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Organisms and ecological groups accumulate evidence to make decisions. Classic experiments
and theoretical studies have explored decisions between alternatives when the correct choice is fixed
during a trial. However, the natural world constantly changes. Using sequential analysis we derive
equations for the likelihood of different choices, when the correct option changes in time. Our
analysis shows that ideal observers discount prior evidence at a rate determined by the volatility
of the environment. Nondimensionalization shows that the dynamics of evidence accumulation is
governed solely by the information gained over an average environmental epoch. A plausible neural
implementation of an optimal observer in a changing environment shows that, in contrast with
previous models, neural populations representing alternate choices are coupled through excitation.

Introduction. Mammals [1-4], insects [5, 6], and single
cells [7] use incoming evidence to make choices. Per-
ception is noisy, but it is possible to determine optimal
policies for integrating uncertain information to make de-
cisions [8-10]. Remarkably, such policies are consistent
with the behavior of many animals faced with uncer-
tain choices [3, 4, 11]. Stochastic accumulator models
provide a plausible neural implementation of such deci-
sions [12, 13]. These models are analytically tractable [2],
and can implement optimal decision strategies [14]. How-
ever, a key assumption of most models is that the correct
choice is fixed in time, i.e. decisions are made in a static
environment. This assumption may hold in the labora-
tory, but natural environments are seldom static [15, 16].

Here we show that optimal stochastic accumulator
models can be extended to a changing environment.
These extensions reveal how to optimally discount old
information, and provide explicit limits on the certainty
that can be attained when the underlying truth changes.
Moreover, they suggest a biophysical neural implemen-
tation for evidence integrators that differs considerably
from those in a static environment.

We develop our model in a way that parallels the case
of a static environment with two possible states, H; and
H_. The problem is to optimally integrate a stream of
observations (measurements) to infer the present environ-
mental state. In the static case, this can be done using se-
quential analysis [1, 9]: An observer makes a stream of in-
dependent, noisy measurements, &1., = (£1,&2,...,&n), at
equally spaced times, t1., = (t1,t2,...,t,). Their distri-
butions, fy(§;) = Pr(§;|Hy), and f_(§;) := Pr(&|H-),
depend on the environmental state. Combined with the
prior probability, Pr(Hy), of the states, this gives the
likelihood ratio,

 Pr(H|€n)  f (&) (&) [ (€n) Pr(HY)

B = B H [e1m) ~ T (€0)f—(€2) -~ J— (&) Pr(H_)’
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which can also be written recursively [9]:

o f+(£n) . wi _ PI(H+)
R"(f—(én)> oy with - Ro =5y ()

With a fixed number of observations, the likelihood ratio
can be used to make a choice that minimizes the total
error rate [8], or maximizes reward [10]. Eq. (1) gives a
recursive relation for the log likelihood ratio, y, = In R,,,

f+(£n)
f-(&)

When the time between observations, At =¢; —t;_q, is
small, we can approximate this stochastic process by the
stochastic differential equation (SDE) [17],

(2)

Yn = Yn—1+1In

dy = g+dt + pLdWy, (3)

where W, is a Wiener process, and the constants g+ =

A E¢[ln ﬁgg |Hy] and p3 = 2 Vare[ln ﬁgg |Hy] de-
pend on the environmental state. Below we approximate
other discrete time process, like Eq. (2), with SDEs. For

details, see the Supplementary Material [18].

In state Hy we have g, At = [T f,({)In jftggdg

Thus the drift between two observations equals the
Kullback—Leibler divergence between fi and f_, i.e. the
strength of the observed evidence from a measurement in
favor of H,. Hence g4 and g_ are the rates at which an
optimal observer accumulates information.

Two alternatives in a changing environment. We
assume that at time ¢ the state, H(t), of a changing en-
vironment is either Hy or H_. An observer infers the
present state from a sequence of observations, £1.,, made
at equally spaced times, ti.,, and characterized by dis-
tributions f1(&,) := Pr(£,|H+). The state of the envi-
ronment changes between observations with probability
e+ At := Pr(H(t,) = H¢|H(tn,—1) = H+) known to the
observer. The likelihoods, Ly, + = Pr(H(t,) = Hx|&1.0),
then satisfy [18]

Loz o f(&n) (1 — Atex) Lz + AtezLn15) 5 (4)
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FIG. 1. Evidence accumulation in a dynamic environment.
(A) The environmental state transitions from state Hi to
H_ and back with rates ey, and e_, respectively. Observa-
tions follow state dependent distributions f+(§) = Pr(§|H4).
(B) The distributions of the measurements, £;, change with
the environmental state. (C,D) The evolution of the log like-
lihood ratio, y, (panel C) and the log likelihoods x4+ (panel
D). At time t, evidence favors the environmental state Hy if
y(t) > 0, or, equivlently, x4 (t) > z_(t).

with proportionality constant Pr(&1.,—1)/Pr(€1.n). The
ratio of likelihoods of the two environmental states at
time t,,, can be determined recursively as

f+(&n) (1 — Atey)R,—1 + Ate_

Lo+
B = Ly f-(&) AtexR,_1+1—Ate_ 5)

This equation describes a variety of cases of evidence ac-
cumulation studied previously (Fig. SI in [18]): If the
environment is fixed (ex = 0), we recover Eq. (1). If
the environment starts in state H_, changes to H, but
cannot change back (e_ > 0,e4 = 0), we obtain

_ f+(€n) Rn,1 + Atéf

f-(&) 1-Ate '
a model used in change point detection [19].

