matrix for two populations with gene174

flow was given there. We extend this method for our model, which contains three species175

with gene flow between two pairs of sister taxa.176

The instantaneous rate matrix for each time period. During the first time period, from177

the present to τ1, gene flow can occur only between species A and B. A genealogy for a sam-178

ple that includes one individual from each species has five possible states, which we denote179

by aac, abc, bbc, ac, bc. In our notation, aac means that two sequences are in species A,180

and one is in species C; abc means that one sequence is in each species; ac means that one181
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sequence is in species A and another is in species C (here the sequences have coalesced); and182

so on. Note that during this time period, species C always has one lineage since there is183

neither gene flow nor the possibility of a coalescent event, while the ancestral populations to184

species A and B can experience gene flow and/or a coalescent event among the two lineages.185

The rates of transitions between the five states can be expressed as a 5 × 5 instantaneous186

rate matrix Q1:187

188

Q1 =

aac abc bbc ac bc
aac
abc
bbc
ac
bc


−2m1 − c1

m1

0
0
0

2m1

−2m1

2m1

0
0

0
m1

−2m1 − c2
0
0

c1
0
0
−m1

m1

0
0
c2
m1

−m1

189

190

In this matrix, the coalescent parameters are defined as c1 = 2/θA; c2 = 2/θB; c3 = 2/θC ;191

c4 = 2/θAB; c5 = 2/θABC . We use eQ to denote the matrix exponential eQ =
∑∞

i=0Q
i/i!.192

The (j, k)th entry of eQ is denoted as (eQ)jk.193

Following Hobolth et al. (2011), we note that the probability density of a coalescent194

event at time t1 during the time period from the present time to τ1 is195

f(t1) = c1(e
Q1t1)21 + c2(e

Q1t1)23, t1 < τ1. (1)

The probability density associated with the first coalescent event occurring in the ances-196

tral population at time t1 > τ1 is197

f(t1) = [(eQ1τ1)21 + (eQ1τ1)22 + (eQ1τ1)23]c4e
−c4(t1−τ1), t1 > τ1. (2)

Similarly, if the first coalescent event occurs before time τ1 (t1 < τ1), a matrix Q2 can198

be used to compute the probability density for the second coalescent event at time t2, as199

follows. First denote species AB as population d, and species ABC as population e. The five200

possible genealogy states starting at time τ1 now become dd, dc, cc, d, c, and the associated201

rate matrix is202
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203

Q2 =

dd dc cc d c
dd
dc
cc
d
c


−2m2 − c4

m2

0
0
0

2m2

−2m2

2m2

0
0

0
m2

−2m2 − c3
0
0

c4
0
0
−m2

m2

0
0
c3
m2

−m2

204

205

During the time period from τ1 to τ2, the probability density for the coalescent event at206

time t2 < τ2 is207

f(t2) = c4(e
Q2t2)21 + c3(e

Q2t2)23, t2 < τ2. (3)

and the density for the coalescent event at time t2 occuring in the ancestral population at208

time t2 > τ2 is209

f(t2) = [(eQ2τ2)21 + (eQ2τ2)22 + (eQ2τ2)23]c5e
−c5(t2−τ2), t2 > τ2. (4)

The system becomes more complicated if the first coalescent event occurs after time τ1210

(t1 > τ1). In that case, three lineages exist after time τ1 and all of them can migrate be-211

tween species AB and C. A 13 × 13 rate matrix Q3 can be built to calculate the gene tree212

density. We label the state of each lineage sequentially. For instance, ddc refers to the first213

two lineages being in population d (species AB), while the third lineage is in population c214

(species C). There are 13 possible states, as shown in matrix Q3,215

216
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Q3 =

ddd ddc dcd cdd dcc cdc ccd ccc dd dc cc d c
ddd
ddc
dcd
cdd
dcc
cdc
ccd
ccc
dd
dc
cc
d
c



−−
m2

m2

m2

0
0
0
0
0
0
0
0
0

m2

−−
0
0
m2

m2

0
0
0
0
0
0
0

m2

0
−−
0
m2

0
m2

0
0
0
0
0
0

m2

0
0
−−
0
m2

m2

0
0
0
0
0
0

0
m2

m2

0
−−
0
0
m2

0
0
0
0
0

0
m2

0
m2

0
−−
0
m2

0
0
0
0
0

0
0
m2

m2

0
0
−−
m2

0
0
0
0
0

0
0
0
0
m2

m2

m2

−−
0
0
0
0
0

3c4
0
0
0
0
0
0
0
−−
m2

0
0
0

0
c4
c4
c4
c3
c3
c3
0

2m2

−−
2m2

0
0

0
0
0
0
0
0
0

3c3
0
m2

−−
0
0

0
0
0
0
0
0
0
0
c4
0
0
−−
m2

0
0
0
0
0
0
0
0
0
0
c3
m2

−−



217

218

where the diagonal entries (the ‘- -’ above) are set to the negative sum of the corresponding219

row.220

In our model, we use Q3 for the time period between time τ1 and t1 when the first221

coalescent event occurs after time τ1 (t1 > τ1). At the beginning of this time period, there222

are 3 lineages with state ddc. At the end of this time period, since gene flow can occur223

between populations d and c, any state with two or three lineages is possible.224

The probability distribution of the gene tree histories. Using the results above, the prob-225

ability distribution of the gene tree histories can be calculated. Recall that there are three226

different gene tree topologies, denoted as G1, G2, and G3 for topologies ((A, B), C), ((B, C,227

A), and ((A, C), B), respectively (Figure 2). Because coalescent events can occur in different228

intervals on the species tree, there are multiple gene tree histories that are consistent with229

each gene tree topology. For example, as shown in Figure 2(a), gene tree topology G1 can230

result from 5 different histories, labelled as G1H1, G1H2, and so on. Similarly, G2 and G3231

are both consistent with 3 different histories. The probability of each history will be calcu-232

lated separately using the Markov chain formulation above. We give example calculations233

for a few histories below. The remaining calculations are given in Appendix.234
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For G1H1, the first coalescent event occurs between the present and time τ1, while the235

second coalescent event occurs between time τ1 and τ2, thus t1 < τ1 < t2 < τ2. To derive the236

joint density of the coalescent times for this gene tree history, we first consider the time range237

between the present and time τ1. Since there is no gene flow between species C and any other238

species during this time, we only need to calculate the probability that the two lineages in239

species A and B coalesce before time τ1. Due to the possibility of gene flow between species240

A and B, the coalescent event can happen in either species A or B. The whole process can be241

described as three lineages that start in state abc, and then right before the first coalescent242

event, the state becomes either aac or bbc. Thus from (??), we can derive243

fG1H1(t1) = c1(e
Q1t1)21 + c2(e

Q1t1)23, t1 < τ1 (5)

Similarly, the second coalescent event occurs between time τ1 and τ2, and the process is244

assumed to start from state dc. Right before the second coalescent event, the state changes245

to dd or cc. From the previous function (??), we have246

fG1H1(t2) = c4(e
Q2t2)21 + c3(e

Q2t2)23, τ1 < t2 < τ2 (6)

The joint distribution for both t1 and t2 is then247

fG1H1(t1, t2) = fG1H1(t1)× fG1H1(t2)

= [c1(e
Q1t1)21 + c2(e

Q1t1)23][c4(e
Q2t2)21 + c3(e

Q2t2)23], 0 < t1 < τ1 < t2 < τ2.
(7)

To find the marginal probability of gene tree history G1H1, we integrate out the gene248

tree coalescent times,249

P (G1H1) =

∫ τ1

0

[c1(e
Q1t1)21 + c2(e

Q1t1)23] dt1

∫ τ2−τ1

0

[c4(e
Q2t2)21 + c3(e

Q2t2)23] dt2. (8)

For G1H2, the first coalescent event occurs between the present and time τ1, while the250

second coalescent event occurs after time τ2, and thus t1 < τ1 < τ2 < t2. The only difference251
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in the calculations for G1H2 is that no coalescent event occurs between time τ1 and τ2. The252

probability that the second coalescent event occurs before time τ2 is253

P (t2 < τ2|t1 < τ1 < t2) =

∫ τ2−τ1

0

[c4(e
Q2t2)21 + c3(e

Q2t2)23] dt2. (9)

Thus, the probability that the second coalescent event occurs after time τ2 is254

P (t2 > τ2|t1 < τ1 < t2) = 1−
∫ τ2−τ1

0

[c4(e
Q2t2)21 + c3(e

Q2t2)23] dt2, (10)

and255

P (G1H2) = P (t1 < τ1)P (t2 > τ2|t1 < τ1 < t2)

=

∫ τ1

0

[c1(e
Q1t1)21 + c2(e

Q1t1)23] dt1

(
1−

∫ τ2−τ1

0

[c4(e
Q2t2)21 + c3(e

Q2t2)23] dt2

)
.

