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ABSTRACT

Starting from the assumption that the protein and RNA folding is an event of quantum transition
between molecular conformations, we deduced a folding rate formula and studied the chain length
(torsion number) dependence and temperature dependence of the folding rate. The chain length
dependence of the folding rate was tested in 65 two-state proteins and 27 RNA molecules. The
success of the comparative study of protein and RNA folding reveals the possible existence of a
common quantum mechanism in the conformational change of biomolecules. The predicted
temperature dependence of the folding rate has also been successfully tested for proteins. Its further
test in RNA is expected.
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INTRODUCTION

In arecent work Garbuzynskiy et al reported that the measured protein folding rates fall within a
narrow triangle (called Golden triangle)[1]. Simultaneously, Hyeon et al reported that RNA folding
rates are determined by chain length. [2] Both protein and RNA are biological macromolecules.
They may obey the same dynamical laws and a unifying folding mechanism is expected [3]. We have
proposed a quantum theory on protein folding [4] . Following the idea that the conformational
change of biomolecule is essentially a quantum transition between conformational states we shall
make comparative studies on two-state protein folding and RNA folding and give a unifying
approach to find the folding dynamics of both molecules.

For a macromolecule consisting of n atoms there are 3n coordinates if each atom is looked as a
point. Apart from 6 translational and rotational degrees of freedom there are 3n-6 coordinates
describing molecular shape. The molecular shape is the main variables responsible for
conformational change. It has been proved that the bond lengths, bond angles and torsion (dihedral)
angles form a compl ete set to describe the molecular shape. As compared with chemical bond energy
(typically in several electron volts) , the vibrational energy of bond length and bond angle (in the
range of 0.4-0.03 ev) and other forms of biological energies, the torsion vibration energy (about
0.03-0.003 ev) is the lowest and therefore constitutes the slow variables of the molecular biological
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system. Moreover, different from stretching and bending the torsion potential generally has several
minima with respect to angle coordinate that correspond to several stable conformations. Based on
the idea that the molecular conformation is defined by torsion state and the folding/unfolding is
essentially a quantum transition between them, through adiabatically elimination of fast variables we
obtain a set of fundamental equations to describe the rate of conformational transition of
macromolecule[4] By use of these equations we have successfully explain the non-Arrhenius
temperature dependence of the folding rate (the logarithm folding rate is not a decreasing linear
function of 1/T) for each protein. Moreover, the statistical investigation of 65 two-state protein
folding rates shows the fundamental equations are consistent with experimental data[5].

In the article, based on the rate equation deduced from quantum transition theory a unifying
investigation on protein folding and RNA folding will be given. Firstly we shall deduce a relation
between folding rate and chain length. Then we shall test the relation in 65 two-state protein dataset
and use the relation to analyze the folding rate data of 27 RNA molecules. We shall also give the
relation of folding rate with temperature and discuss its experimental implication.

MATERIALSAND METHODS

Datasets Recently Garbuzynskiy and coworkers collected folding rate data for 69 two-state
proteins [1]. Of the 69 proteins, the folding rates of 65 two-state proteins are obtained at around
25 °C. They congtitute a dataset used by us to compare the theoretical vs. experimental results (Table
Sl in the Supplementary data). Hyeon and Thirumalai collected the folding rates of 27 RNA
molecules [2]. They congtitute the second dataset we shall use. In addition, the temperature
dependence data of the folding rate for 16 proteins are given in Table S2 in the Supplementary data.

Theoretical model  Suppose the quantum state of a macromolecule is described by a wave
function M(6, X) where {6} the torsion angles of the molecule and {x} the set of fast variables
including the stretching-bending coordinates and the frontier electrons of the molecule, etc. The
wave function M(6,x) satisfies
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(H,@,—)+H, (x,—:a))M(g,x) =EM(q, x) (1)
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where |; denotes the inertial moment of the j-th torsion and the torsion potential Ui, iS afunction of a
set of torsion anglesq ={q J.} . Its form is dependent of solvent environment of the molecule. H,,

is fast-variable Hamiltonian. Because the fast variables change more quickly than the variation of
torsion angles, the adiabatic approximation can be used. In adiabatic approximation the wave

function is expressed as
M@, x)=y @) (x q) ©)
and these two factors satisfy
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here o denotes the quantum number of fast-variable wave function | , and (k, n) refer to the

conformational (indicating which minimum the wave function is localized around) and the
vibrational state of torsion wave function y , respectively.