We can again approximate the stochastic process de-
scribing the evolution of the log likelihood ratio, y, =
In R, by an SDE [18]:

dy = [g(t) + e (¥ +1) — ey (¢ + D]dt + p(t)dW,,

nonlinearity (6)

Ry,

where the drift g(t) = &, E¢ [ln ;igg |H(t)}, and variance

p(t) = A7 Vare {ln f2(8) 'H(t)} are no longer constant,

/G
but depend on the state of the environment at time ¢.
The nonlinearity highlighted in Eq. (6) does not ap-
pear in Eq. (3), and serves to discount older evidence
by a factor determined by environmental volatility. In
previous work such discounting was modeled by a lin-
ear term [12, 20, 21], however our derivation shows that
the resulting Ornstein-Uhlenbeck (OU) process does not
model an optimal observer.

Equal switching rates. When ¢ := ¢, = e_, rates of
switching between states are equal. Eq. (6) then becomes

dy = g(t)dt — 2esinh(y)dt + p(t)dW;. (7)
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FIG. 2. Dependence of the probability of the correct response
(accuracy) on normalized information gain, m, when e = e_.
(A) Accuracy in an interrogation protocol increases with m
and interrogation time, ¢, but saturates. Horizontal bars on
left indicate the accuracy when the environment is in a single
state for a long time, as in Eq. (10). (B) When the observer
responds freely accuracy is similar, but saturates at 1. The
increase in accuracy in time is exceedingly slow for low m.
With multiple choices, N > 2, the accuracy behaves similarly
(See Supplementary Material [18]).

Rescaling time using 7 = e, we obtain
dy = [g(t)/e] dT — 2sinh(y)dT + [p(t)/Ve] AW, (8)

Since g(t) is the rate of evidence accumulation, and e~*
is the average time spent in each state, [g(t)/€] can be
interpreted as the information gained over an average
duration of an environmental state.

When observations follow Gaussian distributions,
fr ~ N(£pu,0?), then g(t) = +2u?/0? and p = 2u/o
and

dy = sign[g(t)]mdr — 2sinh(y)dr + vV2m dW;,  (9)

where m = 2u?/(0%€). The behavior of the system is
completely determined by the single parameter m, the
information gain over an average environmental epoch.
The probability of a correct response (accuracy) in
both interrogation (Fig. 6A) and free response (Fig. 6B)
protocols increase with m. When an optimal observer is
interrogated about the state of the environment at time
t, the answer is determined by the sign of y. The envi-
ronment is changing, and observers discount old evidence
at a rate increasing with 1/m. Decisions are thus effec-
tively based on a fixed amount of evidence, and accuracy
saturates at a value smaller than 1 (Fig. 6A). If the envi-
ronment remains in a single state for a long time, the log
likelihood ratio, y, approaches a stationary distribution,

2 cosh(y)

Si(y)=Ke*~"wm | H(t)=Hy, (10)
where K is a normalization constant. In contrast, no
stationary distribution exists when the environment is
static (e = 0). Since S+(y) is obtained in the limit of
many observations when the environment is trapped in
a single state, fooo S(y)dy provides an upper bound for
accuracy (Fig. 6A). To achieve accuracy a in the free
response protocol (Fig. 6B), we require [y| > In $%- [2].
The waiting time for this accuracy steeply increases with
a and decreases with m.
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FIG. 3. Evidence accumulation with multiple choices in a
changing environment. (A) The environment switches be-
tween N states (here N = 3). (B) Distributions f;(§) =
Pr(¢|H;) describing the probability of observation £ in envi-
ronmental state H;. (C,D) Realization of the log likelihood
ratios (panel C: In(L1/L2), In(L2/Ls3), In(Ls/L1)) and log
likelihoods (panel D).

We note that the hyperbolic sine term in Eq. (9) is
superlinear. This means that, following an environmental
switch, evidence is discounted more rapidly than in an
OU model. We will see that similar observations hold in
a changing environment with multiple states.

Likelihood update with multiple states. With mul-
tiple environmental states, H; (i = 1,..., N), the optimal
observer computes the present likelihood of each state
from a sequence of measurements, &;.,. Each measure-
ment has distribution f;(&,) := Pr(&,|H;) dependent
on the state [13, 22]. The environment switches from
state j to ¢ between two measurements with probability
EijAt = PI‘(H(tn) = H1|H(tn_1) = H]) for i 7£ j, and
Pr(H(tn) = HZ|H(tn,1) S Hl) =1- Z];ﬁz Atﬁji (See
Fig 3A).

We again use sequential analysis to obtain the likeli-
hoods L, ; = Pr(H(t) = H;|{1.) of the hypotheses H;
given n observations. The index that maximizes the like-
lihood, 7 = argmax; Ly, ;, then gives the most likely state.
Following the approach above, we obtain [18]:

Pr(él:nfl)
Lni = = Jil&n)X
: Pr(é1) fi(&n)
1-— Z AtEji Ln—l,i + Z AtGijLn_Lj
J#i j#i

(11)

Again after taking logarithms, z,; = InL,;, we can
approximate the discrete stochastic process in Eq. (11),
with an SDE [1§],

dx = g(t)dt + A(t)dW, + K (x)dt, (12)
where the drift has components g;(t) =
SEnfiOIHDB), ADADT = () with en-

tries X A Cove[ln f;(£),In f;()|H(t)], compo-
nents of W, are independent Wiener processes, and

3
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FIG. 4. Evidence accumulation with a continuum of choices.
(A) The observer needs to infer the state of the environment,
Hy, where 0 € [—1,1] from observations with distributions
fo(§) = Pr(£|Hp). (B) The environmental state changes
stochastically at discrete times. (C) In slowly changing envi-
ronments, the distribution of log likelihoods can nearly equi-
librate prior to switches (solid line represents the true state
of the environment at time ¢). (E) In quickly changing envi-
ronments, the distribution remains flat, as limited evidence is
accumulated between switches.