(11)

For G1H3, the first coalescent event occurs after time τ1, while the second coalescent256

event occurs before time τ2, and thus τ1 < t1 < t2 < τ2. From the present to time τ1, no257

coalescent event occurs, and the probability is258

P (t1 > τ1) = 1−
∫ τ1

0

[c1(e
Q1t1)21 + c2(e

Q1t1)23] dt1. (12)

After time τ1, things are more complicated. There are four distinct ways in which the two259

coalescent events can happen. In all four cases, the process starts in state ddc, which means260

that two lineages are in population d and one is in population c. The first case denoted by261

G1H3C1, goes from state ddc to ddd, and then a coalescent event occurs and the state is262

dd. The final coalescent event can occur either from this state, or by changing to state cc.263

To model this, we use Q3 to calculate the change from state ddc to ddd, and use Q2 for the264

change from state dd to dd or cc. The joint density function is265

fG1H3C1(t1, t2) = c4(e
Q3t1)21[c4(e

Q2t2)11 + c3(e
Q2t2)13]. (13)
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Notice that in the above density function, there is no multiplier for c4 in the first coalescent266

process. Although there are three possible lineage combinations that can coalesce at time267

t1, only one of them (the lineages that come from species A and species B) will maintain the268

gene tree topology ((A, B), C).269

Similarly, we can write the density functions for the other three possibilities. The second270

possibility has the sequence of states ddc - ddc - dc - dd/cc, with corresponding density271

function272

fG1H3C2(t1, t2) = c4(e
Q3t1)22[c4(e

Q2t2)21 + c3(e
Q2t2)23]. (14)

The third possibility has the sequence of states ddc - ccc - cc - dd/cc, with corresponding273

density function274

fG1H3C3(t1, t2) = c3(e
Q3t1)28[c4(e

Q2t2)31 + c3(e
Q2t2)33]. (15)

Finally, the fourth possibility has the sequence of states ddc - ddc - dc - dd/cc, with275

corresponding density function276

fG1H3C4(t1, t2) = c3(e
Q3t1)27[c4(e

Q2t2)21 + c3(e
Q2t2)23]. (16)

Thus, the overall density function for t1 and t2 for history G1H3 is277

fG1H3(t1, t2) =fG1H3C1(t1, t2) + fG1H3C2(t1, t2)

+ fG1H3C3(t1, t2) + fG1H3C4(t1, t2),
(17)

and the marginal probability of G1H3 is278

P (G1H3) = P (t1 > τ1)[

∫ τ2−τ1

0

∫ τ2−τ1−t1

0

f(G1H3, t1, t2) dt2 dt1]. (18)

The probabilities of all other gene tree histories can be calculated similarly. We give the279

details in Appendix.280
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Implementation details and parameter scaling. To calculate the probability for each gene281

tree history requires computing integrals or double integrals (for histories G1H3, G2H1 and282

G3H1). To do this, we used Gaussian Quadrature for one-dimensional integration, and283

iterated it for two-dimensional integration. The method is implemented in a C program284

COALGF Calculator (COALGF) that directly calculates the probabilities for all eleven gene285

tree histories as well as the three gene tree topologies. The required input parameters286

in COALGF are the coalescent rates c1, c2, c3, and c4 (for population A, B, C, and AB,287

respectively); the gene flow rates m1 and m2 (m1 for the gene flow rate between population288

A and B, m2 for the gene flow rate between population AB and C; we assume equal rates of289

gene flow to and from sister species); and the speciation times τ1 and τ2.290

To simplify the calculation, all parameters are scaled in COALGF so that they are pro-291

portional to a selected c0 = 2/θ0. Consider the probability of the first gene tree history in292

(??). Using matrix Q1 as an example, note that for c0 = 2/θ0 we can write293

294

Q1 = c0∗

aac abc bbc ac bc
aac
abc
bbc
ac
bc


−2m1/c0 − c1/c0

m1/c0
0
0
0

2m1/c0
−2m1/c0
2m1/c0

0
0

0
m1/c0

−2m1/c0 − c2/c0
0
0

c1/c0
0
0

−m1/c0
m1/c0

0
0

c2/c0
m1/c0
−m1/c0

295

296

Note that Q1 = c0 ∗ Q1′, where Q1′ is the new matrix above, with all coalescent rates297

and gene flow rates scaled by c0, and with t′1 = t1 ∗ c0. Similarly we can scale all coalescent298

rates by dividing c0, and all speciation times by multiplying c0. In the following results,299

we use θx, cx,mx, and τx as the original parameters, which are not scaled by 2/θ0. For the300

scaled parameters, we use Cx = cx/c0, Mx = mx/c0, and Tx = τx ∗ c0 as the scaled coalescent301

parameters, gene flow parameters, and speciation times, respectively.302

303
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Maximum likelihood parameter estimation304

Using the results of last section, the exact probabilities for the eleven gene tree histories can305

be calculated for any species tree with three species. Thus, given a data set consisting of306

observations of gene tree histories, these data can be viewed as a sample from a multinormial307

distribution with eleven categories and with probabilities as derived in the previous section.308

The likelihood of the data can thus be used to obtain maximum likelihood estimates of the309

coalescent parameters. We use simulation to assess the performance in estimating these310

parameters.311

Three simulation studies were carried out using the software ms (Hudson, 2002) and312

seq-gen (Rambaut and Grassly, 1997). The first simulates gene trees directly, while the313

second and the third simulate 500bp and 1000bp DNA sequences, respectively. The DNA314

sequence data sets are analyzed by PAUP* (Swofford, 2003) to estimate gene trees under315

the maximum likelihood criterion. In each simulation study, we select a varying number of316

loci (ranging from 50 to 100,000) to assess our model. All data are simulated under the fixed317

species tree ((A, B), C), with θA = θB = θC = θAB = 0.005, m1 = m2 = 200, τ1 = 0.004, and318

τ2 = 0.006, which were chosen based on Zhu and Yang (2012). After scaling by θ0 = 0.005,319

we have: C1 = C2 = C3 = C4 = 1, M1 = M2 = 0.5, T1 = 1.6, and T2 = 2.4.320

For each simulated data set with K loci, the frequency of the xth gene tree history is321

recorded as kx, x = 1, 2, . . . , 11. In order to estimate the model parameters, we consider two322

methods for searching parameter space to find the maximum likelihood estimate (MLE), both323

based on a grid search. The first assumes that M1 = M2 = M and C1 = C2 = C3 = C4 = C,324

with C varying from 0 to 2 (we used 200 equal spaced values), and M varying from 0325

to 10 (we used 200 different values on the log scale). The other method assumes that326

C1 = C2 = C3 = C4 = 1, and varies both M1 and M2 from 0 to 10 (we used 200 different327

values on the log scale). Note that although we could consider M1, M2, and C at the328

same time, in the simulation study, we only considered two parameters at a time in order329
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to reduce the computational burden and to run more replications. For the empirical data,330

these parameters are estimated together.331

For both methods, 40,000 species trees were tested. For each species tree, the exact332

probability distribution of the 11 gene tree histories was calculated and the likelihood for333

each simulated data set was calculated (Wang and Hey, 2010; Zhu and Yang, 2012). The334

parameters with the highest likelihood are the maximum likelihood estimates. We simulated335