Because M (Q,X) is not a rigorous eigenstate of Hamiltonian Hy + Hy, there exists a
transition between adiabatic states that results from the off—diagonal elements
: - 7. M. 1
(koe | Holkoa )=y [ @ - Loa( ) 2 < oL@ ©
i a; i i

Here H( isaHamiltonian describing conformational transition. The nonadiabatic matrix element (6)

can be calculated under the perturbation approximation. Through tedious calculation we obtain the
rate of conformational transition [4]
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where W means the rate of conformational transition at given temperature T and solvent condition,

|$ is slow-variable factor and | ¢ fast-variable factor, N is the number of torsion modes

participating in a quantum transition coherently, | denotes the inertial moment of the atomic

]
group of the j-th torsion mode (lo denotes its average hereafter), W and W¢ are the initial and

final frequency parameters W; and WJ¢ of torsion potential averaged over N torsion modes,

respectively, dq is the averaged angular shift between initial and final torsion potential, DG is
the free energy decrease per molecule between initial and final states, M is the number of torsion
=2

angles correlated to fast variables, a“ is the sguare of the matrix element of the fast-variable
Hamiltonian operator, or, more accurately, its change with torsion angle, averaged over M modes,
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Egs (7)(8) are basic equations for conformational transition.  To obtain quantitative result one
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should calculate the number of torsion modes N in advance. N describes the coherence degree of
multi-torsion transition in the folding. For two-state protein folding we assume that N can be
obtained by numeration of al main-chain and side-chain dihedral angles on the polypeptide chain
except those residues onits tail which does not belong to any contact. A contact is defined by a pair
of residues at least four residues apart in their primary sequence and with their spatial distance no
greater than 0.65 nm. Each residue in such contact fragment contributes 2 main-chain dihedral
angles and, for non-alanine and -glycine, it contributes 1 - 4 additional side-chain dihedral angles
(Table S3 in the Supplementary data). For RNA folding, we assume the quantum transition occurs
between compact (yet disordered) intermediate and folding state [8] or between primary and
secondary structures of the molecule [9]. The torsion number can be estimated by chain length.
Following IUB/IUPAC there are 7 torsion angles for each nucleotide, namely

a(03'- P- 05'- C5"),

b(P- O5'- C5'- C4"),

g(O5'- C5'- C4'- C3)),

d(C5'- C4'- C3'- 03),

e(C4'- C3'- 03- P),

V(C3'- O3'- P- 05"
and

c(04'- C1'- N1- C2) (for Pyrimidine) or ¢ (0O4'- C1'- N9- C2) (for Purine),

of which many have more than one advantageous conformations (potential minima). If each
nucleotide has g torsion angles with multi-minima in potential then the torsion number N=qL,
where L is chain length of RNA.

RESULTS AND DISCUSSIONS

Obtaining a relation of the fast-variable factor ¢ with respect to torsion number N.

For protein (and RNA) folding or other macromolecular conformational change not involving
chemical reaction and electronic transition the fast variable includes only bond lengths and bond

angles of the macromolecule. In this case an approximate relation of the fast-variable factor | ¢

with respect to torsion number N can be deduced. When the kinetic energy in H (X, ﬂl;q) is
X

neglected as compared with interaction potential U one has
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In the above deduction of the second equality the fast-variable wave function j , (r,r9 has been
assumed to be a constant and normalized in the volume V. As the energy and volume V are

dependent of the size of the molecule one may assume energy e;o) and U proportional to the
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interacting-pair number (namely N? and V proportional to N. However, because only a small