K;i(x) = Zj#(eijexj_“ —¢€;;). The drift g; is maximized
in environmental state H;. To recover the N = 2 case,

given in Eq. (6), we can exchange the numbers in
Eq. (12) with £ to obtain the log likelihood SDEs:

dry = [ge(t) + (exe™ *F —eq)]dt +dWy,  (13)

(W;W;) = ¥;;t, and let y = 4 —x_. Analogous expres-
sions for log likelihood ratios, y;; = In(L;/L;), can be
derived [18]. The matrix of log likelihood ratios quanti-
fies how much more likely one alternative is compared to
others (e.g., Fig. 3C) [23].

A continuum of hypotheses. Lastly, we consider the
case of a continuum of possible environmental states.
This provides a tractable model for recent experiments
with observers who infer the location of a hidden, inter-
mittently moving target from noisy observations. Evi-
dence suggests that humans update their beliefs quickly
and near optimally when observations indicate that the
target has moved [24].

Suppose the environmental state, H(t), intermittently
switches between a continuum of possible states, Hy,
where 6 € [a,b]. An observer again computes the
likelihood of each state from observations, &£;.,, with
distributions fg(&,) = Pr(&,|Hs). The environment
switches from state 6’ to state § between observations
with relative likelihood defined €pgrdOAL := Pr(H (t,,) =
Hy|H(t,—1) = Hy) for 8 # ¢, and Pr(H(t,) =
Hy|H(tn-1) = Hg) = 1 — [ Ategrgdd (See [18] for de-
tails). From Eq. (11) the expression for the likelihoods
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Ly.0 = Pr(H(t,) = Hp|¢1.,) [18] is:

Ln 9= Pr(§12n71>

0 — Pr(fl:n) f0(§n)x

b b
((1 —/ At€9/9d0I> Lp_14 +/ Ateag/Lnl,G/d9/> .

We again approximate the log likelihood, InL,, g, by a
temporally continuous process,

dx = g(t)dt + A(t)dW, + K (x)dt, (14)

where go(t) = 27E¢[Info(€)[H(t)], the components
of W; are independent Wiener processes, Ky(x) =
[ (eqpre™ 0 — egrg)dd’, and A(t)A*(t) = X(t) is the
covariance function given by

S0 (1) = 55 Cove I fo(€), I fo(©IHM].  (15)
The drift go(t) is maximal when 6 agrees with the present
environmental state. The most likely state, given obser-
vations up to time ¢, is § = argmax,x(t).

Even when the environment is stationary for a long
time, noise in the observations stochastically perturbs
the likelihoods, g(t), over the environmental states.
In slowly changing environments, the likelihoods nearly
equilibrate to a well peaked distribution between envi-
ronmental switches (Fig. 4C). This does not occur in
quickly changing environments (Fig. 4D). However, each
log likelihood, x¢(t), approaches a stationary distribution
if the environmental state remains fixed for a long time.
The term K (x) in Eq. (14) provides for rapid departure
from this quasi-stationary density when the environment
changes, a mechanism proposed in [24].

Neural population model. Previous neural models of
decision making typically relied on mutually inhibitory
neural networks [12, 25, 26], with each population rep-
resenting one alternative. In contrast, inference in dy-
namic environments with two states, Hy and H_, can
be optimally performed by mutually excitatory neural
populations with activities (firing rates) 1 and r_,

d’/‘+ = [I+(t) — ary + F+(7’_ — ’I"+)] dt + dW+7 (16&)
dr_ =[I_(t) —ar_ + F_(ry —r_)]dt+dW_, (16b)
where the transfer functions are Fi (v) = —ox/2+€ee” —

€+, the external input I.(t) = I{ when H(t) = Hy
and vanishes otherwise, Wi are Wiener processes with
covariance defined as in Eq. (13) [18]. When a > 0 and
sufficiently small, population activities are modulated by
self-inhibition, and mutual excitation (Fig. 3A). Taking
y = ry — r_ reduces Eq. (49) to the SDE for the log
likelihood ratio, Eq. (6). In the limit ex — 0, we obtain
a linear integrator dry = [I1dt + dWy]—a(ry +r_)dt/2
[2, 26].

The model given by Eq. (49) is matched to the
timescale of the environment determined by ey, solu-
tions approach stationary distributions if input is con-
stant. Due to mutual excitation, they are very sensitive

FIG. 5. Neural population models of evidence accumula-
tion. (A) Two populations u+ receive a fluctuating stimulus
with mean I.; they are mutually coupled by excitation (cir-
cles) and locally coupled by inhibition (flat ends) [18]. When
I+ > 0, the fixed point of the system has coordinates satisfy-
ing x4 > x_ as shown in the plots of the associated poten-
tials. (B) Taking e+ — 0 in Eq. (49) generates a mutually
inhibitory network that perfectly integrates inputs I+ and has
a flat potential function. (C) With N = 3 alternatives, three
populations coupled by mutual excitation can still optimally
integrate the inputs I1 2 3, rapidly switching between the fixed
point of the system in response to environmental changes.

to changes in inputs. These features are absent previous
connectionist models [27]. Even when e is small, Eq. (49)
has a single attracting state determined by the mean in-
puts I$. We illustrate the response of the model to in-
puts using potentials (Fig. 5A). In contrast to the sin-
gle attractor of Eq. (49), mutually inhibitory models can
possess a neutrally stable line attractor that integrates
inputs (ex = 0, Fig. 5B) [28]. In analogous systems for
N > 2 dynamic states, coupling between populations is
again excitatory (Fig. 5C) [18].