1,000 replications for each simulation condition, and computed the average and the standard336

deviation of the MLEs of the model parameters over these replicates for each simulation337

condition.338

Application of the model in an empirical Afrotropical mosquito data set339

Fontaine et al. (2015) reported pervasive autosomal gene introgression in several Afrotropical340

mosquito sibling species. In their study, the species branching order of seven Afrotropical341

mosquito sibling species was identified, and the times between speciation events were also342

estimated (Fontaine et al., 2015). We selected three of these species, Anopheles coluzzii (An.343

col), Anopheles gambiae (An. gam), and Anopheles arabiensis (An. ara), to serve as the344

species A, B, and C to test our model. We also selected an outgroup species, Anopheles345

christyi (An. chi), to root the gene trees. Based on Fontaine et al. (2015), the estimated346

species tree for the four species is (((An. col, An. gam), An. ara), An. chr). The speciation347

time between An. col and An. gam is 0.54 million years ago (Myr), and the speciation time348

between An. ara and the ancestor of An. col and An. gam is 1.85 Myr (Fontaine et al.,349

2015).350

We used the whole genome alignment of the reference assemblies from the members351

of the Anopheles gambiae species complex (Fontaine et al., 2015), and selected data from352

chromosome 2L to analyze. In total, 24,921 gene trees were constructed from 1 kb non-353

overlapping windows across the alignments by PAUP* using maximum likelihood. Based on354
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the speciation times given above, the frequencies of the gene tree histories were recorded.355

Assuming that all three selected Anopheles gambiae species have equal effective population356

sizes, the effective population size, the gene flow rate between An. col and An. gam, and the357

gene flow rate between An. ara and the ancestor of An. col and An. gam were estimated358

using maximum likelihood.359

Results360

Gene flow between sister species produces different distributions of gene tree histories361

We calculated the probability distribution of gene tree histories using the method described362

above under a set of species trees with different parameter values (Figure 3). In the figure,363

the different gene tree histories are indicated with different colors, and the vertical height364

of each colored bar shows the probability of that history. Histories are grouped according365

to their topology, and since the probability of gene tree topologies G2 and G3 are always366

equal, only one bar is shown in the figure (labeled G2/3). It is clear that the sum of the367

probability of G1 and twice of the probability of G2/3 is equal to 1 under each species tree368

setting. The effect of gene flow on the distribution of gene tree histories is explored under two369

different conditions: all current and ancestral populations have equal effective population370

sizes (Figure 3(a)), and current and ancestral populations have unequal effective population371

sizes (Figure 3(b)).372

In Figure 3 (a), the effective population sizes of species A, B, C, and AB (the ancestor373

of species A and B) are assumed to be equal. Assuming that θ0 = 0.005, τ1 = 0.004, and374

τ2 = 0.006 (Zhu and Yang, 2012), the coalescent parameters were scaled to C1 = C2 = C3 =375

C4 = 1, and the relative speciation times were scaled to T1 = 1.6, and T2 = 2.4. When376

there is no gene flow between either pair of sister species (Figure 3 (a) M1 = 0,M2 = 0),377

only three histories are possible (G1H4, G1H5, and G2H3/G3H3; see Figure 2), since the378
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Figure 3: The probability distribution of the gene tree histories under species trees with
scaled speciation times T1 = 1.6, T2 = 2.4 (τ1 = 0.004, τ2 = 0.006). Each gene tree history
is denoted by a different color as shown in the figure. The probability of topology G1 is
shown by the height of the column labeled G1; the height of the column labeled G2/3 shows
the equal probability of the topologies G2 and G3. Thus, P (G1) + 2P (G2/3) = 1. The two
sets of scaled coalescent rates are C1 = C2 = C3 = C4 = 1 (scaled by θ0 = 0.005) in panel
(a), and C1 = 1, C2 = C3 = 0.5, C4 = 0.2 (scaled by θ0 = 0.005) in panel (b). Each panel
contains four cases of different gene flow rates: 1, no gene flow (M1 = M2 = 0); 2, no gene
flow between species A and B (M1 = 0, M2 = 0.5); 3, no gene flow between species C and
the ancient species AB (M1 = 0.5, M2 = 0); 4, equal rates of gene flow in both sister species
(M1 = M2 = 0.5).
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first coalescent event cannot occur before speciation time T1, and the second coalescent379

event cannot occur before speciation time T2. When gene flow can occur between species380

AB and C, the second coalescent event could also occur between speciation time T1 and381

T2, and thus G1H3, G2H1/G3H1 and G2H2/G3H2 (see Figure 2) will also have positive382

probability. In that case, topology G1 contains three different histories, while topologies383

G2/G3 also have three different histories (Figure 3 (a) M1 = 0,M2 = 0.5). However, if there384

is no gene flow between species AB and C, but gene flow is possible between species A and385

B (Figure 3 (a) M1 = 0.5,M2 = 0), again only one history (G2H3/G3H3) is possible for386

topologies G2/3, since the second coalescent event cannot occur before speciation time T2,387

but the first coalescent event can occur before speciation time T1. The gene tree topology388

G1 will still contain three histories, but these are different than the three that appear with389

M1 = 0,M2 = 0.5. When gene flow is possible between both pairs of sister species (species390

A & B and species AB & C), all of the histories in Figure 2 have positive probability (Figure391

3 (a) M1 = 0.5,M2 = 0.5).392

While the gene tree history distribution shows a clear pattern when all effective pop-393

ulation sizes are assumed to be equal (Figure 3 (a)), the distribution changes when these394

parameters differ across the species tree. In Figure 3 (b), we used a set of species trees with395

scaled coalescent parameters C1 = 1, C2 = C3 = 0.5, C4 = 0.2 along with all of the other pa-396

rameter combinations in Figure 3 (a). The ratio of the effective population sizes considered397

here was selected based on Burgess and Yang’s (2008) paper in which hominoid ancestral398

population sizes were estimated. With regard to which settings lead to positive probabilities399

associated with various gene tree histories, the patterns in Figure 3 (a) and (b) are generally400

consistent. Except for the case in which M2 6= 0, histories G1H3 and G2H1/G3H1 have401

extremely small probabilities (Figure 3 (a) (b) M1 = 0,M2 = 0.5;M1 = 0.5,M2 = 0.5). This402

result is not surprising, because the length of time between the two speciation times T1 and403

T2 is relatively small (T2−T1 = 0.8). Histories G1H3 and G2H1/G3H1 only arise when both404

coalescent events occur between T1 and T2 (Figure 2). With a small time span between T1405
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and T2 as well as unequal effective population sizes, these probabilities become very small.406

If the time span between T1 and T2 is longer, as in Figure S1 (b), T1 = 2 and T2 = 4, it is407

clear that all five histories show up in topology G1, and all three histories appear in G2/3,408

when M2 6= 0. Note that all other parameters (coalescent rates and gene flow rates) are409

the same in Figure 3 (a) and Figure S1 (b). Finally, through we observe a similar pattern410

for the gene tree history probabilities for the species trees with equal or unequal population411

sizes, the magnitude of the probability of each history varies a lot. For example, in Figure412

3 (a), G1H4 is one of the dominant histories, while in Figure 3 (b), the probability of G1H4413

is much smaller and the probabilities of G1H5 and G2H3/G3H3 are dominant.414

We also considered another set of speciation times, T1 = 2 and T2 = 4, which has a415

much longer time span between the two speciation events (Figure S1). Comparing Figure416

3(a) and Figure S1(a) shows that with longer speciation times, the probabilities of histories417

G1H5 and G2H3/G3H3 clearly decrease, because the increase in speciation times decreases418

the probability that both coalescent events occur before the earliest speciation time. Inter-419

estingly, if there is no gene flow between either pair of sister species, the longer speciation420

times will greatly decrease the probability of observing the “incorrect” gene tree topology421

(G2 or G3). Gene flow between only species A and B, but not species AB and C, will lead422

to a similar distribution because the topology G2/G3 is still composed of just one gene tree423

history (G2H3/G3H3) and the probability of this history decreases with longer speciation424

times. However, if ancient gene flow exists between species AB and C, the distribution of425

gene tree topologies does not change a lot, but the distribution of gene tree histories shows426

some clear changes (compare Figure 3 (a) (b) and Figure S1 (a) (b)).427

We also considered a second level for the rate of gene flow. In Figure S1(c)-(f), the rate428

of gene flow was set to 2 when it was present (in contrast to the rate of 0.5 used in Figure429

3 and Figure S1(a), (b)). For the same effective population sizes and the same speciation430

times, we find that changing the rate of gene flow from 0.5 to 2 does not have a huge effect431

on the distribution of gene tree histories. More extreme values of the rate of gene flow will432
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be discussed in the following sections.433

Variation in the gene tree history distribution as a function of the rate of gene flow434