ﬂU (|r - rq:!q))
fa;

fraction of interacting-pairs correlated to given (] =1,...,N), ( does not

Y%

increases with N. So, one esimate ay » N"®. On the other hand, the integral

LTU(r-ré,q)
d ﬂq,

helix content makes the integral increasing. It was indicated that a protein with abundant « helices
may have a quite oblong or oblate ellipsoid, instead of spheroid, shape and this protein has higher

)as d®(r - rQmay depend on the molecular structure. For example, the high

folding rate[1][5]. Therefore, apart from the factor N2 there is another structure-related factor in
‘%(lg The latter is N-independent. Assuming M proportional to N, one obtains
Ma® = cfN° (10)

where f is a structure-related shape parameter. It means the fast-variable factor | ¢ is inversdy

N
proportional to N°. With é I @NI, and Eq (10) inserted into Eq (7) we obtain the refation of
i

logarithm rate with respect to N and AG
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InW =
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where

r= IOWZ(dq)Zl(kBT) (12)
N2 E Al Y2¢ isan N-independent constant.
hdg W€l

The relationship of InW with N given by Eq (11) can be tested by the statistical analyses of 65
two-state protein folding rates k. We found that the theoretical logarithm rate InW is in good
agreement with the experimental Inks (Fig 1). The correlation coefficient R has attained higher
than 0.78.

isatorsion-energy-related parameter and C, =
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Figure 1 Comparison of theoretical folding rates InW with experimental folding rates Ink; for
65 proteins. The experimenta rates ki are taken from Table S1. The straight line is the linear regression
between InW and Ink; . In calculaion of theoretical InW by use of Eq 11 the shape parameter f is taken as
follows:, =81 for (L,- Lg)/L > 0.6, =25 for 0.3<(L,- Ly)/L< 0.6, and f=1 for (L,- Ls)/L<0.3.( L, and Ly are the
number of residues in a helix and f sheet, respectively, and L is the tota number of folded residues). Our
experience shows that the different choice of f-value in the intermediate region is insensitive to the statistical
result. The figure is plotted for r =0.097 (with correlation R=0.7818 and slop of regression line 1.109).
For any r between 0.06 and 0.1 the basically same results are obtained, for example, R=0.7537 and dop=1.044

for r =0.069, R=0.7396 and slop=0.997 for r =0.06.

Obtaining a relation of the free energy DG with respect to torson number N and
testing it in protein folding dataset To find the relation between free energy DG and

2
torsion number N we consider the statistical relation of free energy combination DG (DGB
2k, T 2(k,T)’rN

that occursinrate equation (7) or (11). Set
DG ey _ - 1
kT 2(kT))rN 7 N

The linear regression between y and x is given by y = A+ Bxwhere A and B are two statistical

=X (23

parameters describing free energy distribution in the dataset. We will test the linear relation in protein
folding dataset. Due to the ignorance of the accurate p-value for each protein one can test the relation
by using the single-p-fit (assuming a single p-value to deduce a linear regression) at first, then
compare the fitting results and find the best-fit p-value and the corresponding free-energy statistical
parameter A and B . The statistical results (correlation R and parameter A and B) in two-state protein
dataset are listed in Table 1. From Table 1 we find the correlation R between y and X is near to 0.8
for p= 0.065~0.075 and reaches maximum at p= 0.069 where R=0.7966. Thus, by single-p-fit we
obtain the best-fit statistical relation of free energy for two-state proteins as

y = 4.306 + 541.1x (p= 0.069) (139)

(Figure 2). In above discussion the single-p-fit has been used. Evidently, as the variation of p for
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different proteins is taken into account the linear regression between free energy combination y and
torsion number x will be further improved.

Tablel Freeenergy parameters determined by linear regression

p 0.05 0.060 0.065 0.069 0.075 0.097
R 0.6573 0.7759 0.7934 0.7966 0.7919 0.7507
A 3.194 3.867 4.126 4.306 4.540 5.152
B 428.0 496.4 522.8 541.1 564.9 626.9
A and B - free energy parameter, R- correlation coefficient. R reaches maximum at p=0.069.

it R=0.7966 &

y=4306+541. 1x O
-+
L] o
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= O
Q
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X
Figure2 Statistical relation of free energy for two-state proteins. Experimental data are taken from 65-

protein set (Table S1). Five proteinsin the set denatured by temperature have been omitted in our statitics.