Discussion. We have derived a nonlinear stochastic
model of optimal evidence accumulation in changing
environments. Importantly, the resulting SDE is not an
OU process, as suggested in previous heuristic models
[12, 17, 21]. Rather, an exponential nonlinearity allows
for optimal discounting of old evidence, and rapid
adjustment of decision variables following environmental
changes. Sequential sampling in dynamic environments
with two states has been studied previously in special
cases, such as adapting spiking model, capable of
responding to environmental changes [29]. Likelihood
update procedures have also been proposed for multiple
alternative tasks in the limit ¢;; — 0 [23, 30]. Further-
more, Eq. (11) for the case N = 2 was derived in [31],
but its dynamics were not analyzed. One important
conclusion of our work is that m = g/¢, the information
gain over the characteristic environmental timescale, is
the key parameter determining the model’s dynamics
and accuracy. It is easy to show that equivalent pa-
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rameters govern the dynamics of likelihoods of multiple
choices. We have thus presented tractable equations
that illuminate how the belief of an optimal observer

5

evolves in a changing environment.
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Supplementary Material

Here we present the derivations for the likelihood update formulas and their approximations discussed in the main
text. We begin by deriving the update expression for the likelihood ratio, R,, in the case of two alternatives in a
changing environment. The result is a nonlinear recursive equation. Subsequently, we show how to approximate
the log likelihood ratio, ¥, = In R, using a stochastic differential equation (SDE). To make the relation between
the two precise, it is key to view the discrete equation for y, as a family of equations parameterized by the time
interval, At, over which each observation, &,, is made [2]. Furthermore, we extend our derivations to multiple
(N > 2) alternatives, and show that the log likelihood updates can be approximated by a nonlinear system of
stochastic differential equations in the continuum limit. We emphasize that, with the appropriate scaling of the
probabilities, f;(¢) = Pr(¢|H;), associated with each alternative H;, there is a precise correspondence between the
discretized version of the continuum limits and the log likelihood updates. Lastly, we present a derivation for the
stochastic integrodifferential equation that represents the log likelihood for a continuum of possible environmental
states, 6 € [a, b].

Note that throughout the supplementary material, we use notation involving a subscript At. This helps us define
a family of stochastic processes indexed by the spacing between observations At = t,, — t,,_1. For instance, fas +(§)
represents the probability of an observation, &, in environmental state Hy (or, in the language of statistics, when
hypothesis H1 holds). This probability changes with the timestep At. This approach allows us to properly take the
continuum limit At — 0. However, for simplicity we refrain from using this notation in the main text. Rather, we
treat the limiting SDEs as approximations of discrete likelihood update processes. Also, we slightly abuse notation
and write f;(£) = Pr(¢|H;), even when & is a continuous random variable.

Likelihood ratio for two alternatives. We begin by deriving the recursive update equation for the likelihoods
L, + :=Pr(H(t,) = Hi|&.y) associated with each alternative Hy, where each observation (measurement), &;, is made
at time ¢;. This is the probability that alternative Hy is true at time t,, given that the series of observations &£;.,
has been made. Importantly, the underlying truth changes stochastically, and in a memoryless way, with transition
probabilities given by eay 4 := Pr(H(t,) = He|H(tn—1) = Hy), so that Pr(H(¢,) = Hy|H(tn—1) = Hxi) =1 —e€as +.
We begin by examining the likelihood L,, 1 associated with the alternative H,. Using Bayes’ rule and the law of
total probability we can relate the current likelihood L,, 4 to the conditional probabilities at the time of the previous
observation, t,_1:

;. _ PrH(t) = Hy)
o Pr(&1m)
Pr(H(t,) = Hy)

= Z Pr(§nlH(tn) = Hy; H(tn—1) = Ho)Pr(H(tn—1) = Ho|H(tn) = Hy).
Pr(gl:n) sef{t.—}

Pr(§un|H(tn) = Hy)

To derive a recursive equation, with probabilities that are not conditioned on the state at t,, we first use Bayes’ rule
again to write

Pr(H(tms) = H (1) = Hy) = Pl Tt S B =8 ey )

Pr(H(ta 1) = Hy)
Pr(H(t,) = Hy) 7

and

Pr(H(t,) = Hy|H(tp—1) = H_)Pr(H(tp—1) = H-) — o Pr(H(tp,—1)=H-)
Pr(H(t,) = Hs) = Pr(H(t,) = Hy)

Pr(H(tn1) = H_|H(ta) = Hy) =
Plugging these formulas into our expression for L, 4, we can then write

Ly + Z% X ((1 — et ) Pr(&un|H(tn) = Hys H(tn—1) = Hy )Pr(H(tn-1) = Hy)

+ent Pr(Evn|H(ty) = Hys H(tn_1) = H_)Pr(H(ty_1) = H,)).

The observation &, is independent from the sequence of observations &;.,—1 when conditioned on the states H(t,) =
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H, and H(t,_1) = Hy, respectively. Thus, we obtain

I _Pr(gan(tn) = H—i—)
T Pr(éun)

+ €t Pr(€um1|H(ty 1) = H)Pr(H(ty 1) = H.))

:Pr(gan(tn) = H—i—)
Pr(&l:n)

+ €at,-Pr(H (b 1) = H-|€0-1)Pr(E1n-1))

_ Pr(&in—1)Pr(&nlH (tn) = Hy)
Pr(&l:n)

Thus, by using our definition of the likelihoods L,, +, we can write an update equation for L, ; in terms of the
likelihoods L,,—1 + at the previous time, ¢,,_1,

_ Pr(flzn—l)Pr(fn|H(tn) = H+)
a Pr(&in)
where Lo + = Pr(H4, to).