We considered the change in the probabilities of individual histories as a function of the gene435

flow rate when all other parameters were held constant. In each subplot of Figure 4 and Fig-436

ures S2 - S5, M1 is held constant (at four different levels M1 = 0.001; 0.5; 2; 20, corresponding437

to the rows), while the value of M2 changes from 0 to 1, 000. The effective population sizes438

and speciation times both have two different levels. For the effective population sizes, one439

setting is that all effective population sizes are equal, thus the coalescent rates were set to440

C1 = C2 = C3 = C4 = 1 (Figure 4 (a) - (i), Figures S2, S3), and the other setting is a species441

tree with unequal effective population sizes, C1 = 1, C2 = C3 = 0.5, C4 = 0.2 (Figure 4 (j)442

- (l), Figures S4, S5). For the speciation times, a set of relatively shorter speciation times443

[T1 = 1.6;T2 = 2.4 (Figure 4 (a) - (f) (j) - (l), Figures S2, S4)] and a set of longer speciation444

times [T1 = 2;T2 = 4 (Figure 4 (g) - (i), Figures S3, S5)] are used. Figure 5 and Figures S6 -445

S9 have similar parameter settings, but in these figures, M2 is held constant at four different446

levels, while the value of M1 is changed from 0 to 1, 000. In all of these figures that plot the447

distribution of gene tree histories against the rate of gene flow, the first column shows the448

distribution of the five gene tree histories with topology G1=((A,B),C), the second column449

shows the distribution of the three gene tree histories with the other two topologies G2/G3,450

and the last column shows the distribution of the three possible gene tree topologies (G1,451

G2, and G3). Note that in the last column, the probabilities of the topologies G2 and G3452

are always equal.453

When there is no gene flow between species A and B (i.e., M1 = 0.001; Figure 4 (a) -454

(c)) or between species AB and C (i.e., M2 = 0.001;Figure 5 (a) - (c)), different gene tree455

histories will have positive probability compared with the case in which gene flow is present.456

For example, comparing Figure 4 (a) - (c) and (d) - (f), we see that some gene tree histories457
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Figure 4: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
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were plotted against the gene flow rate between species C and the ancient species AB, M2

(x-axis; shown on a log scale). Panels (a), (d), (g), and (j) show the probabilities of the five
gene tree histories (G1H1 - G1H5) with topology G1. Panels (b), (e), (h), and (k) show the
probabilities of the three gene tree histories (G2H1/G3H1 - G2H3/G3H3) with topology G2
or G3. Panels (c), (f), (i), and (l) show the probabilities of the three gene tree topologies
(G1, G2 and G3) with P (G2) = P (G3), and P (G1) + P (G2) + P (G3) = 1. The four sets of
parameter values are C1 = C2 = C3 = C4 = 1, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 0.001
for panels (a) - (c); C1 = C2 = C3 = C4 = 1, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 2 for
panels (d) - (f); C1 = C2 = C3 = C4 = 1, T1 = 2, T2 = 4, θ0 = 0.01, M1 = 2 for panels (g) -
(i); and C1 = 1, C2 = C3 = 0.5, C4 = 0.2, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 2 for panels
(j) - (l).

have positive probability only when there is gene flow (G1H1 and G1H2). Comparing Figure458

5 (a) - (c) and (d) - (f), we find the same pattern, but with different gene tree histories (G1H1459

and G1H3). Notably, determining whether or not gene flow occurred based on the frequencies460

of gene tree topologies would be difficult, especially when the rate of gene flow is not large461

(Figure 4 (c), (f); Figure 5 (c), (f)). Another interesting fact is that if the rate of gene flow462

is held constant for one pair of sister species, the gene tree history distribution can change463

completely as the other gene flow rate changes from a small value to a large value (Figure464

4 and Figure 5). These results suggest that the distribution of gene tree histories depends465

highly on the magnitude of gene flow.466

In addition to gene flow, two other factors may affect the distribution of gene tree467

histories. The first factor is the speciation time. Figure 4 (d) - (f) and (g) - (i) show468

the differences in the gene tree history distributions for relatively smaller speciation times469

(T1 = 1.6;T2 = 2.4) and for larger speciation times (T1 = 2;T2 = 4). When M2 is low (less470

than 0.1), the distributions of gene tree histories under different speciation times show a very471

similar pattern with slightly different values. However, when M2 is larger, the distributions472

of gene tree histories with the two sets of different speciation times have very different pat-473

terns. It is quite interesting to notice that the topology distribution differs more when M2474

is small (less than 0.1), but becomes more similar as M2 becomes larger (Figure 4 (f) and475

(i)). This effect is even larger in Figure 5 (d) - (f) and (g) - (i), when M2 is held constant476
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Figure 5: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
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were plotted against the gene flow rate between species A and species B, M1 (x-axis; shown
on a log scale). The four sets of parameter values are C1 = C2 = C3 = C4 = 1, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 0.001 for panels (a) - (c); C1 = C2 = C3 = C4 = 1, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 2 for panels (d) - (f); C1 = C2 = C3 = C4 = 1, T1 = 2, T2 = 4,
θ0 = 0.01, M2 = 2 for panels (g) - (i); and C1 = 1, C2 = C3 = 0.5, C4 = 0.2, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 2 for panels (j) - (l).

and M1 varies.477

The other factor that may affect the distribution of gene tree histories is the effective478

population size, which determines the rate at which coalescent events occur. We observe479

that, for the two different sets of coalescent rates we considered (equal effective population480

sizes [C1 = C2 = C3 = C4 = 1] and unequal effective population sizes [C1 = 1, C2 = C3 =481

0.5, C4 = 0.2]), the gene tree topology distribution is affected less by the change of effective482

population sizes than the gene tree history distribution (Figure 4 (d) - (f) and (j) - (l); Figure483

5 (d) - (f) and (j) - (l)). Complete comparisons for different rates of gene flow, speciation484

times, and effective population sizes are shown in Figures S2 - S9.485

Different distributions of gene tree histories may share an identical gene tree topology486

distribution487

Under the typical coalescent model without the possibility of gene flow following speciation,488

the distribution of gene tree topologies can be used to estimate the species tree topology489

and branch lengths (Allman et al., 2011b). However, in the presence of gene flow, the490

gene tree topology probabilities change, and we might ask whether this distribution alone is491

sufficient to identify whether or not gene flow has occurred. Our overall finding is that many492

different distributions of gene tree histories arising from different species trees may share an493

identical gene tree topology distribution, which indicates that the information about gene494

tree topology probabilities alone is not enough to estimate species trees in the presence of495

gene flow.496
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For example, Figure 6 shows eight species trees (S 1 − S 8) that all have the same set497

of scaled speciation times, T1 = 1.6 and T2 = 2.4. Trees S 1 − S 4 have equal effective498

population sizes with scaled coalescent parameters C1 = C2 = C3 = C4 = 1, while species499

trees S 5 − S 8 have unequal effective population sizes with scaled coalescent parameters500

C1 = 1, C2 = C3 = 0.5, C4 = 0.2. The eight species trees differ in the rates of gene flow, M1501

and M2. For instance, S 1 shows the case of no gene flow (M1 = M2 = 0.001), while S 5502

shows the case that gene flow occurs only between species A and B (M1 = 0.798;M2 = 0.001).503

Different levels of gene flow are also reflected in this figure: S 2 has small gene flow rates504

(M1 = 0.5;M2 = 0.544); S 8 has medium gene flow rates (M1 = 2;M2 = 5); and C 4 has505

fairly large gene flow rates (M1 = 20;M2 = 28). As labeled in the figure, different colors506

show the probabilities of different gene tree histories. For each species tree, the probabilities507

of the eleven gene tree histories sum up to 1. The two solid black vertical lines in Figure508

6 divide the total probability into the three probabilities corresponding to the gene tree509

topologies (from left to right, G1, G2, and G3), which are identical for all eight cases. Under510

this identical topology distribution (P (G1) = 0.7, P (G2) = P (G3) = 0.15), the distributions511

of gene tree histories are very different for these eight species trees.512

Notably, these eight species trees are not the only species trees that share this particular513

gene tree topology distribution, and this gene tree topology distribution is not the only514

one which can be generated by multiple species trees. However, despite the implied non-515

identifiability of gene flow based only on the topology distribution, we note that the gene tree516

history distributions appear to be distinct in these cases. Because of this, the information517

provided by the distribution of gene tree histories can be used to estimate the parameters518