About the relationship of free energy AG with torsion number N two statistics were done in

literatures. One was based on the assumption of linear relation existing between AG and VN ,
DG=a/N-b (b1 0) [5. Another was based on the assumed relation of AG vs
(Lg+s B_L”®)(L - thelength of polypeptide chain)[1]. By the statistics on 65 two-state proteins in

the same dataset we demonstrated the correlation R between free energy and N-related quantity is

0.67 for the former and 0.69 for the latter [5], both lower than the correlation shown in Fig2. The

2
free energy combination of DG = (D6)

2 occurring in the folding rate is an important
2k, T 2(k,T)’rN

peculiarity of the present theory. We shall use the statistical relation of the free-energy combination
versus N in the following studies on RNA folding.

Testing the relation of the folding rate with respect to torsion number N in RNA folding
dataset

In virtue of Egs (11) (13) we obtain an approximate expression for transitional rate InW versus
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N for protein folding
InW = A- % DInN + const (14)

D=55 A=4306, B=5411
Here const is an N-independent constant but dependent of molecular shape (due to the factor f
contained iniit).

The quantum folding theory of protein is usable in principle for each step of the conformational
transition of RNA molecule. Although recent experiments have revealed the multi-stages in RNA
collapse, the final search for the native structure within compact intermediates seems a common step
in the folding process. In the meantime it exhibits strong cooperativity of helix assembly [3][7]. In
calculation of the transition from intermediate to native fold, as the collapse transition prior to the
formation of intermediate is a fast process and the time needed for the latter is generally shorter than
the former [7] , the calculation result can be directly compared with the experimental data of total
rate. Moreover, for RNA folding the const termin Eq (14) isareal constant if the variation of the
structure-related shape parameter f can be neglected in the considered dataset. By using N=qL (L is

the chain length of RNA) we have
BI
InW:A-T- DInL+c' (B’=B/g, c'=const- DInq) (15)

Eq (15) is deduced from quantum folding theory and it predicts the relation of folding rate versus
chain length: the rate W increasing with L, attaining the maximum at Ly»=B /D, then decreasing with
power law L®.

In a recent work Hyeon and Thirumala [2] indicated that the chain length determines the folding
rates of RNA. They obtained a good statistical relation between folding rates and chain length L in a
dataset of 27 RNA sequences. Their best-fit result is

logW,, =14.3- 1.15" > (16)

Both equations (15) and (16) give relation between RNA folding rate and chain length.
Comparing the theoretical folding rates In W or In Wy with the experimental folding ratesInk; in 27
RNA dataset the results are shown in Figure 3 . We find Eq (15) can fit the experimental data on
RNA folding rate equally well as Eq (16). By using the best-fit value of B’ and D the correlation
between In W (calculated from Eq 15) and In ki is R=0.9729 (Fig 3a), while the correlation between
In Wy (calculated from Eq 16) and In k; is R=0.9752(Fig 3b). However, in Fig 3b the dope of the
regression line is 1.03 and the line deviates from origin by -0.36 , while in Fig 3a the dopeis 1.0001,
very close to 1 and the line deviates from origin only by -0.0012. The reason is. although two
equations have the same overall accuracy in fitting experimental data, but for large L cases the errors

Er =|logW - logk; | calculated from Eq (15) are explicitly lower than Er, =|logW, - logk
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from Eq (16) (Table 2). It means the folding rate lowers down withincreasing L as L °(D @5.5)

at large L (along-tail existing in the W-L curve) rather than a short tail as exp(- | \/E) assumed in
[2].

a1 . (i)
I =1 000 ey =000 1 2 lnde =1 Sl i) 30
- H=087249 = H=09752

Iru
In

fl
fl

INEF=30.21-61.63:0. -3.6190n{i. ) M, 14,31, 15704

3 ' S | o 3 '
5 0 S 10 s 0 10

Figure 3 Comparison of experimental folding rates Ink; with theoretical folding rates InW (Fig
3a) or InWy (Fig 3b) for 27 RNA molecules. Experimental rates are taken from Table 1 in literature [2].
Theoretical rates are calculated from Eq (15) and (16) respectively.