Similarly we obtain an update equation for the likelihood L,, _ of the alternative H_ at time %,:
_ Pr(flzn—l)Pr(€n|H(tn) = H—)

Pr(glzn)

% (1= ear )Pr(€rn 1 [H(tn—1) = Hy)Pr(H(t 1) = Hy)

% (1= eat)Pr(H (tn-1) = Hy|€t0-1)Pr(€in-1)

x (1= ear )PE(H (ty 1) = Hylin-1) + €, Pr(H (tn1) = H_[é1:0-1) ).

Ly

(T —eatt)Ln-1,+ +eat,—Ln-1-), (17)

Ly, - (eat+Ln-14+ + (1 —eat,—)Ln-1,-), (18)
where Lo _ = Pr(H_, ).
From Egs. (17) and (18), the likelihood ratio R,, = L,, +/L,, _ is readily seen to satisfy the recursive equation

_ fae+ (&) (1 —ear+)Ru—1 +€ar,—

R, = ;
fat,—(&n) eatyRn1+1—€ar—

(19)

where far,+(&,) = Pr(§,|H(t,) = Hy) is the distribution for each choice parameterized by the timestep At = ¢, —t,,_1,

_ Pr(Hy to)
and Ry = 7PY(H:£).

The continuum limit for the log likelihood ratio of two alternatives. In this section, we derive a continuum
equation for the log likelihood ratio y,, := In R,,. We will proceed by first defining a family of stochastic difference
equations for y,, which are parameterized by the timestep At = t,, —t,,_1, between pairs of observations. By choosing
an appropriate parameterization, we obtain a continuum limit that is a SDE. To begin, we divide both sides of Eq. (19)
by R,_1 and take logarithms to yield

fart(&n) +1ln 1—ept+ +eap,—e ¥t
fAt,—(fn) 1 - EAt_’_ —+ eAt7+eyn71

Yn — Yn—1=1In (20)
Following [2, 32], we assume that the time interval between individual observations, At, is small. Denote by Ay, =
Yn — Yn—1 the change in the log likelihood ratio due to the observation at time ¢,,. By assumption, the probability
that the environment changes between two observations scales linearly with At up to higher order terms, so that
eat,+ = Atey + o(At). Omitting higher order terms At, Eq. (20) can then be rewritten as

fAt,Jr(gn)

" o (&)

Since we assumed At < 1, we can use the approximation In(1 + a) ~ a which is valid when |a| < 1. We also assume
that the change in the log likelihood ratio, Ay, is small over the time interval At, so y,_1 can be replaced by ¥, on
the right-hand side of the equation. We obtain

Ay, =1 +In(1+ At(—ey +e_e7¥ 1)) —In(1 + At(—e_ + ere¥"1)).

Ay, ~In m + At(e_(e™¥" +1) —ear+(1 +€¥))
_ EINE(L)) ] ( o fae (&) [ o fae+ () D —m N Ym
Ee¢ [1 a6 H(t,)| + (1 a6 E¢ (1 a6 H(t,)| ) + At(e—(e7¥" +1) — e (1 +¢e¥)).

(21)
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FIG. 6. In a dynamic environment, the dynamics of the log likelihood ratio, y, depends on the rates of switching between
states. (A) When e+ = 0, the environment is static. (B) When then environment changes slowly, |e+| < 1, the log likelihood
ratio, y, can saturate. (C) In a rapidly changing environment, y tends not to equilibrate. (D) When e, = 0 and e— > 0, the
task becomes a change detection problem.

where we conditioned on the state of the environment, H(t,) = H+ at time ¢,,. Replacing the index n, with the time
t, we can therefore write

Ay ~ Atgac(t) + VAtpar(t)n + At(e— (e + 1) — e (1 4+ €¥)), (22)
where 7 is random variable with standard normal distribution, and
1 Sar4(8) ‘ } 2 1 { far+(§) ‘ }
t):= —FE¢ |In H(t and t) ;= —Varg |In———=~| H(?)| . 23
sad) = P | T2EE Ault) = g Vare | n 228 g (23)

Clearly, the drift ga, and variance p%, will diverge or vanish unless fa; + (&) are scaled appropriately in the At — 0
limit. We discuss different ways of introducing such a scaling in the next section.

Assuming that we have well-defined limits g(¢) := limas—0 gat(t) and p?(t) := limat—o pA,(t), the discrete-time
stochastic process, Eq. (22), approaches the stochastic differential equation

dy = g(t)dt + p(t)dWy + (e—(e7¥ + 1) — e4 (1 4 €Y))dt, (24)

where W, is a standard Wiener process. This limit holds in the sense of distributions. Roughly, the smaller At is,
the closer the distributions of the random variables y,, and y(t,) whose evolutions are described by Eq. (20), and
Eq. (24), respectively. This correspondence can be made precise using the Donsker Invariance Principle [33].

In sum, Eq. (24), can be viewed as an approximation of the logarithm of the likelihood ratio whose evolution is
given exactly by Eq. (19). For a fixed interval At, the parameters of the two equations are related via Eq. (23), and
€at,+ /At = ex. An illustration of the behaviors of the model, Eq. (24), is given in Fig. 6, showing how the volatility
of the environment (given by e ) impacts the dynamics of evidence integration.

Precise correspondence. We now discuss two approaches in which the correspondence between Egs. (20) and
(24) can be made exact. We choose a specific scaling for the drift and variance arising from each observation, &,.
Suppose that over the time interval At, an observation, &,, is a result of rAt separate observations — for example
the measurement of the direction of rAt different dots [3]. In this case the estimate of the average of the individual
measurements — e.g. the average of the velocities of dots in a display — will have both a mean and a variance that
increase linearly with At.

As a concrete example we can compute g(t) and p(t) in SDE (24) when observations, &, follow normal distributions
with mean and variance scaled by At,

far+(§) = _ 1 aum/eaw?)