(effective population sizes and gene flow rates) in the coalescent model with gene flow, as we519

show in the following two sections.520
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Figure 6: Gene tree history distributions for eight species trees (rows labeled S 1 − S 8)
with different coalescent rates and gene flow rates. The x-axis is the probability associated
with individual histories (denoted by colors), and the total probability for each case sums
up to 1. The two solid black lines indicate the probability of each of the three gene tree
topologies, from left to right P (G1) = 0.7, and P (G2) = P (G3) = 0.15. All eight species
trees have scaled speciation times T1 = 1.6, T2 = 2.4 (scaled by θ0 = 0.005). The two
sets of coalescent rates are C1 = C2 = C3 = C4 = 1 for species trees S 1 − S 4, and
C1 = 1, C2 = C3 = 0.5, C4 = 0.2 for species trees S 5− S 8. All species trees have different
rates of gene flow: S 1: M1 = M2 = 0; S 2: M1 = 0.5, M2 = 0.544; S 3: M1 = 2,
M2 = 2.23; S 4: M1 = 20, M2 = 28; S 5: M1 = 0.796, M2 = 0; S 6: M1 = 1.337, M2 = 0.5;
S 7: M1 = 1.894, M2 = 2; S 8: M1 = 2, M2 = 5.
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Simulation studies for maximum likelihood parameter estimation521

To assess the performance of our model in estimating the rates of coalescence and gene flow,522

we carried out three simulation studies. In the first simulation study, we simulated gene523

trees directly with a varying number of loci ranging from 50 to 100,000. Gene trees were524

simulated under the fixed species tree ((A, B), C), with θA = θB = θC = θAB = 0.005,525

m1 = m2 = 200, τ1 = 0.004, and τ2 = 0.006, corresponding to scaled parameters C1 = C2 =526

C3 = C4 = 1, M1 = M2 = 0.5, T1 = 1.6, and T2 = 2.4. Assuming that M1 = M2 = M and527

C1 = C2 = C3 = C4 = C, we evaluated the likelihood of 40,000 species trees (each differing528

in the values of M and C but with the topology and branch lengths fixed) to find the MLEs529

of M and C. Figure 7 shows the results for one simulated data set in this simulation study530

for which 1000 gene trees were simulated with C = 1 and M = 0.5. It is clear that the MLEs531

Ĉ = 0.99 and M̂ = 0.468, marked with a white ’X’ in Figure 7, are close to the true values.532

We repeated this simulation process 1,000 times for varying numbers of loci, and ob-533

tained the mean and standard deviation for the MLEs of C and M (Table 1, section labeled534

“Simualtion Study 1”, columns 2 and 3). We see that the estimates of C and M appear535

to be generally unbiased, with increasing variance as the number of loci decreases. We also536

consider the case in which we are reasonably confident that C1 = C2 = C3 = C4 = 1 and wish537

to estimate M1 and M2 separately (Table 1, section labeled ”Simualtion Study 1”, columns538

4 and 5). Again, our results suggest very good performance of our method in estimating the539

rates of gene flow in a three-species model, with unbiased estimates and decreasing variance540

as the number of loci increases. Notably, in our simulation study, we only considered two pa-541

rameters at a time in order to reduce the computational burden and to run more replications.542

In empirical data analyses described below, these parameters are estimated together.543

The first simulation study indicates good performance of our method when gene trees are544

known without error. However, in the typical empirical setting, gene trees must first be esti-545

mated from observed sequence data. Our second two simulation studies thus mimicked this546
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Figure 7: Contour plot for one simulated data set showing the log likelihood as a function of
the scaled coalescent rate C and the gene flow rate M, assuming that C1 = C2 = C3 = C4 = C
and M1 = M2 = M . DNA sequence data were simulated for 1000 loci for species tree ((A,
B), C) with scaled speciation times T1 = 1.6, T2 = 2.4 (scaled by θ0 = 0.005), coalescent
rates C1 = C2 = C3 = C4 = 1 and gene flow rates M1 = M2 = 0.5. The true scaled
speciation times T1 = 1.6, T2 = 2.4 were used to identify different gene tree histories. The
MLEs are Ĉ = 0.99, and M̂ = 0.468, indicated by the white cross in the plot, with log
likelihood l = −2001.745.
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Loci C M M1 M2
100,000 0.9998(0.0050) 0.4996(0.0044) 0.4998(0.0057) 0.4994(0.0057)
1,000 1.0007(0.0482) 0.4989(0.0367) 0.5019(0.0526) 0.4988(0.0481)
500 1.0013(0.0673) 0.5046(0.0513) 0.5086(0.0768) 0.5066(0.0696)
200 1.0021(0.1052) 0.5048(0.0855) 0.5158(0.1367) 0.5101(0.1146)
100 0.9996(0.1520) 0.5204(0.1234) 0.5618(0.2870) 0.5281(0.1809)
50 1.0122(0.5286) 0.2157(0.1872) 0.6936(0.9880) 0.5428(0.2641)

Loci C M M1 M2
100,000 NA NA NA NA
1,000 0.9997(0.0478) 0.5010(0.0368) 0.5653(0.0623) 0.7043(0.0734)
500 1.0667(0.0719) 0.6524(0.0717) 0.5756(0.0910) 0.7001(0.1010)
200 1.0681(0.1121) 0.6630(0.1278) 0.5971(0.1767) 0.7166(0.1779)
100 1.0702(0.1650) 0.6900(0.1980) 0.6447(0.3043) 0.7614(0.3153)
50 1.0730(0.2390) 0.7162(0.3754) 0.8618(1.2284) 0.8296(0.6706)

Loci C M M1 M2
100,000 NA NA NA NA
1,000 1.0914(0.0510) 0.7244(0.0615) 0.5862(0.0655) 0.8079(0.0869)
500 1.0949(0.0764) 0.7294(0.0899) 0.5923(0.0982) 0.8164(0.1346)
200 1.0893(0.1170) 0.7386(0.1568) 0.6216(0.2050) 0.8302(0.2276)
100 1.0971(0.1605) 0.7687(0.2376) 0.6800(0.5180) 0.8977(0.4564)
50 1.1033(0.2287) 0.8301(0.6038) 0.9248(1.4168) 1.0022(0.9333)

Simulation 1 (Genetrees)

Simulation 2 (1000 bp)

Simulation 3 (500 bp)

Table 1: Maximum likelihood estimates of the scaled coalescent rates and the gene flow rates
obtained from the simulated data sets under the three species coalescent model with gene
flow between both sister taxa. The heading “Simulation 1” refers to the case in which gene
trees are directly simulated from the given species tree by ms; “Simulation 2” refers to the
case in which gene trees were estimated from 1,000bp sequences simulated by ms and then
seq-gen; and “Simulation 3” refers to the case in which gene trees were estimated from 500bp
sequences simulated by ms and then seq-gen. The columns labeled C and M refer to the
MLEs of C and M under the assumption that M1 = M2 = M , and C1 = C2 = C3 = C4 = C.
The columns labeled M1 and M2 refer to the MLEs of M1 and M2 when the scaled coalescent
rates are fixed at their true values C1 = C2 = C3 = C4 = 1. All entries of the table are
the mean over 1,000 repetitions of the simulation, with the standard deviation given in
parentheses. The parameter values used to simulate the data in all cases were C = 1.0 and
M = M1 = M2 = 0.5.
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condition by simulating sequence data and using gene trees estimated from these sequence547

data (using maximum likelihood in PAUP*) as the input into our method. We considered548

simulation data sets with either 1,000bp (Simulation Study 2) or 500bp (Simulation Study 3).549

The results of these simulations are shown in Table 1. It is reasonable that comparing with550

directly simulated gene trees, the gene trees estimated from the sequence data produce less551

accurate estimates for both parameters. However, when the number of loci is large enough552