Table2 Errorsof RNA folding rates in two theoretical models compared with experimental data

1 2 3 4 5 6 7 8

L 125 160 205 225 368 377 409 414
ki(s™) 6 2 10.5 6.5 .03 011 .008 013
Ery 0 0.17 3.27 3.37 1.52 0.71 1.06 1.66
Er 0 0.18 3.15 3.17 0.44 0.42 0.30 0.26

Er, =|logW, - Iogkf| , Er =|IogW- Iogkf|,

1, hairpin ribozyme [9][10]; 2; P4-P6 domain (Tetrahymena ribozyme)[11]; 3, Azoarcus ribozyme [10][12]; 4, B.
subtilis RNase P RNA catalytic domain[13]; 5, Ca.L-11 ribozyme[14]; 6, E. coli RNase P RNA[15]; 7, B. subtilis
RNase P RNA[15] and 8, Tetrahymena ribozyme[10][16]. Experimentd rates ks can be found in literatures [9-16].
The errors of eight RNAs with lengths larger than 120 in 27-RNA dataset are analyzed in the table. The errors of the

first RNA hairpin ribozyme are normalized to zero in two models.

There are two independent parameters in RNA folding rate Eq (15), B¢ and D, apart from the
additive constant. As seen from Fig 3a we obtain the best-fit D value Di=5.619 on the 27-RNA
dataset, close to D=5.5 predicted from a general theory of quantum folding. Simultaneously we

obtain the best-fit B¢ value B$=61.63. The B¢ value derived from RNA folding can be compared

with the B value from protein folding (Eq (14)). Notice that B or B¢=B/q represents the
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2
contribution from free energy square term % in logarithm folding rate. The RNA folding
B

free energy istypically 2to 4 kcal / mol [7, 17,18] while the folding free energy for most proteinsin
65-protein dataset is between 1 and 4.6 kcal /mol. (Table S1). On the other hand, the r - value
varies from about 0.03 (for fast folds) to 0.1 as seen from the statistical analysis of protein data [5].

2
Although both (DG)? and r changes with N the variation of @with N in a given dataset

2
may be more weak. It is plausible to assume the mean @ for protein differs that for RNA by a

2 2
factor no larger than 1.5 to 2. If <@> =(1.5~2) <@> then the B —value for RNA,
prot

RNA
Brna SWill be smaller than Bygein=541.1 and takes a value in the range 270-360. Comparing with

B£=61.63 it leads to g=4.4 ~ 5.8, consistent with the theoretical upper limit g=7 for RNA molecule.

The 27-RNA dataset [2] contains data of experimental folding rates measured in different
processes. The dataset is inhomogeneous, including several subsets, one subset of total folding rates
for some RNAs and another subset of rates of secondary structure formation for other RNAS, etc. In
using Eq (15) one should notice the parameter difference among subsets. All D’sin different subsets
are near to 5.5 by theoretical grounds. If the variation of B’ (and additive constant) among subsets
can be neglected then one can use Eq (15) with single parameter B’ , D and additive constant to fit
the experimental folding rates. We wonder why the simple formula Eq (15) can fit the experiments
so well. Here gives an explanation. However, the dissimilarity of free energy parameters B (and A)
and the variation of structure-related parameter f in different subsets do exist. For example, as the
nucleotide G in the tetraloop hairpin UUCG is substituted by 8-bromoguanocsine G , the folding rate
of gcUUCG gc is 4.1-fold faster than gcUUCGgc.[8] Both samples were collected in the dataset and
they have the same chain length L=8 but different rate k; . From the present theoretical model, the
difference comes from the variation of the free energy change DG and the structure-related
parameter f in two samples (see Eq (11)). This explains the origin of the error of the mode fit to
the RNA folding rate by using Eq (15).