V2rAto?
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It is then straightforward to compute [2, 32],

. far+(§) _ (py —p)? _ 2 ,_i ar ant,+(§) _ (u+—/¢,)2_ 2
gari= 3P [ R 0] = U g 0 = gV e ] = PR <

and note that g(t) € {g+,9-} is a telegraph process [34] with the probability masses P(g4,t) and P(g_,t) evolving
according to the master equation P;(g+,t) = Fey P(gy,t) £ e_P(g_,t). In this case p(t) = p? remains constant.
More generally, we can obtain an identical result by considering that each observation made on a time interval
consists of a number of sub-observations, each with statistics that scale with the length of the interval and the number
of sub-observations. We define a family of stochastic processes parameterized by k, the number of sub-observations
made in an interval of length At. As above, when k = 1, we assume that an observation &, is the result of r At separate
observations. Assuming r is large, note that for k > 1 each of the k subobservations contain roughly r, = |rAt/k|

observations with mean and variance that scale linearly with r, o At/k. We can achieve this by approximating

In %g"g in Eq. (21) by the family of stochastic processes parameterized by k [2]

k k
Aty I VAL (&) g [ F©)
25! <a>+; 7 (g E g o))

Further-

The scaling in this approximation guarantees that g(t) = lima¢—oga:(t) = limaso AtE§ [l jﬁ Eg‘H(t)] =

E¢ {ln e ‘ H(t } and p2(t) = limas—o0 pA; = limaso AtValrg {ln f“igg ‘ H(t )] Varg {ln j+(
more, as k — oo, by the central limit theorem,

N Fe(@) N~ VAL fe@) o [ 1O (= 1) — eu (Lt o
Ay““; T AR (g B [ g 0] ) + st e — v

converges in distribution to
Ays ~ Atg(t) + VALp(t)n + At(e_ (e +1) — e (1 +€¢*)),

where 7 is a standard normal random variable. Taking the limit At — 0 yields Eq. (24).

Continuum limit for the log likelihood with multiple alternatives. We now describe the calculation of the
continuum limit of the recursive system defining the evolution of the likelihoods L,,; = Pr(H (¢,) = H;|&1.n) of one
among multiple alternatives (environmental states), H;, i = 1,.., N. The state of the environment, and equivalently
the correct choice at time ¢, again change stochastically. We assume that the transitions between the alternatives are
memoryless, with transition rates eay;; := Pr(H(t,) = H;|H(tn—1) = H;). Using Bayes’ rule and rearranging terms
(analogous to the derivation of Eqgs. (17) and (18)), we can express each likelihood L, ; in terms the likelihoods at
the time of the previous observation, L, ;,

N

Pr(&,|H;, th) Z eat,ijLn—1;-.
j=1

Pr(fl:n—l)

L’fhi - Pr(glzn)

Since we are only interested in comparing likelihoods, we can drop the common prefactor Pr(g(li")l, and use the fact

that ijl €at,ji = 1 (since eatq; is a left stochastic matrix) to write eas i =1 — Zj# €At ;i and obtain

L= fai&) | |1 Z €atji | Ln—14+ Z eatijln-1 |, (25)
J#i JF#i

where fayi(§n) = Pr(&,.|Hi, t,). From Eq. (25), it follows that log of the rescaled likelihoods, x; := In L;, satisfies the
recursive relation

Tn—1,7"Tn—1,i
Tpyi — Tp-1 =0 faei(§n) +1n | 1— E €At,ji + E €t ije” " "
J#i J#i
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To derive an approximating SDE, we denote by Az, ; = ©,,; — £5—1,;, the change in the log likelihood due to an
observation at time ¢,,. As before, we assume eay ;; := Ate;; +0(At) for i # j, and drop the higher order terms, giving

Axn,i =1In fAt,i(gn) +In|1-— Z Atﬁji + Z AteijGZ"fl’jim"fl’i . (26)
J#i J#i

Assuming At < 1, we again use the approximation In(1 4+ a) = a which holds for |a| < 1. We also assume that the
change in the log likelihood, |Ax,, ;| < 1, is small over the time interval At, so that

Azp i ~In fari(6n) + ALY (e 7 — ;)

J#i
=Ee [In fari(©H (t0)] + (I fari(én) = Be [In fari(©)|H (t)]) + ALY (ee™i i —ejy) (27)
i
where we condition on the current state of the environment H(¢,,) € {Hi,..., Hy}.
Replacing the index n, by the time t, we can therefore write
Axy; =Atgaei(t) + VAtpari(t)n: + At Z (€567 708 —€j3) (28)
J#i
where 7;’s are correlated random variables with standard normal distribution
1 1
9aei(t) = o Be[Infas () H()]  and Paci(t) = A Vare [In fari (1 H (D) (29)

The correlation of n;’s is given by

Corre[n;,n;] := Corre [In far;(§),In far,; (§)| H(t)]. (30)

Note that Eq. (28) is the multiple-alternative version of Eq. (22). Equivalently, we can write Eq. (28) as

Al’t,i %AtgAt,i(t) + Vv AtWAt?i + At Z (Gijewt’jizt’i — Gji) y

J#i
where /V[7At = (WAM, ce WAt, ~) follows a multivariate Gaussian distribution with mean zero and covariance matrix
YAt given by
1
YAt = Ecovg [(In faei(€),In fae i (§)| H(t)] . (31)

Finally, taking the limit At — 0, and assuming that the limits
9i(t) i= lim gari(t),  and  By(t) = lim Yac;(b), (32)
are well defined, we obtain the system of SDEs
dz; = gi(H)dt+dW;(t) + > (€™ " — ¢j3) dt, (33)
J#i
or equivalently as the vector system
dx = g(t)dt + A(t)dW, + K (x)dt,

where g(t) = (g1(t),...,gn ()T and A()A(t)T = X(t) are defined using the limits in Eq. (32), K;(x) =
> iz (€567 7% —€j;), and the components of W, are independent Wiener processes. We can recover Eq. (24)
by taking N = 2, letting y = 1 — 2, and exchanging the indices 1 and 2 with 4+ and —, respectively. The dependence
of accuracy on time is shown in Fig. 7.