(more than 200), our method can still produce good estimates using the DNA sequence553

data. Also, the simulations with sequences of lengths 1,000bp led to better estimates than554

the simulations with 500bp, since more information is provided with longer DNA sequences555

and the gene tree estimates should be more accurate for longer genes. An interesting finding556

is that the simulations using sequence data always overestimate the gene flow rates when557

we assume M1 6= M2. More specifically, when we assume that C1 = C2 = C3 = C4 = 1, we558

notice that M2 is overestimated a lot, while M1 is only overestimated a little when there are559

more than 100 loci. However, when the directly simulated gene trees are used to estimate the560

gene flow rates, neither M1 and M2 is overestimated consistently. This finding indicates that561

information about ancient gene flow is more likely be lost during the process of estimating562

gene trees from sequence data.563

Application in an empirical Afrotropical mosquito data set564

For the Afrotropical mosquito data set (Fontaine et al., 2015), we searched for the MLEs565

for θ,M1, and M2 in a two-step procedure. In the first step, we examined 60 equally-spaced566

values for θ ranging from 0.001 to 0.0594 and 60 equally-spaced values for both log(M1),567

and log(M2) ranging from -3 to 3, for a total of 360,000 values at which the likelihood568

was calculated. After finding that the likelihood was maximized along this grid at M1 =569

0.1,M2 = 19.9526 and θ = 0.00675, we used a finer grid that consisted of 200 equally-spaced570

values of log(M2) ranging from -3 to 3, 200 equally-spaced values of θ ranging from 0.00396571
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to 0.01188, and four values of M1 (0.01, 0.1, 1, and 10). Figure 8 shows plots of the log572

likelihood for each level of M1, with red color indicating low log likelihood and blue color573

indicating high log likelihood. The MLEs found in this manner were M̂1 = 0.1, M̂2 = 18.197,574

and θ̂ = 0.00729. This result is highly consistent with the results of Fontaine et al. (2015),575

in which they conclude that there is substantial introgression between species An. ara and576

the ancestor of An. col and An. gam (Fontaine et al., 2015, Figure 1 (c)). The introgression577

between species An. col and An. gam is not tested in Fontaine et al. (2015), and our model578

suggested a lack of significant gene flow between these two species.579

This empirical study suggests that our model performs well in estimating the rates of580

coalescence and gene flow when the species tree, including speciation times, is well-estimated.581

We note that we used non-overlapping windows of 1000 kb as the “genes” for our study, and582

thus regions that were adjacent on the chromosome were used. This represents a violation583

of the basic model, in the sense that there may be recombination within our “genes” and a584

lack of recombination between “genes”. However, we feel that the use of such a large data585

set (nearly 25,000 genes) and the fact that recombination has been found to have a minor586

role in similar analyses that assume the absence of intralocus recombination (Lanier and587

Knowles, 2012) alleviates concern about this procedure. Our research validates the major588

introgression event between species An. ara and the ancestor of An. col and An. gam, in589

agreement with Fontaine et al. (2015). Our research also suggests that there is only a small590

amount of gene flow between species An. col and An. gam.591
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Figure 8: Contour plots of the log likelihood for the coalescent rate 2/θ and the gene flow
rate M2 at four different levels of gene flow rate M1 assuming that θ1 = θ2 = θ3 = θ4 = θ. We
analyzed 24,921 gene trees that were constructed from the whole genome alignment of the
members of the Anopheles gambiae species complex. The estimated species tree topology and
the speciation times were given by Fontaine et al. (2015). Four different levels of the gene
flow rate between species A and B are shown in the panels: (a) M1 = 0.01; (b) M1 = 0.1; (c)
M1 = 1; (d) M1 = 10. The MLEs are θ̂ = 0.00729, M̂1 = 0.1, and M̂2 = 18.197, indicated
by the white cross in panel (b), with log likelihood l = −47, 273.348.
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Discussion592

Identifying the species tree from the gene tree topology distribution in the presence of gene593

flow594

In the coalescent model for three species with no gene flow following speciation, the gene tree595

topology that matches the species tree will always have probability that is at least as large596

as that of the other two topologies, with equality only occurring when the time between the597

two speciation events is 0. When gene flow occurs between sister species, however, there are598

portions of the parameter space in which all three gene tree topologies have equal probability,599

even when the time interval between speciation events is not 0 (see Figure 4(c) and Figure600

5(l)). Interestingly, we can characterize the portions of the parameter space for which this601

happens by the following: when there is substantial gene flow between sister lineages deeper602

in the tree, then there must also be substantial gene flow between sister species near the603

tips of the tree in order for the species tree topology to be identifiable from the gene tree604

topology distribution (compare Figure 4(c) to Figures 4(f), (i), and (l); compare Figure 5(l)605

to Figures 5(c), (f), and (i)). This finding is sensible, because in the presence of a high rate606

of ancestral gene flow in the absence of gene flow elsewhere in the tree, the possible orders of607

coalescence among the three lineages will occur with approximately equal probability, and608

all three topologies will be equally likely, mimicking the case in which there is no gene flow609

and no time elapses between species events.610

This finding has important implications for species tree estimation. Several new methods611

for estimating species trees from large data sets have used the “rooted triples” method to612

build trees for subsets of the overall data set, with a second step in which the trees based on613

triplets are assembled into an overall species tree estimate (Ewing et al., 2008; DeGiorgio and614

Degnan, 2010; Liu et al., 2010; Poormohammadi et al., 2014). This method is expected to615

work well in the absence of gene flow, because the rooted triple with the highest probability616
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under the coalescent model is known to be displayed on the species tree (Degnan et al.,617

2009). However, our result shows that in presence of gene flow (and more specifically, in618

the presence of gene flow more ancestrally in the rooted triple but not between the sister619

taxa near the tips), the rooted triple relationships cannot be accurately inferred given only620

topology frequencies. Adding stochastic variance due to the mutation process could result621

in misidentification of the correct rooted triple, biasing species tree inference methods based622

on this assumption when gene flow is present.623

Finally, we recall our earlier result concerning identifiability of coalescent parameters624

along a fixed species tree in the presence of gene flow, noting again the contrast with results625

in the absence of gene flow. In particular, in the absence of gene flow, the probability626

distribution of gene tree topologies identifies both the species tree topology and associated627

speciation times (Allman et al., 2011a). Here we showed that, even for a fixed species tree628

topology, many different coalescent parameter values may lead to the same distribution on629

gene tree topologies (Figure 6). This, too, has implications for species tree estimation, in630

that methods based only on the distribution of gene tree topologies cannot be used to infer631

species tree coalescent parameters. The distribution of gene tree histories, however, does632

appear to identify parameters, though we have not established this formally. This conjecture633

is supported by the positive performance of our method based on history distributions for634

both simulated and empirical data.635

Limitations in applying the method to empirical data636

Though there are many benefits in using the distribution of gene tree histories to estimate637

the coalescent parameters and the rates of gene flow, the application of this method has638

some limitations for empirical data. First, in order to classify the gene tree genealogies639

into different gene tree histories, a species tree with known speciation times is required.640

Though the species tree could first be estimated from the data, this would greatly increase641
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the computational cost and possibly lead to biases in the ultimate estimates if variability in642

the estimated species tree is not properly accounted for in the subsequent estimate of the643

coalescent parameters. However, when a good estimate of the species tree and corresponding644

speciation times is given (as in our example data set of Afrotropical mosquitos), our method645

can provide accurate estimates of the rates of gene flow and of the effective population sizes,646

parameters that are normally difficult to estimate.647

Second, a fairly large number of loci are required to apply our method to an empirical648

data set. Our model provides the theoretical probability distribution of gene tree histories,649

but these probabilities are not directly observable in practice; rather, they must be estimated650

from the observed frequencies of gene tree histories estimated from data. As the number651

of loci increases, the distribution of the observed gene tree histories will be closer to the652

theoretical distribution, in the absence of error in estimating the gene tree genealogies. We653

showed the performance of our method in estimating parameters using different numbers of654

loci (Table 1). For simulated gene trees, at least 100 loci are required to give reasonable655

estimates of the parameters. For simulated DNA sequences, at least 200 loci are required.656

For empirical data, we suggest using as many loci as possible to get good estimates of657

the effective population sizes and the gene flow rates. In our example for the Afrotropical658

mosquito data set, 24,921 gene trees from 1 kb non-overlapping windows across the whole659

genome alignment were constructed, and the parameters estimated from this large data set660

were very reasonable and consistent with previous work (Fontaine et al., 2015).661