Obtaining a law on the temperature dependence of folding rate and testing it in protein
dataset The free energy decrease DG in protein folding is linearly dependent of temperature
T (Figure S2 in the Supplementary data). Inserting the linear relation into Eq(7) we obtain the
temperature dependence of the transition rate as
S
INW(T) = =
It means the non-Arrhenius behavior of the rate-temperature relationships. The relation was
tested for 16 two-state proteins whose temperature dependence data were available (Table S2 in the
Supplementary data). The statistical analyses were made in [5] (see Figure S1 and Table $4 in the
Supplementary data). Figure 4 gives an example. The strong curvature on Arrhenius plot is due to
the R term in Eq (17) which comes from the square free energy (AG)? in InW. The good agreement
between theory and experiments affords a support to the concept of quantum folding. Moreover, in

RT +%InT + const. (17)
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this model the universal non-Arrhenius characteristics of folding rate are described by two slope
parameters S and R and these parameters are related to the known folding dynamics. All parameters
related to torsion potential defined in this theory (such as torsion frequency w and w¢, averaged
angular shift dg and energy gap AE between initial and final torsion potential minima, etc) can be
determined. They can be calculated consistently with each other for all studied proteins.
Furthermore, inthistheory the folding and unfolding rates are correlated with each other, needless of
introducing any further assumption [5][19].

For RNA molecule the temperature dependence of folding rate for yeast tRNAP™ was observed
[20]. They measured the logarithm folding rate Inki versus 1/T between 28.5°C and 34.8°C. The
Arrhenius plot shows a straight line in this temperature interval but large standard deviation existing
at low temperatureend.  From the experiments on protein folding, the strong curve of theInk; - 1/T
relation only occurs in a temperature interval of severa tens degrees. We expect more accurate
measurements within a large enough temperature interval will be able to exhibit the non-Arrhenius
peculiarity of the temperature dependence of the RNA folding rate.

IFRP2ECY LIRAW 3017 1LE0L)

10.5

].[1?5;_,-'
1{1.0

® experimental
- theoretical

Figure 4 Moded fits to overall folding rate ki vs temperature 1000/T for protein
FBP28(PDB code 1EOL). Experimenta logarithm folding rates are shown by “o”, and solid lines are
theoretical modd fitsto the folding rate (k; in unit s*, Tin unit Kelvin). Experimental rates are taken from [22].

Remarks Eq (7) can be used for unfolding as well as for folding. The unfolding rate W(unfolding)
is easily obtained by the replacement of DG by - DG and W'(W)by W (W') in W(folding).
Thus we have

) +In— (18)
w

W(folding) , _ DG (DG)? (WZ W*

In{ _ —
W(unfolding)” k,T 2k;Te W

(e :wz(dq)ngl I, ). Eq (18) means the condition of dynamical balance W(folding) =
i

W (unfolding) for protein folding is dlightly different from the usual equilibrium condition for
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chemical reaction DG =0 due to the different bias samplings in frequency space of {w,;} and

{w'}, Wiw"

We have studied the folding of two-state proteins and RNA molecules from the point of
quantum transition. Didlike two-state protein folding RNA folding is a multi-stage process. Both the
folding from compact intermediate to native fold and the folding of secondary structure formation
can be studied from quantum folding theory. However, to study the collapse transition as awhole for
RNA mol ecule needs further devel opment of the quantum model. The problem can be compared with
the multi-state protein folding. For multi-state protein one may assume the folding is a mutual
process of several quantum transitions in different domains and that some time delays exist between
these transitions [21]. The like idea might be introduced in the study of the total folding rate of the
RNA molecule.

Conclusion

A formula on protein and RNA folding rate dependent of torsion number (chain length) is
deduced from quantum folding theory of macromolecule. The theoretical prediction is in accordance
with the experimental data on two-state-protein and RNA folding. A law on the temperature
dependence of folding rate is also deduced which can explain the non-Arrhenius peculiarity of
protein folding. What encourages usis: the partial success of the present study on protein and RNA
folding from a simple unified theory reveals the existence of a common quantum mechanism in the
conformational transition of biomolecules.
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