As in the case of two alternatives, Eq. (33) can be viewed as an approximation of the logarithm of the likelihood
whose evolution is given exactly by Eq. (25). For a fixed interval At, the parameters of these equations are related
via Eq. (33), and ea¢,ij/At = €.
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FIG. 7. Dependence of accuracy of responses on the number of alternatives N in Eq. (36). We fix €;; = ¢ for all ¢ # j, g; = g,
and set m = g/e = 20. (A) Accuracy in an interrogation protocol decreases with the number of alternatives N, saturating at
ever lower levels. (B) The free response protocol results in similar behavior, but the accuracy saturates at 1. The increase in
accuracy in time is exceedingly slow for higher numbers of alternatives V.

The limits g;(t) := limas—0 gae,:(t) and X;;(t) := limas—0 X a¢45(t) are defined when the statistics of the obser-
vations scale with At. As we argued in section Precise correspondence, this can be obtained by considering
observations drawn from a normal distribution with mean and variance scaled by At:

1 2 2
(£ — —(§—Atpq)?/(2At07)
faril€) = \/27rAt02e '

Alternatively, the required scaling can also be obtained when each observation made on a time interval consists of a
number of sub-observations, (£1,...,&), with mean and variance scaled by . To do so we approximate In fa; (&)
in Eq. (27) by

k k
> A6+ 3 Y ) Eelin £

=1 =1

Log likelihood ratio for multiple alternatives. We can also derive a continuum limit for the log likelihood ratio
for any two choices i, j € {1,2,..., N}. From Eq. (25), the likelihood ratio R, ;; = Ly /Ly ;. We note that this will
provide us with a matrix of stochastic processes. We start with the recursive equation

(34)

Fari(En) (1 =D ki EAt,ki) Rn—1,i5 + X gz €atinRn—1k;
: )

R =
T fan(€n) 1 Yy eanks T Dk €tk Rtk

We can thus derive the continuum equation for the log likelihood ratio y, ;; := In R,, ;;, as we did in the case of two
alternatives. Since y;;(t) is the difference of log likelihoods y;;(t) = z;(t) — x;(¢), from Eq. (33) we obtain

dyi; = (g:(t) — g;(¢))dt + AW (t) — dW )+ Z (eixe¥* — ex;) dt — Z (ejxe%% — €g;) dt, (35)
k#i k#j
or
dyi; = 9ij (t)dt + d/V[Z‘j + Z €kj — Z €ki T+ Z €;neY% — Z ejkeykj dt, (36)
k#j ki ki k#j
where g¢;;(t) = E¢ [ fﬁ% ‘ H (t)} and W is a Wiener process with covariance matrix given by

COV& |:/W\ij, /W\i/j’

H(t)} = Cove [m I

G fir(8) ‘ H(t)} We can also write Eq. (36) in vector form

fj’(&)

dy = gdt + A(H)AW, + K(y)dt, (37)
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where Kij(y) = D 5 €kj — Dopos ki T Dpopy €ik€”H — D p s €u€Y A(t)A(t)T = () is the covariance matrix, and
the components of W, are independent Wiener processes.

Log likelihood for a continuum of alternatives. Finally, we examine the case where an observer must choose
between a continuum of hypotheses Hy where 6 € [a,b]. Thus, we will first derive a discrete recursive equation for
the evolution of the likelihoods L, o = Pr(H(t,) = Hp|&1.n). The state of the environment, the correct choice at
time ¢, again changes according to a continuous time Markov process. We define this stochastically switching process
through its transition rate function eag ggr, which is given for §’ # 6 as

02
/ €At799/d9 = Pr (H(tn) S H[91)92]| H(tn_l) = H@l) ,
01

where Hg, p,) is the set of all states Hy with 6 in the interval [01,6:]. Thus, easgo- describes the probability of a
transition over a timestep, At, from state Hy to some state Hy, with 6 € [f1,603]. This means that Pr(H(t,) =

Hy|H(t,—1) = Hyp) = 1 — fab eato0dd’. As in the derivation of the multiple alternative 2 < N < oo case, we can
express each likelihood L,, g at time ¢,, in terms of the likelihoods L,,_1 ¢ at time ¢,_1, so

L, o= Pr(&1.-1)

b
0= mPT(EMH(tn) = Hy) <PY(H(tn) = Hy|H(tn—1) = Ho)Ln—1, Jr/a fAt,OG’Ln—l,O’d9l> .

Notice that the sum from the N < oo case, as in Eq. (25), has been replaced with an integral over all possible

hypotheses Hy/, ' € [a,b] and a term corresponding to the probability of the environment not changing. Again we
Pr(€i:n-1)

Prie) since we wish to compare likelihoods. We obtain

drop the common factor

b
Lo = fare(én) (ll —/ eatg0df’

b
Lu_1p +/ eAt,eeanLe'd@') , (38)
a

where far9(€,) = Pr(€,|H(t,) = Hg). From Eq. (38), we can thus derive a recursive relation for the log of the
rescaled likelihoods x,, ¢ :=In L, ¢ in terms of x,_1 ¢ so

b b
Tno — Tn—1,0 = I fare(§n) +1n (1 - / eat,o9db’ +/ EAt,eefex"—lﬂ’_””"1=9d9’> )