Finally, there is a computational burden incurred when working with this model due to662

the need for matrix exponentiation and numerical integration. Computations are feasible663

when the values of the coalescent parameter θx and the speciation time τy are in a reasonable664

range. The reference species tree we used in this paper follows the parameters used in665

the research of Zhu and Yang (2012), with θA = θB = θC = θAB = 0.005, τ1 = 0.004,666

and τ2 = 0.006. We suggest keeping the ratio of τ/θ less than 10 to avoid any numerical667

issues. These issues can likely be overcome by implementing more sophisticated methods for668
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calculating the matrix exponential and the numerical integrals.669

Future directions670

Our model is constructed for three species with gene flow between both pairs of sister species.671

The model can be extended to an arbitrary number of species with gene flow between all672

sister-species pairs by constructing larger instantaneous rate matrices for each time period673

and increasing the dimension of integrals. In this case, there would also be more time674

intervals along the species tree that would need to be considered. For example, the largest675

instantaneous rate matrix for a four-species bifurcating tree will be 29 × 29, and it would676

require a three-dimensional integral. While it is not difficult to list all the density functions677

and the marginal probability functions as we have done here, the computational cost of678

calculating these quantities grows rapidly. A spectral decomposition method similar to that679

used in Andersen et al. (2014) could be an effective way to overcome the computational680

burden. In their paper, the spectral decomposition method was used to model a scenario681

in which an ancestral population splits into P subpopulations at some time TA in the past682

(Andersen et al., 2014). A similar method of dividing a rate matrix into several submatrices683

could be helpful in implementing our model for an arbitrary number of species.684

Another extension of our model is to add more sequences for each species. As in the case685

of adding more species discussed above, adding more lineages will also increase the dimension686

of the integrals as well as the size of the instantaneous rate matrices. Again, the main issue687

is improving the computational method so that the numerical probabilities of each gene tree688

history can be calculated efficiently.689

A further extension of our model would be a model in which gene flow can occur globally690

throughout the phylogeny, rather than simply between sister species. This would increase691

biological realism, because though it is possible that most gene flow happens between closely692

related species, it is also possible that gene flow exists in more distantly-related species.693
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As shown in Figure 1, our model assumes no gene flow between species A and C, and694

species B and C from the present to time τ1. If gene flow existed to some extent between695

species A and C, and species B and C, additional gene tree histories would be possible, and696

the symmetric probabilities of topologies G2 and G3 may be affected by the induced gene697

flow. To implement a model with more widespread gene flow, we need to introduce a new698

instantaneous rate matrix to describe the coalescent and the gene flow process in the time699

interval from the present to time τ1, and then carry out calculations along the lines of what700

we did here for that new matrix. While the methods are straightforward, computational701

challenges are the main limitation of this approach.702

Conclusions703

This article presents a method for computing the gene tree history distribution under the704

coalescent model for three species that allows gene flow between both sister populations.705

The ability to compute gene tree history distributions for species trees with various effective706

population sizes as well as various gene flow rates leads to a better understanding of evolu-707

tionary relationships among closely related populations or species. The application of the708

gene tree history distributions in simulation studies as well as to empirical data sets allows709

us to infer species trees parameters, such as the ancient effective population sizes and the710

gene flow rates, using maximum likelihood. This study also demonstrates that for a fixed711

species tree topology, many different coalescent parameter values may lead to the same dis-712

tribution on gene tree topologies, while the distribution of the gene tree histories is distinct713

for different choices of parameters. These findings have implications for the development714

of species tree estimation methods in the presence of gene flow. Future work is needed to715

formally establish conditions for identifiability of the species tree from the gene tree history716

distribution, as well as to extend the coalescent model with gene flow to an arbitrary number717

of species with more than one sampled genes per species.718
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Appendix723

For G1H4, the first coalescent event occurs after time τ1, while the second coalescent event724

occurs after time τ2, and thus τ1 < t1 < τ2 < t2. From the present to time τ1, no coalescent725

event occurs, and the probability is726

P (t1 > τ1) = 1−
∫ τ1

0

[c1(e
Q1t1)21 + c2(e

Q1t1)23] dt1. (19)

Similar to history G1H3, after time τ1, there are four distinct ways in which the two727

coalescent events can happen. In all four cases, the process starts in state ddc. The first728

case, denoted by G1H4C1, goes from state ddc to ddd, and then a coalescent event occurs729

and the state is dd. The final coalescent event does not occur before time τ2. Thus the state730

can change to any of the three states: dd, dc, and cc. To model this, we use Q3 to calculate731

the change from state ddc to ddd, and use Q2 for the change from state dd to dd, dc or cc.732

The density function is733

fG1H4C1(t2) = c4(e
Q3t2)21[(e

Q2(τ2−τ1−t2))11 + (eQ2(τ2−τ1−t2))12 + (eQ2(τ2−τ1−t2))13]. (20)

Similarly, we can write the density functions for the other three probabilities. The second734

probability has the sequence of states ddc - ddc - dc - dd/dc/cc, with corresponding density735

function736

fG1H4C2(t2) = c4(e
Q3t2)22[(e

Q2(τ2−τ1−t2))21 + (eQ2(τ2−τ1−t2))22 + (eQ2(τ2−τ1−t2))23]. (21)
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The third probability has the sequence of states ddc - ccc - cc - dd/dc/cc, with corre-737

sponding density function738

fG1H4C3(t2) = c3(e
Q3t2)28[(e

Q2(τ2−τ1−t2))31 + (eQ2(τ2−τ1−t2))32 + (eQ2(τ2−τ1−t2))33]. (22)

Finally, the fourth probability has the sequence of states ddc - ddc - dc - dd/dc/cc, with739

corresponding density function740

fG1H4C4(t2) = c3(e
Q3t2)27[(e

Q2(τ2−τ1−t2))21 + (eQ2(τ2−τ1−t2))22 + (eQ2(τ2−τ1−t2))23]. (23)

Thus the overall density function for t1 and t2 for history G1H4 is741

fG1H4(t2) = fG1H4C1(t2) + fG1H4C2(t2) + fG1H4C3(t2) + fG1H4C4(t2), (24)

and the marginal probability for G1H4 is742

P (G1H4) = P (t1 > τ1)

(∫ τ2−τ1

0

f(G1H4, t2) dt1

)
(25)

For G1H5, both coalescent events occur after time τ2 and the lineages that come from743

species A and B coalesce first, thus τ2 < t1 < t2. After time τ2, any two lineages have the744

same probability of coalescing. Since no coalescent events occur before time τ1, after time τ1745

the state can change from ddc to all eight possible states. Thus, the probability of G1H5 is746

P (G1H5) =
1

3
P (t1 > τ1)[(e

Q3(τ2−τ1))21 + (eQ3(τ2−τ1))22 + (eQ3(τ2−τ1))23 + (eQ3(τ2−τ1))24

+ (eQ3(τ2−τ1))25 + (eQ3(τ2−τ1))26 + (eQ3(τ2−τ1))27 + (eQ3(τ2−τ1))28]

(26)

History G2H1 can be analyzed with a procedure similar to that used for history G1H3,747

and the probability of G2H1 is748

P (G2H1) = P (t1 > τ1)

(∫ τ2−τ1

0

∫ τ2−τ1−t1

0

f(G2H1, t1, t2) dt2 dt1

)
. (27)

Here749

fG2H1(t1, t2) = fG2H1C1(t1, t2) + fG2H1C2(t1, t2) + fG2H1C3(t1, t2) + fG2H1C4(t1, t2). (28)
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In the case of G2H1, some of the state changes are different than G1H3. The first case750

still goes from the state ddc to ddd, with corresponding density function751

fG2H1C1(t1, t2) = c4(e
Q3t1)21[c4(e

Q2t2)11 + c3(e
Q2t2)13]. (29)

The second case has the sequence of states ddc - dcc - dc - dd/cc, with corresponding752

density function753

fG2H1C2(t1, t2) = c3(e
Q3t1)25[c4(e

Q2t2)21 + c3(e
Q2t2)23]. (30)

The third probability has the sequence of states ddc - ccc - cc - dd/cc, with corresponding754

density function755

fG2H1C3(t1, t2) = c3(e
Q3t1)28[c4(e

Q2t2)31 + c3(e
Q2t2)33]. (31)