To approximate this discrete-time stochastic process with a SDE, we denote by Az, 9 = 0 — Zr—1,0, the change in
log likelihood due to the observation at time ¢,,. Furthermore, we assume eay ggr 1= Ateggr + 0(At) and drop higher
order terms,

b b
Axn)e =In fAt,B(gn) + In (1 — / At69/9d6/ +/ AtGggzeﬂCnl,e/—acnl,ede/) . (39)

Assuming At < 1, we can utilize the approximation In(1 + a) ~ a which holds when |a| < 1. Assuming |Az, o| < 1,

b
Axn’g ~In fAt,e(gn) + At/ (Gee/exn,S’_xn,B _ 69/9) d9/ (40)

a

b
= E¢ [fae,o(§)H (tn)] + (In faro(§n) — E¢ [In faro(§)[H (Ln)]) + At/ (cggre®n =Pm0 — €grg) db’ (41)

conditioned on the current state of the environment H(t,) = H, where ¢ € [a,b].
Exchanging the index n with the time, ¢, we can therefore write

b
Axt,g %AtgAt)e(t) + Vv AtpAt)g(t)ng + At/ (egglemt,e/—m,e _ 69/9) dtg/, (42)

a

where 1¢’s are correlated random variables which marginally follow a standard normal distribution, and

_ 1
At

_

Ee¢ [In faee(8)] H(t)], and P2At,6 (t) : At

gate(t) : Varg [In far,e(§)| H(1)] . (43)
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The correlation of 7;’s is given by

COI‘I“E [779, 179/] = COI‘I‘g [111 fAt,0(§)7 In fAt,H/(§)| H(t)] . (44)

Equivalently, we can write Eq. (42) as
L b
Az ~Atgaro(t) + V AtWar o + At/ (eog/ezp,gl—mt,e _ 69/9) a#’,
a

where Wa; := (WAt,Q)ge[a’b] follows a multivariate Gaussian distribution with mean zero and covariance function
ZAtv‘gg/ given by

1
Yat000 = ECOVg [In fare(€),1n fae (&) H(t)). (45)
Finally, taking the limit At — 0, and assuming that the limits
ge (t) = Aliglo gAtﬂ(t), and Yoo (t) = Aligl(] EAt,Q()/ (t), (46)

are well defined, we obtain the system of SDEs

b
dag = go(t)dt + dWp(t) + / (€ppre™ =" — egrg) dO'dt, (47)
or equivalently as the system of SDEs
dx = g(t)dt + A(t)dW, + K(x)dt, (48)
where g(t) = (ge(t))ee[a . and A(t)A(t)T = X(t) are defined using the limits in Eq. (46), Kp(x) =

b _ . .
fa (epore™' ™0 — €gip) d#’, and the components of W, are independent Wiener processes.

Neural population model for N = 2. Inference in dynamic environments with two states, Hy and H_, can be
optimally performed by mutually excitatory neural populations r4 and r_,

dry = [I,(t) — ary + Fy(r— —ry)]dt +dWy, (49a)
dr_ =[I_(t) —ar_ + F_(ry —r_)]dt +dW_, (49Db)
where the external input I (t) = I3 when H(t) = Hy and vanishes otherwise, Fi(r) = —ar/2+eze” —ex, and o > 0

so that the system is stable. Note, the parameter « provides the leak in the activity of each individual population,
which depends on both the time constants and recurrent architecture of the local network [25].
When the environment has not changed for a long time, the noise-free system approaches a fixed point given by

I++e_e*gfe++gj I +e e —e_ yj)
a 2’ a 27

I, —1_+4e_ —c¢ I, —T 46 —ey)? _

+ ++\/(+ € €+) +€].
2€+

(e, 7)) = (

h y=1
where ¥ n[ 463_ o

Note that by increasing (decreasing) «, the fixed points (74, 7_) move closer (farther) from the origin (0, 0).
We now demonstrate that coupling between populations described by Eq. (49) can be excitatory and coupling

within populations inhibitory, as stated in the main text. To do so, note that the Jacobian matrix of (F, F_) has
the form:

| af2—e_e T —af2 4 €T
J(ry,r) = [ —a/2+ e e /2 —e et }

For ex > 0, taking @ < 2min{e_e ¥, e, e} will guarantee that the sign of the Jacobian matrix is i i_ on a region

that contains the fixed point. This corresponds to a neural network with self-inhibition and mutual excitation. We
illustrate this point with the network wiring diagrams we have drawn in Fig. 5 of the main text.

Neural population model for multiple alternatives. We can extend our results for the N = 2 case by deriving
a neural population model of decision making in changing environments. In [13], the reliability of motion information
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was assumed to vary during a trial, and the optimal model encoded the posterior probability distribution over the
possible stimulus space. Here, we assume the true hypothesis, H(t), changes in time. For an arbitrary number of
possible states, { Hy, ..., Hy }, decisions can be performed optimally by neural populations 1, ..., 2y coupled by mutual
excitation

dry = [I(t) — arg + 3 Fyj(ry — ) | dt + dWi(t), (50)
J#i
where the external input I;(t) = I? when H(t) = H; and 0 otherwise and (dﬁf\l(t), ...,dWN(t))T = A(t)dW, with

A(t) defined as in Eq. (48). Population firing rates are again determined by inhibition within each population and
excitation between populations as described by the arguments of the firing rate function

FZ(’I‘) = 7C¥T’/N -+ eijer — €ji-

Note that by taking y;; = r; — rj, we can convert the neural population model, Eq. (50), to the SDE for the log
likelihood ratio, Eq. (36). Also notice that, as in the case of N = 2 alternatives, in the limit ¢;; — 0, we obtain linear
integrators [26]

N
dry = [L(t) — Y r/N| dt +dW;(t).

Jj=1
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