The last probability has the sequence of states ddc - dcc - dc - dd/cc, with corresponding756

density function757

fG2H1C4(t1, t2) = c4(e
Q3t1)24[c4(e

Q2t2)21 + c3(e
Q2t2)23]. (32)

Similar to history H1G4, we can write the probability of history G2H2:758

fG2H2C1(t2) = c4(e
Q3t2)21[(e

Q2(τ2−τ1−t2))11 + (eQ2(τ2−τ1−t2))12 + (eQ2(τ2−τ1−t2))13]. (33)

fG2H2C2(t2) = c3(e
Q3t2)25[(e

Q2(τ2−τ1−t2))21 + (eQ2(τ2−τ1−t2))22 + (eQ2(τ2−τ1−t2))23]. (34)

fG2H2C3(t2) = c3(e
Q3t2)28[(e

Q2(τ2−τ1−t2))31 + (eQ2(τ2−τ1−t2))32 + (eQ2(τ2−τ1−t2))33]. (35)

fG2H2C4(t2) = c4(e
Q3t2)24[(e

Q2(τ2−τ1−t2))21 + (eQ2(τ2−τ1−t2))22 + (eQ2(τ2−τ1−t2))23]. (36)
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fG2H2(t2) = fG2H2C1(t2) + fG2H2C2(t2) + fG2H2C3(t2) + fG2H2C4(t2). (37)

P (G2H2) = P (t1 > τ1)

(∫ τ2−τ1

0

f(G2H2, t2) dt2

)
(38)

When both coalescent events occur after time τ2, any two lineages will have the same759

probability of coalescing, thus the probability of history G2H3 should be exactly the same760

as history G1H5. Also, due to the symmetry between G3H1 to G3H3 and G2H1 to G2H3,761

the probabilities of G3H1, G3H2, and G3H3 should be equal to the probabilities of G2H1,762

G2H2, and G2H3, respectively. Thus we have763

P (G2H3) = P (G1H5) (39)

P (G3H1) = P (G2H1) (40)

P (G3H2) = P (G2H2) (41)

P (G3H3) = P (G2H3) (42)
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Figure S1: The probability distribution of the gene tree histories under species trees with
scaled speciation times T1 = 1.6, T2 = 2.4 (τ1 = 0.004, τ2 = 0.006, θ0 = 0.005) for panels
(c) and (d), and T1 = 2, T2 = 4 (τ1 = 0.01, τ2 = 0.02, θ0 = 0.01) for panels (a), (b), (e)
and (f). Each gene tree history is denoted by a different color as shown in the figure. The
probability of topology G1 is shown by the height of the column labeled G1; the height of
the column labeled G2/3 shows the equal probability of the topologies G2 and G3. Thus,
P (G1) + 2P (G2/3) = 1. The two sets of the scaled coalescent rates are C1 = C2 = C3 =
C4 = 1 (scaled by θ0 = 0.005) in panels (a), (c), and (e), and C1 = 1, C2 = C3 = 0.5, C4 = 0.2
(scaled by θ0 = 0.005) in panels (b), (d) and (f). Each panel contains four cases of different
gene flow rates: 1, no gene flow (M1 = M2 = 0); 2, no gene flow between species A and B
(M1 = 0, M2 = 0.5 for panels (a) and (b); M1 = 0, M2 = 2 for panels (c) - (f)); 3, no gene
flow between species C and the ancient species AB (M1 = 0.5, M2 = 0 for panels (a) and
(b); M1 = 2, M2 = 0 for panels (c) - (f)); 4, equal rates of gene flow in both sister species
(M1 = M2 = 0.5 for panels (a) and (b); M1 = M2 = 2 for panels (c) - (f)).
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Figure S2: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species C and the ancient species AB M2

(x-axis; shown on a log scale). The four sets of parameter values are C1 = C2 = C3 = C4 = 1,
T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 0.001 for panels (a) - (c); C1 = C2 = C3 = C4 = 1,
T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 0.5 for panels (d) - (f); C1 = C2 = C3 = C4 = 1,
T1 = 1.6, T2 = 2.4, θ0 = 0.01, M1 = 2 for panels (g) - (i); and C1 = C2 = C3 = C4 = 1,
T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 20 for panels (j) - (l).
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Figure S3: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species C and the ancient species AB M2

(x-axis; shown on a log scale). The four sets of parameter values are C1 = C2 = C3 = C4 = 1,
T1 = 2, T2 = 4, θ0 = 0.005, M1 = 0.001 for panels (a) - (c); C1 = C2 = C3 = C4 = 1, T1 = 2,
T2 = 4, θ0 = 0.005, M1 = 0.5 for panels (d) - (f); C1 = C2 = C3 = C4 = 1, T1 = 2, T2 = 4,
θ0 = 0.01, M1 = 2 for panels (g) - (i); and C1 = C2 = C3 = C4 = 1, T1 = 2, T2 = 4,
θ0 = 0.005, M1 = 20 for panels (j) - (l).
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Figure S4: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species C and the ancient species AB M2

(x-axis; shown on a log scale). The four sets of parameter values are C1 = 1, C2 = C3 =
0.5, C4 = 0.2, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 0.001 for panels (a) - (c); C1 =
1, C2 = C3 = 0.5, C4 = 0.2, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 0.5 for panels (d) - (f);
C1 = 1, C2 = C3 = 0.5, C4 = 0.2, T1 = 1.6, T2 = 2.4, θ0 = 0.01, M1 = 2 for panels (g) - (i);
and C1 = 1, C2 = C3 = 0.5, C4 = 0.2, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M1 = 20 for panels (j)
- (l).
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Figure S5: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis) were
plotted against the gene flow rate between species C and the ancient species AB M2 (x-axis;
shown on a log scale). The four sets of parameter values are C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M1 = 0.001 for panels (a) - (c); C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M1 = 0.5 for panels (d) - (f); C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.01, M1 = 2 for panels (g) - (i); and C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M1 = 20 for panels (j) - (l).
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Figure S6: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species A and species B M1 (x-axis; shown
on a log scale). The four sets of parameter values are C1 = C2 = C3 = C4 = 1, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 0.001 for panels (a) - (c); C1 = C2 = C3 = C4 = 1, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 0.5 for panels (d) - (f); C1 = C2 = C3 = C4 = 1, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 2 for panels (g) - (i); and C1 = C2 = C3 = C4 = 1, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 20 for panels (j) - (l).
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Figure S7: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species A and species B M1 (x-axis; shown
on a log scale). The four sets of parameter values are C1 = C2 = C3 = C4 = 1, T1 = 2,
T2 = 4, θ0 = 0.005, M2 = 0.001 for panels (a) - (c); C1 = C2 = C3 = C4 = 1, T1 = 2,
T2 = 4, θ0 = 0.005, M2 = 0.5 for panels (d) - (f); C1 = C2 = C3 = C4 = 1, T1 = 2, T2 = 4,
θ0 = 0.005, M2 = 2 for panels (g) - (i); and C1 = C2 = C3 = C4 = 1, T1 = 2, T2 = 4,
θ0 = 0.005, M2 = 20 for panels (j) - (l).
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Figure S8: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species A and species B M1 (x-axis; shown on
a log scale). The four sets of parameter values are C1 = 1, C2 = C3 = 0.5, C4 = 0.2, T1 = 1.6,
T2 = 2.4, θ0 = 0.005, M2 = 0.001 for panels (a) - (c); C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 1.6, T2 = 2.4, θ0 = 0.005, M2 = 0.5 for panels (d) - (f); C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 1.6, T2 = 2.4, θ0 = 0.005, M2 = 2 for panels (g) - (i); and C1 = 1, C2 = C3 = 0.5, C4 =
0.2, T1 = 1.6, T2 = 2.4, θ0 = 0.005, M2 = 20 for panels (j) - (l).
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Figure S9: Probability distributions of the gene tree histories for the model of three species
with gene flow between sister species. The probabilities of each gene tree history (y-axis)
were plotted against the gene flow rate between species A and species B M1 (x-axis; shown
on a log scale). The four sets of parameter values are C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M2 = 0.001 for panels (a) - (c); C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M2 = 0.5 for panels (d) - (f); C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M2 = 2 for panels (g) - (i); and C1 = 1, C2 = C3 = 0.5, C4 = 0.2,
T1 = 2, T2 = 4, θ0 = 0.005, M2 = 20 for panels (j) - (l).
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